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PREFACE 


This second volume of Linear Transient Analysis covers essentially 
the second semester of the basic graduate course on transient analysis 
required of all graduate students in electrical engineering at the Poly- 
techniec Institute of Brooklyn. It is devoted to transient phenomena 
in passive and active two-terminal-pair networks, in filters, and in 
transmission lines. As stressed in the preface to the first volume, it is 
in connection with these more advanced subjects that the Fourier 
and Laplace transform methods have demonstrated very significant 
advantages over the classical and Heaviside’s operational methods. 
Consequently, the first chapter of the present volume contains a brief 
review of only the Fourier and Laplace transform methods in order to 
make the volume self-contained. Actually, the presentation follows 
here the mathematically perhaps more satisfying sequence from the 
dual Fourier integral relations to the Laplace transforms and stresses 
the spectrum aspects for ready reference in practical problems of signal 
transmission through networks of given frequency characteristics. 

Chapter 2 introduces the concept and matrix description of the two- 
terminal-pair network for which the term fourpole is preferred as 
shorter and unambiguous if we use the equivalence of the two terms as 
definition rather than accept the possible broader meaning of a four- 
terminal network. Because of the great advantage in the systematic 
treatment of extended networks composed of fourpoles in cascade, as 
in nearly all practical communication systems, the matrix notation is 
used throughout, though more as a matter of convenience in notation 
than as a real application of matrix analysis. All the necessary rela- 
tions of simple matrix algebra are given in Appendix 4 together with 
selected references for further study for those interested in broader 
applications. The very considerable generalization of solutions for 
fourpole problems made possible by matrix notation should readily 
prove its desirability. A brief section on response to frequency- 
modulated signals concludes this chapter. 

Wave filters or passive fourpole lines are treated in Chapter 3 with 
the mathematical discussions needed to cover the extension of the 
Laplace transform method to difference equations of the particular 
kind arising here. A brief review of mechanical and thermal analogues 
is included because of the identical mathematical formulation. 

vı 
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The complexity of the general fourpole response and its broad aspect 
of limited frequency characteristics as either a low-pass or band-pass 
network invites idealization of the network characteristic as first 
introduced by K. Küpfmüller. Chapter 4 is devoted to a fairly exten- 
sive discussion of this application of the Fourier transform which so far 
has only been included sketchily in books on network analysis. 

Chapter 5 gives a systematie exposition of active fourpoles, such as 
electron tubes and transistors as far as they operate in the small signal 
region and can thus be considered linear devices. Feedback control 
circuits and systems have not been included because a number of 
excellent books are available on this subject. The basic theory of 
feedback systems is, of course, covered in the section on feedback 
amplifiers and can readily be transcribed for feedback control systems if 
one makes the pertinent adjustments for the usual differences in nota- 
tion and in nomenclature. 

In Chapter 6, the physical phenomena on transmission systems with 
distributed parameters are discussed first in a qualitative way in 
order to stress the background and limits of validity of the conventional 
engineering concept of transmission-line theory which is particularly 
applicable to very low frequency systems. The concept of traveling 
waves is developed with care and solutions for lossless and distortion- 
less lines are derived. The standing wave solution and its significance 
for the transient behavior of lines concludes the chapter. 

Chapter 7 is devoted entirely to the ideal cable because of its con- 
siderable practical importance. The first, and simple, solution was 
given by W. Thomson (Lord Kelvin) when he analyzed the electrical 
characteristics of a transatlantic telegraph cable. New extensions of 
the inverse Laplace transform are developed as required and pertinent 
series expansions are discussed. 

Finally, Chapter 8 presents approximations and the rigorous solution 
for the general transmission line. Because of the tremendous mathe- 
matical complexities encountered, only the simplest types of termina- 
tions are considered. 

The Appendices give, as in the first volume, a list of symbols and 
brief reviews of matrices and functions of a complex variable so as to 
render the volume nearly self-sufficient. However, for details of the 
various methods of linear transient analysis and illustrations on simple 
lumped cireuits, it will be necessary to consult the first volume. 

Because of the more advanced mathematical level, this volume will 
be most suitable either for a second term of a graduate course on linear 
transient analysis or for a separate course on transients in filters and 
lines. Because of the immediate use of Fourier and Laplace trans- 
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forms, a knowledge of the elements of functions of a complex variable 
should be presupposed. Asan aid in a review of this prerequisite, the 
essential relations are briefly summarized in Appendix 5. 

Although the organization of the material can be considered fairly 
conventional, several new items are included which require the test of 
time. Perhaps this is fitting as a contribution to the Centennial 
Commemoration of Polytechnie Institute of Brooklyn in 1954-1955. 


ERNST WEBER 
Brooklyn, New York 
May, 1956 
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a glossary is given in Appendix 2. 
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Introduction 


l- THE FOURIER AND LAPLACE 
TRANSFORMS 


The Fourier and Laplace transform methods are basically trans- 
formations of the linear integro-differential equations describing linear 
networks and systems into algebraie relationships for the transforms 
of the physical quantities which are to be evaluated. The first volume 
dealt with lumped-parameter networks and therefore involved only 
linear differential equations with constant coefficients, permitting a 
very simple demonstration of the inversion of the Laplace transform 
solution in Vol. I, p. 203. 

We shall briefly review here both the Fourier and Laplace transform 
concepts and discuss the inversion process from the broader aspect of 
the applications to wave filter and transmission-line problems. In 
order not to separate completely the mathematical discussion from the 
methods of application, this chapter will be only a general exposition 
of the Fourier and Laplace transform methods, leaving many of the 
mathematical details for the main text, wherever they might be illus- 
trated most appropriately. 


1.1 The Fourier Integral 


It is probably no exaggeration to introduce the Fourier integral as 
the key to the modern theory of linear differential equations; indeed, 
it has been the most reliable basis of the transformation theory. The 
essence of the Fourier integral theory is the representation of a large 
group of functions in terms of infinite integrals as follows: If a function 
f(t) is integrable in every finite interval, if the integral of its absolute 
value, 


Er Irolaı 


converges, and if f(f) is of bounded variation in the neighborhood of t, 
then we can write the Fourier integral theorem in complex form 
1 
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= | de [er ms au a) 


If f(t) has a finite discontinuity at point t, then the double integration 
gives the average 


san) + Fa] 


of the values at either side of the discontinuity. The integration with 
respect to w has to be taken in the Cauchy sense as principal value, 
1.e., as the limit 
: +M 
un ee H(o) dw 

The proof of the representation (1) is rather involved and generally 
employs the Dirichlet-type integrals.* The conditions stated above 
are sufficient, and generally necessary with the conventional kind of 
integration process. 

We can separate the integral representation (1) into a tandem 
arrangement of the two integrals 


& 7@ ; 
Fo) = | Ne dt (2) 
and 
1 ee £ 
10 = 5, |. Por da () 


which can be considered as a dual pair, the Fourier transform pair in 
complex form. F(w), the Fourier transform of f(t), is obviously a 
complex number, which we might write 


F(o) = Fı(o) + jFr(o) (4) 


From (2) it is also clear, since f(u) had been assumed real, that by 
using the trigonometric equivalent of the complex exponential we can 
identify 


Fı(o) = je f(u) cos ou du, Fy(o) = — I (u) sın oudu (5) 


Because of the fact that only cos „u contains » and, indeed, is an even 
function of o, Fı(w) will also be an even function of »; correspondingly, 
F3(») willbe an odd function of w. 


* See particularly H. S. Carslaw, Introduction to the Theory of Fourier’s Series 
and Integrals, 3rd edition, 1930, pp. 310-312; reprinted by Dover Publications, 
New York, 1946. Also Bochner,P! pp. 39-40; Titehmarsh,P1% pp. 402-408. 
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Alternatively, we can write the Fourier transform in polar notation, 
namely 


F(o) = |F(@)|et“ (6) 
with i 
IF@)] = Pla) = [Pı?la) + Fr’) 
ae) 
d(w) = tan 0) 7 


where F(w) is the amplitude function, necessarily an even function of 
w because it contains the squares of F, and Fa; and where d(w) is the 
phase function, necessarıly an odd function of w. 

Convergence of Fourier integrals. Examining the integral (2) 
which defines the Fourier transform, we see readily the reason for the 
requirements of integrability of f(£) and, in particular, of the existence 
of the infinite integral of the absolute value of f(t), because the absolute 
value of the exponential factor exp (—-jwou) is unity. For practical 
applications, this could be a severe limitation. In fact, the unit step, 
defined by 

0 or < 0 


REN NV 1 fort >0 (8) 


with / used by Heaviside, #(t) indicating ‘“Heaviside’s function,” and 
S_ı(t) employed by Campbell-Foster,®! has no Fourier transform in the 
striet sense of the definition given above. The same is true for the 
trigonometric functions sin Di, and cos 2i. To make the Fourier 
integral method useful in these cases of extreme practical importance, 
we might introduce a convergence factor e”“ and actually use the 
modified function 


gt) = eflt) (9) 
This leads to the Fourier transform 
Ga) = [IL swertetor au = Flo = 5e) (10) 


If then the limit exists for c— 0, so that G(w) = F(w — jc) > F(w), we 
call F(w) the Fourier transform of f(t) in the Abel-Poisson sense; see 
Doetsch,P5 p. 47, as pointed out in Vol. I, p. 281. 

The integral (3) is usually called the inverse Fourier transform to 
F(w») and necessarily leads to a real function of the parametrie variable 
{. Obviously, if F(w) is known to be a Fourier transform, then f(t) 
exists and the integral can be evaluated. We need only to separate 
F(w) into real and imaginary parts as in (4) and apply to each sepa- 
rately the same requirements as applied to f(t) in the integral (2). 
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But, utilizing the fact that Fı(w) and Fy(w) are even and odd, respec- 
tively, in », we realize that in the infinite integrals Fı(w) sin wi and 
Fs(w) c0S wt do not give any contribution because they are odd func- 
tions of w. This means, however, that the whole imaginary part 
vanishes, as indeed it must, so that we are left with the result 


+ 
or = u „ (Fı(o) 608 at — F(w) sin ot) da (11) 


It would be desirable, of course, upon meeting a function F(w) to 
ascertain at once whether or not it is a possible Fourier transform and 
thus apply at once (11). Apparently, such general mathematical 
classification has not yet been feasible. Fortunately, in all our appli- 
cations we shall deal with physical problems for which no doubt exists 
as to the nature of F(w). In the few instances where nonrealizable 
network characteristics are assumed we shall point out this fact 
explieitly. 

Real forms of Fourier integrals. We started with the complex 
form of the Fourier integral theorem (1) which is actually due to 
Cauchy, who also introduced the concept of transformation; see 
Bochner,P! p. 220, notes 2 and 6. The real form is demonstrated in 
Vol. I, p. 270, and is conventionally written 


AV) 


in [®(w) cos wt + Ylw) sin wi] dw (12) 
where 


ee 
(wo) = = ıL f(u) cos wu du 


© 


Va (13) 
via) il (u) sin wu du 


T o 


are the real Fourier coefhicient Tunetions. Comparing (13) with (5), 
we find at once 


n®(w) = Fı(w), av(o) = —Fy(w) (14) 


which also checks as we compare (12) with (11), keeping in mind that 
the integrand is an even function of », so that the limits can be reduced 
to0 to © with the factor 3 omitted. The shift of the factor 1/r from 
the time function to the transforms is arbitrary but conventional. We 
note also that ®(w) must be an even, Y(w) an odd function of w which 
was pointed out in Vol. I, p. 276. At any finite discontinuity, we need 
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to substitute for f(t) on the left-hand side in (12) the average value 
at either side of the discontinuity as discussed in connection with (1). 

For practical applications the most useful collection of Fourier 
integrals is given in Campbell-Foster,®! where a slightly different nota- 
tion is used from above. Observing that w enters into the integral (2) 
only in combination with j, we might introduce the parameter 


pP = jo = jarf (15) 


and write instead of F(w) the symbol F(p) which has the identical 
meaning but appears with real coeflicients, since the imaginary unit is 
absorbed in p. We can thus write for (2) 


Fo) = [I aWer' a (16) 


where we also substituted G@(f) for the time function f(f) in order to 
arrıve exactly at the Campbell-Foster notation, except that we still 
have it as the time variable, whereas g is used there. The inversion 
becomes 


a = |" Fioe' af (17) 


where the last form utilizes » = 2rf, keeping it a real integral along the 
frequency axis. 
As example we might take the function shown in Fig. 1.1 


GA) = ade" (18) 


which is an odd function and definitely integrable in the infinite limits. 
We obtain readily by integration by parts 


Er t S est 1 
i er d=- ce’, — | = d=--+, (19) 
0 0) [6} 


We apply this to (16) with (18) for @(t), breaking the interval of inte- 
gration so as to permit elimination of the absolute signs, 


F(p) 


0 


Il 
—n 


h ale te rt it hr ate ter! dt 


er) 
No - 0)?" p+a) 


This result can be verified in Campbell-Foster,®! pair 442. By con- 
traction we obtain simpler 


En) ee (20) 


(p? = 2 
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1x, Mil. 


TABLE 1.1 


Example of a time function for Fourier integral representation. 


SHORT TABLE OF FOURIER TRANSFORM PAIRS 
Transform Domain 


Time Domain, Validity 


No, Fi) 

1 eat t>0 

2 —eet t<o 

ee 
=>, en 

1 { eat t>0 

Az &@+Bß eßt <= 0 

Simple Pulses: 

1 tler 

12.1 | <r 

13 ei@gt kl <r 

14 { 2 0<t <r 

+1/2 —_n<u<O 


Bilateral Continuous Functions: 


T 


arm 


Mr) 
22 —— 
m(r? + 129) 
1 = 
23 ——. 4 
ra) ® 


1 R & z) 
eye, 


25 1 ( t? T 
Kma)a  \4 4 


all 


all t 


all 


all t 


all 


F(p) or 
1 
DI 
1 
PI—% 
1 
p2 — a? 
Ar El 
(pt a)(p - B) 


2 
2 sinh (rp) 


2 
D* [sinh (rp) — rp cosh (rp)] 


2 


4 


De sinh [r(p — jwo)] 


„ [eos (pP) — 1] 
e"lal 

|pleTIrl 

eap? 

sin (ap?) 


cos (ap?) 


F(o) 

ii 
joa t « 

ii 
Jo — @ 

—1 
2 + a2 
ee TR 
Go + a)(io — B) 


wT 


2r (sin wr 
HIER — COS wT 
jo wT 


sin (0 — w)T 
ne 
(» — w)T 


1 
— (cos wr — 1) 
jw 


e"lo| (see pair 3) 
|ojeTe1 

eaw? 

— sin (aw?) 


cos (aw?) 
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If we like, we can reintroduce here p = jw and separate real and imagi- 
nary parts. Thus, 


P .  4wa” h 

a) Ge IF 2(o) 

is a purely imaginary value, since the transform is entirely an odd func- 
tion of ». In this case, we can easily apply (11) and find the Fourier 
integral representation of (18) as 


[e0) al = in wid (21) 
= — =, = a 
Di A. are wi dw 
which is an interesting result and not entirely expected. Table 1.1, 
which is a reproduction of Table 6.1 from Vol. I., p. 285, lists a few 
pairs of Fourier integrals of similar types; see particularly pair 3. 


1.2 The Fourier Spectrum Functions 


The representation of functions by means of the Fourier integral 
duality can also be interpreted as a change from the domain of one 
variable to the domain of a different variable. If we like to stress this 
viewpoint of “transformation,’” then we can consider on the one hand 
the real function G(t) of the real variable ft, or of any other convenient 
real variable, and on the other hand the complex function F(w) of the 
real variable », or the function pair ®(w) and Y(w), as mutually asso- 
ciated, as mutual “images,” or as transforms into related domains. 
The important aspect is the correspondence of a single real time func- 
tion to a pair of real frequency functions usually expressed in terms 
of the angular frequency w, and vice versa. It is customary to refer 
to the w-funetions as specetrum functions. 

The concept of the speetrum function was introduced in Vol. I, 
chapter 6, in connection with the Fourier series which lead to an equi- 
distant set of harmonic spectral lines. The spectrum concept for 
Fourier integrals leads to continuous spectra of infinite extent but of 
infinitesimal amplitude at any one frequency. Strietly speaking, one 
should only use integrals of the spectrum functions over small but 
finite frequency intervals or frequency bands in order to be able to 
assign finite values. However, it has become customary to plot 
directly either Fı(w) and Fa(w) from (4) and (5) as the “in-phase’’ and 
“quadrature’” spectrum functions; or F(w) and $(w) from (7) as the 
more conventional amplitude and phase functions. To establish a 
better understanding of these basie concepts and tools of analysis and 
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synthesis, it might be best to carry through a few illustrative exam- 
ples with appropriate discussions of the basic aspects. 

Abrupt pulse form spectra. Suppose @(t) is a signal of given 
time variation, say a single pulse of the exponential type 


GH =Ve*“ forüsLe 


0 for N 22) 


where «T = m might be taken as a describing parameter as indicated 
in Fig. 1.2. The rectangular pulse is the special case m = 0. We find 


S mis 
(large) 
Sr 


Fig. 1.2. Single pulses of exponential type e=*; m = «T = 0 is rectangular pulse. 
readily the complex Fourier transform by (2) 


E T 1 —- er(etio)T 
Flo) = v| ae ee (23) 
0 a + jw 
This result can be interpreted as the addition of two Fourier trans- 
forms, the first 
v 


a + jw 


being simply the transform of the infinitely continuing exponential 
function e”“. The second part is 


Ver 


a-+ jo 


Se J@T 


the transform of an exponential function of amplitude Ve” starting 
negatively at time {= T as indicated by the delay factor eT. 
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Beyond t = T, the remaining part of the original exponential function 
and this new exponential function exactly cancel, which produces the 
zero value of the pulse. It is important to appreciate this superposi- 
tion because it can simplify the evaluation of transforms of fairly 
complex pulse shapes. We could thus write instead of the expressions 
in (22) 

GH =Vvert - (Vet) DIS. —- DM 


where the second part is the delayed exponential, S_ı(t — T) being the 
unit step with inception att = T. 

We might now introduce »T = x as a dimensionless variable and 
aT = m as the dimensionless characteristic parameter and obtain 
for (23) 

1 — e mt) 


m IR 


F(o) = VT (24) 


Upon rationalization we find for the real and imaginary parts, respec- 
tively, 


m(l — e”” cosx) + xe”” sin x 
m? de x? 


BC) = VE 


I 


(25) 
me" sinz — x(l — e”” cosx) 


m? + x? 


Fo) = VT 


We see that F,(w) is an even and Fz(w) is an odd function of x and 
therefore of w, as expected. To visualize the dependence upon 
x = „T and m = aT, Fig. 1.3 shows the complex Fourier transform 
in graphical representation with x as the parameter along each indi- 
vidual curve for which m is a constant value. In this manner, Fig. 1.3 
gives a unique representation in the complex plane of the respective 
pulse shapes of Fig. 1.2 which are functions of time. Writing this 


Gh >F() 


we can conceive of this as a unique transformation in either direction. 

We observe that the pulses m = 0, 1, 2 in Fig. 1.2 differ in values 
over the intervalO <t < T', all of them being zero thereafter. Simi- 
larly, the complex transforms are significantly different only over the 
intervalO < wT < 2r of the angular frequency variable w, or in other 
words, the significant spectrum contribution lies in the frequency band 


BES ELT 


This becomes even more impressive if we plot the two spectrum func- 
tions Fı(») and Fz(w) against x = wT as variable as is done in Fig. 1.4. 
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Fig. 1.3. The complex Fourier transforms F(w») of the pulse types shown in 
Fig. 1.1. Values in fractions of m are the values of x = »T as the parameter. 


2 5m 4n 30 5m 27 5r 3m 
2 


x=wT —>- 


Fig. 1.4. Spectrum funetions Fı(») and F3(w) for the pulses m = 0, 1, 5 in Fig. 1.2. 
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IF (w)| 
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wi 
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S) 


(b) 


Fig. 1.5. Amplitude function (a) and phase function (b) of the pulse types m = 0, 
17 22nsR10,21.2% 


Of course, Figs. 1.3 and 1.4 present the same type of information, Fig. 
1.3 giving the “locus” of the complex function in terms of the variable 
„T, Fig. 1.4 giving the more conventional presentation for real 
functions. 

The pulse shape m = 5 cannot be considered directly with the others, 
because the whole phenomenon is essentially over at time 7; the pulse 
“duration” has become short compared with the interval of observa- 
tion. In this case. it is necessary to define the pulse duration fairly 
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arbitrary, e.g., by selecting the time at which the value of the pulse has 
decreased to 5% of its initial value which is also its peak value. This 
would give the duration r = 0.45T, for which we would expect a 
necessary frequency band 0 < f < 2.22/T or a frequency band 2.22 
times wider than for the previously considered pulses. The shorter 
the pulse duration, the wider must be the frequency band to give the 
significant speetrum contribution. This is quite obvious in Fig. 1.4. 

Finally we might also plot the amplitude function F(») and the phase 
function $(w) defined by (7). Figure 1.5 gives these for the pulse 


Jh 


Fig. 1.6. Single pulses of sawtooth type, m = 0 being the conventional linear 
sawtooth. 


shapes m = 0, 1,2,and bears out the strong concentration of amplitude 
values within the range 0 <wT < 2r. We should also notice the 
marked differences in the phase functions for the three pulses, empha- 
sizing the importance of phase characteristics of transmitting networks. 

Gradual pulse rise specetra. The pulses in Fig. 1.2 started 
abruptly with their peak values, taking the rectangular pulse as the 
limit. What about different types of pulses? Suppose we consider 
the pulse shapes in Fig. 1.6 which start at zero value, thus provide 
continuous transition at the origins, rise smoothly, and then terminate 
abruptly. Specifically the three pulse types are defined by 


ee — | t L re 
re ee 
BIO en ee (26) 


0, 07-0, 2 >AT 
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whereby the center expression gives the linear pulse, and the first and 
third expressions the pulses rising initially less than and more than 
linearly, respectively. We can actually cover all three pulses by the 
single expression 


— 1 
V 
cu) = ag ie t<T (27) 


0 for ee! 


where m = aT has values m = 0 for the linear pulse, and m > 0 for 
the first, m < 0 for the last pulse type in (26). r = t/T is then the 
relative time. We chose specifically m = +1, andm = —1to see the 
effect of comparatively small changes in the time function. 

The complex Fourier transform can again be evaluated by (2). 
Taking the general form (27), we get with the further abbreviation 
v„T=z, 


z WE: . 
F — DIE ==: 
Or om |, (e 1)e "dr 
VE 1 4 1 i 
en ( B (u = 1) ENGE (og : n) 
El N = IX 


Upon rationalization we find for the real and imaginary parts, respec- 
tively, 


VT (m(e”cosx —-1)+txe”snz sin« 
Fı(o) Fr, D D = 
em—1 m’ + % % 
(28) 
Palo) VL. = cosx — 1) — me” sin x 4 1 — cos ) 
DUO 
x e” — 1 m? + x? 2 


It is again evident that F,(w») is an even and F's(w) an odd function ofx 
and therefore of w. Figure 1.7 shows the locus of the complex Fourier 
transform in terms of these quadrature components with x as the 
parameter and m as a fixed value. We observe the close similarity ot 
the curves corresponding to the temporal pulse shapes in a 1-to-1 
relationship which can be conceived as transformation from the 
f(t)-plane to the F(w)-plane. 

Even more so than in the previously discussed pulse shapes, all the 
significant difference between the complex Fourier transforms oceurs 
in the interval 0 < x < 2r, or the frequency band 


VER RE Ah 
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Fig. 1.7. The complex Fourier transform F(w») of the sawtooth pulses shown in 
Fig. 1.6. Values in fractions of r are the values of x = »T as the parameter. 
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Fig. 1.8. Spectrum functions Fı(w») and F3(») for the sawtooth pulses in Fig. 1.6. 
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Fig. 1.9. Amplitude function (a) and phase function (b) of the sawtooth pulses 
in Fig. 1.6. 
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and as the pulse duration decreases the necessary frequency band 
increases, keeping the product constant at unity. We could therefore 
take the simple spectrum function of the linear sawtooth for all the 
pulse shapes beyond x = 2r. 

Comparing now the two sets of complex Fourier transform loci in 
Figs. 1.3 and 1.7 we also note a considerable difference. The pulses 
with sharp leading edge have transforms lying entirely in the lower 
half plane of F(w), whereas the pulses with sharp trailing edge spiral 
widely around the origin. This might be of general importance and 
will be discussed again in chapter 4. 

Plotting the two spectrum functions Fı(») and Fy(w) against » as 
in Fig. 1.8, we again note first the general similarity of these functions 
for the three different sawtooth pulse shapes of Fig. 1.6, and second the 
marked difference in appearance between this pulse group and the one 
whose spectrum functions are pictured in Fig. 1.4. The same com- 
parisons are quite obvious for the amplitude and phase functions 
plotted for the sawtooth pulse group in Fig. 1.9 and for the exponential 
group in Fig. 1.5. Itis particularly instructive to study the differences 
in the phase functions. | 


1.3 The Fourier Transform Method 


The Fourier integral representation of arbitrary nonperiodie func- 
tions which satisfy the Dirichlet conditions (outlined in section 1.1) 
is of greatest value in the solution of linear differential equations in one 
or more variables. In particular it permits the transformation of the 
ordinary integro-differential equations of lumped-parameter networks 
into linear algebraic relations between the Fourier transforms of the 
unknowns which can be solved readily by conventional algebraie 
methods. The solutions for the transforms can then be converted 
back into the time functions deseribing the transient response of the 
network. Though the method has been discussed in some detail in 
Vol. I, chapter 6, we shall review briefly the main aspects of the use of 
Fourier transforms. 

Application of Fourier transforms to a simple circuit. Let 
us assume as a typical ordinary linear integro-differential equation 
that of the series double-energy circuit 


u 


di e 
En + Ri+ G ide = vlt) (29) 
in which (2) is the unknown current as a function of time, v(f) the active 


voltage as a disturbance function of the system, and R, L, C are the 
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characteristic constant parameters of the linear system. We perform 
a Fourier transformation of this integro-differential equation by 
multiplying each term by e”’“' and integrating in the infinite limits as 
indicated in (2). This gives on the right-hand side, since v(£) must be 
specified, 


7) = | vWe* ar = so(ı) (30) 


where the last form is simply the symbolic representation of the direct 
Fourier integral. If the function v(?) is analytie for all values of tand 
if the indefinite integral exists, perhaps we call it J(w,t), then 


Vo) = on Yo, +) — Jo, —t)] 


This limit might be reached by means of convergence factors as dis- 
cussed above in (9) and (10). In most transient problems the dis- 
turbance v(t) can be assumed to start at i = 0, so that v(f) = 0 for 
t <0. In this case, then, (30) has as lower limit t = 07, and 


V(o) = lim J(o,t) — lim J(w,t) 
to t>0r 


where the stipulation 0? allows for any discontinuity of the function at 
t=0. If we ttake 


Ver Ne >L0 


then we get the indefinite integral 


e h ar 5 g(etie)t 
Yale V: se d er 
and thus 
el (32) 
Kiez: a + jw 


which is a continuous function for all values of w, though v(t) is dis- 
continuous ati = (0. 

On the left-hand side of (29) we have only the unknown function 
and its derivative, respectively its integral. If we assume the Fourier 
transform of i(t) to exist and designate it as /(w), then we can deduce 
by integration by parts as in Vol. I, p. 282, 


= ' a dt = -i(0*) + jwI(o) (33) 
VB 
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For the integral term we obtain, also by integration by parts, 


s:a-+(f:a) ge N (34) 
jJw t=0+ Jo J@ 


where go is the initial charge on the condenser. 
The complete Fourier transform for (29) becomes now 


Ä een 
(er Ein +) I(w) — Li(0*) Eg V(o) (35) 


Thus we have transformed the integro-differential equation (29) into 
an algebraic equation between transforms, which involves the initial 
values of the unknown function, of its first-order derivative, and of its 
integral. This constitutes, however, a more complete mathematical 
statement because it contains the arbitrary constants which normally 
need to be evaluated as the integration constants in the classical solu- 
tion of the integro-differential equation. 

We can readily solve (35) for the unknown Fourier transform /(w); 
however, to simplify the expression, let us assume zero initial values so 
that we obtain, with (32), 


e 14 ! ia\= V(w) 

ans: (set 2 +) I ce” 
which exhibits the analogy to the steady-state a-c solution of networks 
with Z(jw) the a-c input impedance in complex form. Expression (36) 
has clearly the character of a polynomial fraction, so we can apply 
partial fraction expansion and identify the appropriate inverse Fourier 
transforms from Table 1.1. To carry through the partial fraction 
expansion we observe, as in connection with (15), that the transform 
variable » occurs only in the combination jo = p, so that we can as 
well write for (36) 


I = lm+r+ 4) 
Dee (37) 


which is a real polynomial fraction in p. This can be written more 
conveniently 


VN) 
I(p) = L Di) (38) 
with 
N(p) =p 


Dp) =(p+ta) G 4 n Der 2) (39) 
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Problems with lumped-parameter circuit elements generally lead to 
this typical rational form in p = jo, for which the solution, i.e., the 
inverse Fourier transform, can be given in terms of the Heaviside 
expansion theorem adapted to the Fourier transform method. Wecan 
factor 


Dip) = (pP - pı)(p - p3)(p — P3) 


RER, 
ER CR a AUT BETT 


Thus, by the partial fraction expansion, as in Vol. I., p. 176 
N(p) ee: B; B; 


with 


- ar (40) 
Dim pn Ds 
where the coefficients 
N 
u en (an) 
daD(p)/dp) p=va 
Combining this with pair 1 in Table 1.1, 
gg en eP«! 
P — Pa 
we have in typical form for the inverse of (38), 
V N 
i(t) ar > as) ePat (42) 
L dD(p)/dp/ p=« 


(@) 


or in final form 


A | ae 
Nena 


1 Pre Pl ».)| 43 
FOIRJ2L)? — 1/LC)% (- TE ET TBER ws 


as can readily be verified. 
Obviously, (43) is also the result if we use the general inversion 


equation (3) 


ER A 
aan = I(o)e“ dw 
Dr b 


and expand /(w) from (36) into linear fractions. 
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One- and two-sided Fourier transforms. We should now add 
a further note of caution. The original definition of the complex 
Fourier integrals in (2) and (3) stipulated in time the integration from 
t= -o toi= +», yet the application to the example made us 
immediately change to the semi-infinite limits i = 0 toti= + 
because the voltage as defined in (31) was zero for t<0. We can 
express this rather neatly if we add the subseript II for doubly infinite 
range and I for the singly infinite range of integration, thus 


Sıft) = |. Se dt = Fıljo) = Pılo) (44) 


Suft) = [I 1We* di = Furljo) = Fulo) (45) 


The transform itself is a function of the imaginary variable jo which 
appears as a parameter in the integrand as pointed out in (15) and (16). 
Because of the imaginary character of this parameter, the transform 
is in fact a complex function of the real frequency variable » which is 
expressed by the bar in the last forms of (44) and (45). 

It is important to note that the type of Fourier transform required 
will be defined by the applied voltage or current and that, of course, 
the response current or voltage must be of like kind in order to be 
physically consistent. For practical applications, Table 1.2 gives a 
list of general transform relations for these two types together with 
several forms of the real convolution integral in the time variable, see 
Vol. I, section 5.11. 

For practical applications, idealized discontinuous source functions 
are particularly useful. We have mentioned early the unit step (8) 
for which the Fourier transform does not exist in the conventional 
sense. Using the convergence factor demonstrated in (9), we can 
accept as a Fourier transform 


38,0), >= lm j A = (46) 
c>0 )0 3w 
It is irrelevant here whether we use the one-sided or the bilateral 
transform definition, because the value of unit step is zero fort <0. 
The response to unit step is usually called the indicial admittance A (t) 
and can be made the basis of the superposition theorem for arbitrary 
time dependence of the source function, known as the Duhamel integral; 
see Vol. I, section 2.9. 
Of similar importance is the unit impulse which can be approximated 
by the analytie function 
Sol) = lim ate”“ Da (47) 


a» 
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TABLE 1.2 
SHORT TABLE OF GENERAL FOURIER TRANSFORM RELATIONS 
No. Time Domain Transfer Domain 
5, from (44) Fıı from (45) 
1 fc) Fı(jo) = Fi(o) Fıı(io) = Fır(o) Basic definitions 
2 ft - Fi(w)erior Fir(w)eior Time shift 
3 aflet) Fı (*) Fıı | Scale factor 
a a 
dt oz b 
4 7 ft) ’ joFı(w) — f(0*) 3oF]1(w) Differentiation 
t 161 10 E 
5 ft) dt — | Fı(o) + — Fı1(o) Integration 
a Jo Jw 
a=-—-ı» 
Se) dt 
t=0t+ 
a = 0+ 
6 eiwotf(t) Fi(w — o) Fıi(o — wo) Frequency shift 
Convolution Integrals: 
b 
El is Sfılr)fe(t — r) dr Fıo))ılFı(o)]: Fıro)lıl#Fir(o)la General convolu- 
a a= 0*+ a=—.o lution (Borel 
b=t b=+x» theorem) 
r 2 S 
12 u. | ei@gTf(r) dr Be er Linear factor 
a i(@ — wo) io — 0) 
a = 0* a=-—-ı»- 
w 3 w 3 
13 fi) Fı(o) A) Linear fraction 
a) en factor 
t a= 0+ a=—-ı» 
+ jwgei@ ot \! eri@oTf(r) dr 
a 
Expansion Theorem: 
N(p) - N(io) _ N(o) Unit i l 
21 Sn Pat oa) = = nit impulse 
> E D(p) ze 48 FıGe) D(jo) D(») response 


(@) 
Joa = Da are the roots (distinet) of D(p) 


as discussed in Vol. I, p. 194. The general shape can be inferred from 
Fig. 1.10 where the curves are drawn for different values of «. Obvi- 
ously, in order to have an impulse of duration r < 10° sec, we must 
have ar = 4, or «> 4X 10° 1/sec. Expression (47) is normalized 
such that the integral has value unity, 


er Be 
Joe et 


In the limit, So(f) represents a spike of infinite height and infinitesimal 
duration at £ = 07, i.e., on the positive side of the time abseissa, yet 
with the product value unity. The Fourier transform is therefore 


ES = jan SVeritdi=1 (48) 


because over the infinitesimal duration the exponential factor assumes 
the value unity. The response to ünit impulse is therefore given 
directly by the inverse transform of the network impedance or admit- 
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tance function. For lumped-parameter networks it can be evaluated 
by the Heaviside expansion theorem which is shown in the last line of 
Table 1.2. 


8 


t, sec 


Fig. 1.10. Plot of the function a?te”“! as approximation to unit impulse So(?). 


1.4 The Laplace Transform Method 


The Fourier transform method has two disadvantages in practical 
applications: the time integral in the direct transform often does not 
converge without providing an extra convergence factor as in (9), and 
the inverse transform is a real integral in the frequency variable which 
often requires a cautious approach, even if it can be evaluated by con- 
ventional methods. Both disadvantages disappear at once if we turn 
to the Laplace transform method. 


Sec. 1.4] The Laplace Transform Method 23 


The direct Laplace transform. We shall generally use the one- 
sided direct Laplace transform which is particularly useful in transient 
analysis, assuming the source functions suddenly applied at { = O0 and 
being zero for {< 0. Given the time function f(t), we define the 
Laplace transform 

So = [fWertd=ro) |." (49) 
This incorporates right into the complex exponential an appropriate 
convergence factor which will guarantee the existence of Laplace trans- 
forms for practically all the functions of possible interest tous. Com- 
pared with the definition of the one-sided Fourier transform (44), we 
see at once that 
SO = Hlflde”') (50) 
We observe that, if 


u) Fo) 


exists, it must indeed be the Fourier transform, at least in the Abel- 
Poisson sense as outlined in connection with (9) and (10). 

Actually, (49) defines the Laplace transform only for the value ö or 
p=dÖ+ jo for which the integration has been performed. Con- 
ceiving of p, however, as a complex variable defining the complex 
p-plane, we can extend the meaning of F(p) to be a function of the 
general complex variable p and to exist in the entire p-plane. We can 
thus examine F(p) like any function of a complex variable, locate its 
singularities, and, in general, describe its characteristics for all values 
of p. F(p) becomes then an associated complex function to f(t), an 
‘““/mage”’ of the real time function in the complex p-domain. 

For unit step, defined in (8) with these equivalent symbols 


y 2710 fort =.0 e 
= Hl) = 8) = | 1 en (51) 
we obtain quite readily because of the assumption Re p > 0 
R —pi 1 
2S- U) = ep (52) 
0+ p 


It is worth noting that the Fourier transform (46) could be obtained 
only by using a special convergence factor, which is here inherent. 
We also see readily that for ö&— 0 we obtain from (52) the Fourier 
transform (46), thus justifying the procedure used there. From this 
and similar examples one can argue that the modern Laplace transform 
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TABLE 1.3 


SHoRT TABLE OF RATIONAL LAPLACE TRANSFORMS 


No. Time Function f(t), {-Domain 
1 1=S_ı(l) 
TE 1>0 
U: 
in 
3 E= t>0 
n! 
4 (a t>o0 
5 (1-e%) 4) 
6 eiet > 
7 sin wt Be 
8 cos wi >>) 
11 öt ee”?! A) 
n! = 
1 
13 —jt —Öat > 
FARBEN (e Be) 
14 ee: sin N el 
15 e?! cos NM >) 
1 5 
16 — {sin wt De) 
2 
17 t cos wt DB) 


Singular Pairs: 


21 S_-\ı@) = lim [I -— (1 + ahe1,t>0 


ao» 


22 So(t) — 


a9 


23 Sıl) = lim [« 


a—>%0 


im [ae 1, 20 


(1 — at)ee],t> 0 


Laplace Transform 
F(p), p-Domain 


BD) 
or 
+ 
1 
(p + dı)(p + Ö>) 
Q 


p+6 
a +22 


(p? Fon? 
p? — wo? 


a? 


= lim — ö 
>» p(p+ a)? 


2 


set 


1= lm — 
a>» (p + a)? 
p= lm — & 


im — ap 
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is the broader and more basic concept and the classical Fourier trans- 
form represents a special version of it. 

Table 1.3 gives a short list of rational Laplace transforms most fre- 
quently occurring in connection with conventional source functions 
and simple lumped, passive circuit problems. It also contains the 
important singular source functions and their analytic approximations: 
unit step S_ı(2), unit impulse So(t), and unit doublet S,(t) with the 
notations introduced by Campbell-Foster.e! A detailed discussion 
of these singular functions is given in Vol. I, section 5.6. The unit 
impulse is also treated above in section 1.3 and progressive approxima- 
tion by an analytie function is shown in Fig. 1.10. 

The inverse Laplace transform. To formulate the inverse 
Laplace transform, we start with the basic Fourier integral (3) 


In. #2 Mass 
I, = N F(jw)e’”" do 
7 0 
and observe that » is the integration variable. Replacing jo by 
p = + jw as required by (49), we must take 


dp = jdw 


i.e., integrate parallel to the imaginary axis of the p-plane, and, 
actually, we must integrate with Rep = ö > 0 as presumed for (49). 
We thus obtain 


c+j% 
10 = 5; |, P@e* ap = 276) (63) 
mM) Jc-je 

where c must be so chosen that f(t) = 0 for £ < 0 since this had been 
the basis for (49). Again, ıf we can let ö&— 0 and the integrand exists 
there for all values », then the inverse Laplace transform reduces to the 
inverse Fourier transform. The great advantage of (53) is, however, 
that the integration can be interpreted as integration in the complex 
p-plane, with the integrand F(p)e?' usually a regular function of the 
complex variable p except for denumerable singularities. We can 
bring to the evaluation of (53) all the background of function theory 
which is of invaluable assistance! 

It is perhaps not amiss to emphasize that, unless the Laplace trans- 
form F(p) continuously approaches F(jw) as p— jo or &— 0 for all 


values of w, 
Erlp) # FF (je) 


in general. Conversely, having given F(jw), it is not assured that we 
can simply substitute jo by p and consider F(p) as the analytic function 
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taking the values F(jw) on the imaginary axis.* Actually, by Cauchy’s 
integral theorem (18), Appendix 5, we can construct 


il a Res j 
Fo) = 5; Ian nn die) 


if F(jw) is regular along the entire imaginary axis as well as everywhere 
to the right ofit. Should F(jw) have any singularity on the imaginary 
axis, then this integral equation cannot be used. One might shift a 
removable singularity from the imaginary axis slightly to the left, i.e., 
use essentially the convergence factor discussed in (9) and (10) and 
accept convergence in the Abel-Poisson sense rather than insist on con- 
ventional convergence. 

If the function F(p) is rational, it can be expressed as a fraction of 
two polynomials, and expanded into linear fractions 


7 Jez N(p) = Ba 1 
NER Do) > a Sn 


(a) 

as demonstrated in (40) and (41). The p. are the roots of D(p), 
assumed to be distinet. Thus, the function F(p) possesses poles of first 
order at the points p. in the complex plane, see Appendix 5, section 2, 
and is regular at p— » if the degree of N (p) is less than that of D(p). 
The evaluation of the integral (53) is now performed easiest by 
utilizing the Cauchy fundamental integral theorem as outlined in 
detail in Vol. I, pp. 205-208. Referring to Fig. 1.11, which is the same 
as Fig. 5.11 of Vol. I, we first demonstrated that the eontributions of 
the straight line path C’ below A and above B are negligibly small. 
We then replaced the path AB fort > O by the closed path ABDEFA 
minus the closing are BDEFA. The latter contributes vanishingly 
little, the former contributes the sum of the residues at the simple 
poles which is given by (25), Appendix 5, as 


2m)j > ByeP«! 
(«) 


For t < 0 we demonstrated that elosure of the path to the right gives a 
zero result for the desired integral as required by the fact that f(t) = 0 
fort < 0. Indeed, the last requirement demands that the distance c 
be so chosen that no singularities of F’(p) lie to the right ofit. Wethus 
have the simple result 


* See also E. A. Guillemin, The Mathematics of Circuit Analysis, p. 548, Wiley, 
New York, 1949. 
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N(p) 
t) = u Pat 
a 2 ee ; ee 


identical with line 11 of Table 1.4 and recognized as a general form of 
Heaviside’s expansion theorem. 

The standard form of the Heaviside expansion theorem results if a 
step voltage V1 with transform V/p from (52) is applied to a network 


Fig. 1.11. Cauchy’s integral relation and the inverse Laplace transform. 


composed only of lumped parameter, passive, bilateral elements. In 
such cases the current transform would appear as 
nk 
DES 
Z(p) p 
where Z(p) is the parametric impedance defined as D(p)/N(p). The 


extra root p = O0 of the denominator in (56) gives the steady-state 
response which is usually ae so that we get asin Vol. I, (5.139), 


| No) Enar 
le "(Do + 2, Laaoen/an Do I E en 


(56) 
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where A(t) is the indicial admittance. Analogously, if we find a voltage 
transform for a step current // impressed upon a network, we can 
define an indicial impedance. In general we shall refer to either as 
indicial response R(t) of the network because it is a basic characteristie 
for the transient behavior. KR(t) is listed in Table 1.4, line 12. 


TABLE 1.4 
SHORT TABLE OF GENERAL LAPLACE TRANSFORM RELATIONS 
No. Time Domain Transfer Domain Designation 
1 fÖ,t>0 F(p) Basic correspondence 
la f(0*) lim pF(p) Initial value 
oo 
1b I») lim pF(p) Final value 
p>0 
2 ft-r,t>r F(p)e PT Delay 
d 
3 a Bi) —/(0*) + pF(p) Derivative 
1 1 
4 j} ft) dt = g(t) zo) > : F(p) Integral 


t 
1 

4a NN So dt -F(p) Definite integral 

0+ D 
5 dert Fp—-y Shifting theorem 
5a Sdei® F(p — jo) A-c shifting 
6 f(at) Ip () Scale factor 

a a 


6a wf(wt) F ©) Frequency scale 


Response Functions: 


N(p) Ba 
11 Dü = y Baerat Din) = > 


Expansion theorem (unit 


| 2 De impulse response) (55) 
N(p) Gr 
Bar 
a (8 Pa roots (distinct) of D(p) 
_N@ Ba No 71 Ba Heaviside expansion 
12 Rt) = D0) =) ze ePat De)» . Ber theorem (unit step 
(a) response) (57) 


(Indicial response) 
= Nie) . Ba N(p) 1 B Complex a-c expansi 
oe ven h e a lex a-c expansion 
une: > De Din pie > P—=pa« (unit cisoid response) 
(©) (61) 


The general a-c source function (voltage or current) with unit 
amplitude is written in complex form 


e”! = coswt + j sin wi = cis ut 


where the last form is taken from Campbell (see Campbell-Foster,E! 
p. 5) and is called “eisoid,” indicating symbolically the complex com- 
bination of cos and sin functions. The Laplace transform of it is 
found readily 


o 1 
See ! eier! dd = — (58) 
0+ u K 
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which is also listed in Table 1.3. If we use this instead of the unit step 
transform in (56) we can derive a complex expansion theorem for unit 
eisoid response Ö(?) which is listed in Table 1.4, line 13. To obtain the 
physical solution we need to multiply Ö(f) by the phasor of the source 
function and take either the real or the imaginary part of the product, 
depending upon the original definition of the source function. Let us 
assume we apply the voltage 


Vm sin (ot +Y) = Im(Ve’®*) (59) 
to a lumped-parameter, passive network. The phasor is thus 
V- Ver 
and the complete current response in complex notation 
ic) = VÖ) (60) 
so that the physical solution becomes 
i() = Im 1(t) = Im [VC()] (61) 


The appropriate modification for a current source is simple since the 
response function ((t) has not been specified as to physical significance. 
Example. Let us illustrate the use of the Laplace transform method 
by a simple circuit problem. Suppose we apply a current pulse of the 

shape 
io(t) = Iate”* 0 (62) 


corresponding to the right-hand half of Fig. 1.1 and shown in Fig. 
1.12a, to the parallel G-L eireuit in Fig. 1.12c. The node-pair equation 
for the output voltage v,(t) can be read from the figure as 


ee . fl v,() di + Go.) (63) 


To take the Laplace transform of this equation, we multiply each term 
by e! and integrate with respect to time in accordance with (49). 
The transform of the current is from Table 1.3, line 16 


[04 
ED AICE Me er ee 
The transform of the voltage is unknown; let us call it V(p). For the 
time integral we might apply integration by parts, choosing e”?‘ dt as 
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Output 
voltage 


L G do(t) 


(e) 
Fig. 1.12. Response (b) of parallel G-L eircuit (c) to signal current (a). 


the differential factor, 


iR (/ vo(t) a) er di= — 1 m N v.(t) dt 
0+ p 


The first term vanishes at the upper limit if IERO) dt exists as t— =®. 
The second term can be identified as p 'V (p), so that the total result is 


© © 1 
+ ı - vo(t)e”?! dt 
0 o+ P 


1 1 
o di = - o u © 
& | 40 t in (64) 


which also appears as a general relation in Table 1.4, line4. Collecting 
the terms, we get for the transform of (63) 
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which is an algebraie relationship between the known and unknown 
Laplace transforms. 

Because p is a complex variable, (65) is also a simple linear equation 
between functions of the complex variable p which can be solved at 
once 


(Svcct) di)o+ Er, 
pLIG + 1/(pL)])  (p + @)?I@ + 1/(pL)] 


We see that the voltage transform is the sum of two parts, one depend- 
ing only upon the initial value of the time integral of the voltage drop 
v, across the parallel circuit elements, the other depending only upon 
the applied source current. We could obviously have solved inde- 
pendently for each part, i.e., assume that the initial energy stored in 
the circuit was zero at 2 = 0; then only the response to the source 
current would develop. On the other hand, if fv. dt ıs not zero 
initially, we find the additional solution as the decay of the initial 
energy in the circuit elements entirely uninfluenced by the response 
to the source current. These observations illustrate the general 
validity of superposition in linear transient problems. Without loss 
of generality, we can therefore restricet ourselves to initially de-ener- 
gized conditions if we prefer that for reasons of simplicity. 

The inverse Laplace transform of the first part in (66) is found 
directly from Table 1.3, line 11 


1 a 
ae GL 
GL (no DR 


and represents the exponential decay of the initial current in the 
inductance L by dissipation in the conductance @. 

The inverse transform of the second part is actually more significant. 
Let us therefore disregard the first part and rewrite (66) 


az (66) 


al p 
V(p) = : (67) 
MG rn 
where y = 1/LG. The inverse transform is then by (53) 
RE ae ke 
ee n ePt dp (68) 


G m) Je-i» (p+a)(p+Y) 


The rational part of this integrand has a pole of second order at 
p= —a. Even so, we can still apply the sum of residues to evaluate 
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this integral. On the basis of Cauchy’s fundamental integral theorem 
we have from Appendix 5, section 4, for the residue at the second-order 
pole 


hp) _ ( d ) 
Residue Den 27j m h(p) En (69) 


where in our case 


p 
h(p) = pi 
(D) DEN 


d ie pt ) pt 0 
a rs ; 2 


The total sum of residues is now (69) and the residue at the first-order 
polep = —y, giving for (68) 


so that 


al Y ER Or 
vo(t) = G (a (e 0) e ) (71) 


Y-a)” Ya 


The character of the response will depend on the relative magnitudes 
of «and y. We might introduce 


ad=d, y/a= m, yt = md 


and thus obtain 


U () 
Tr Gr a er: “) 


which has been plotted in Fig. 1.12b as a function of 4 for the parameter 
values m = 1 and m = 2. As m becomes very large, the output 
voltage approximates the derivative of the input current {o(f) as one 
can readily check from the physical conditions. 


1.53 Convolution and Superposition Integrals 


Frequently the task of finding the inverse Laplace transform can be 
made simpler by the use of superposition integrals which take advan- 
tage of the linear relationships to which we have restricted our attention. 

Step summation. We assume that we know the indicial response 
of a network, e.g., theindicial admittance A(t). If we then have given 
an arbitrary voltage function v(?) as in Fig. 1.13, we may approximate 
it by a staircase function, i.e., a series of finite steps. We can assume 
v(0F), the first step, as well as all subsequent steps öv. to be step func- 
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tion voltages, so that v(t) can be expressed as the sum 
leo) ). N, (72) 
a=1 


where n is the largest integer so chosen that 
t-nöt>0 


if tis the continuous time variable. The öt are here all taken as alike, 
though in a more general representation one could also choose the time 


v(T*) -v(T°) 


aöt —— 


Fig. 1.13. Representation of voltage v(t) as staircase function by horizontal 
slieing. . 

intervals larger where the variation of v(t) is less rapid, and smaller 

where v(t) varies more rapidly. The increments of the voltage can be 

directly read from the graph of the voltage. The current response for 

the staircase approximation is simply 


it) = v(OH)AHS_ı() + Di $v,Alt — a dl)S_ı(t — aöt) (73) 
a=1 
where i(t) is made up of curve segments, one for each öt, as defined by 


A(t) and the A(t — «a öt), respectively. We have the superposition 
of the diserete step voltage responses up through step n. 
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Form (72) represents the voltage function in terms of horizontal 
slices. If we apply the same representation to A(t) for ease of numeri- 
cal computation, then z(t) becomes also a staircase function. On the 
other hand, we can let the intervals become differentially small 
öt— d$, then « öt— 9, and 


dv 
Od — 1) 
SZ (@), c 


so that (73) goes over into the Duhamel integral, see Vol. I, p. 70, as 
well as Table 1.5 


9=t 
ill) = v(Or)A(t) + I, Alt - 0) dv(6) 


d9 


do (74) 


where the unit step symbols have been left off as unnecessary. Atany 
finite discontinuity of the voltage such as at i = T in Fig. 1.13, we 
need to insert the finite response similar to the first term in (74). We 
would thus obtain for values oft > T, 


0=T 
ic) = v(oH) Al) + I AN nn de + Alt — T) 
o=t>T 
au ı\ . Aa-9 in d6 (75) 


Pulse sampling. A rather different approximation principle is by 
means of continuous pulse sampling. We can represent the value 


a (@+1) 
Fig. 1.14. Sampling pulse. 

of the voltage for the interval « öt <t < (« + 1) öt by multiplying the 

voltage value v, at the beginning of the interval öi with the pulse shown 

in Fig. 1.14, namely 


ee (76) 


36 The Fourier and Laplace Transforms [Ch. 1 


The amplitude is kept at unity so that the total voltage v(t) for any 
instant £ becomes the single term 


vlt) = m = vln öl)on(t) (77) 
where n again is the largest integer for which still 
t-nöt>0 


This gives again a staircase approximation of the voltage function as 


Fig. 1.15. Representation of voltage v(f) as staircase function by vertical slieing, 
i.e., by sampling pulses. 


shown in Fig. 1.15 but here in terms of contiguous rectangular pulses, 
each of the shape (76), i.e., of columnar type. 
The Laplace transform of the individual pulse is 


—paöt 


1 
Lo.(t) = ae en ePp(etDdt) er (1 - e Pi) (78) 


p 


and that of the staircase voltage (77), integrated from t = Otot = », 


= —pöt = 
Kult) = er » n,e pedt (79) 
a=0 
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where we used v, for the value v(t) at? = a öl. The first factor in (79) 
is the Laplace transform of the sampling pulse itself; it appears as the 
difference of the two unit step components. The transform solution 
for the current can well be taken as (79) divided by the parametric 
impedance Z(p), 


1 pet 5 
Sl) = an > TEL (80) 


The inverse transform of the factor in front of the summation is the 
difference 


Are or 


where A(t) is again the indicial admittance as a continuous time func- 
tion. The summation now introduces time shifts of « öt, so that the 
inverse transform becomes 


a=n-—1l 
in= ) mlAl- al) — All aöt- 8] + »Alt—n &) 


a=0 


where nöt <t<(n-+ 1)öt. Each indicial admittance is zero for 
t <aötort< (a + 1) öt but extending over all time afterwards. 
This form lends itself singularly well to numerical computations if 
we represent A(t) also as a columnar staircase function, i.e., define in 
analogy to (77) 
At) = A, = An t)e,(d 


Introducing this with the appropriate adjustments into the current 
expression, we obtain 


a=n-1l 
) Ada] 
a=0 


+mAlt-nöt)o,() (81) 


which is a constant value valid fornöt <t < (n + 1) öl. Obviously, 
v„ is zero for « < 0, and A(n — «öt) is zero for n — a@ < 0, because 
A(t) is an indieial admittance. Thus we need to form the products of 
voltage values progressing as shown in Fig. 1.16 from left to right with 
indicial admittance values progressing from right to left. This is the 
convolution swmmation for numerical or graphical evaluation of 
responses to diffieult source functions; it is based upon the continuous 
pulse sampling and leads to a staircase representation of the response. 
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We could let the pulse duration decrease indefinitely, by letting 
öt— d$. In (80), the first factor then becomes 


öt>d9 p 


The inverse transform of Z(p)”' is the unit impulse response D(t) in 
line 11, Table 1.4, and the summation goes over into the integral with 


FA, 


Aln=aöt) 


Fig. 1.16. Convolution summation on sampling pulse basis. 


a öt— #, va — v(#), so that with the appropriate delay indicated by the 
exponential we obtain 


io = |... v()D« — 6) do (82) 


This is another special form of the general superposition prineiple, 
introduced by Giorgi, see Vol. I, p. 228. This theorem is also listed 
in Table 1.5. 

On the other hand, we can apply similar relations to the discrete 
pulse sampling as often used in communication systems.* Assume 


*See H. $. Black, Modulation Theory, chapter 4, Van Nostrand, New York, 
1953. 
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that the individual pulses have the duration öt as in Fig. 1.14, but that 
they occur at equal intervals 8 öt. The pulse numbered «& has then 
the form 


alt) = S-ılt — aß öl) — S_ılt — (aß + 1) öl] (83) 


With the appropriate modification, the eurrent response will now be 
given by 
| . 
2 - > VA oa nee, 
a=0 
nBö <t<(n +1VBöt (84) 


where ? is a continuous variable and must lie in the interval specified. 
Obviously, if the time interval between pulses (8 — 1) öt is large 
enough so that the response to the pulse at the beginning of the period 
has practically vanished by the end of the period, then the summation 
reduces to a single term, 


in) = m{Al — nB 50) — Alt — (nß + 1) äll} 


which is particularly useful for communication purposes if economi- 
cally permissible. Clearly, the individual pulse response is a direct 
measure of the initiating voltage sample. 

Impulse sampling. Finally, we can let the sampling pulse in 
Fig. 1.14 become of infinitesimal duration. In order to preserve the 
proper relationships of the physical quantities, we might start from 
(77) and modify it to read for any instant of time i 


t 
v() = v(t) u (85) 
The limit 
Set 
lim AR un ı mr So) 
st>0 Öl ät>0 öt 


expresses the fact that we let the duration of the pulse become infini- 
tesimal but at the same time let its amplitude grow beyond all limits 
so that the total area under the resulting impulse is unity 


|, So) di = 1 (86) 


as already defined in a different approach in (47) and more thoroughly 
discussed in Vol. I, seetion 4.6, p. 138. Because the time integral gives 
the unit value, So(t) itself must be expressed in inverse time units, 
e.g.,in sec !. Therefore, we find in (85) that we actually need to use 
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the voltage value multiplied by öt to preserve the physical dimensions. 
We can write (85) in the two forms, 


v() = M,Soll) = VS) di (87) 


Because of (86), the second form is simply the voltage value v(t) multi- 
plied by unity but represented as an infinite spike. The first form 
associates the time element öt with the voltage; in practical computa- 
tion we can assume M,„ to represent the value of the integral 


m. = |), (0) a0 (88) 


over the actual voltage spike.. M,„ then gives the finite value of the 
area under the impulse and So(t) defines its shape in ideal form. 
Obviously, M,„ is measured in volt-sec. 
The current response to a single impulse occurring at time 6 is then 
given by 
il) = M,(0)D(t — 9) =. (89) 


The continuous impulse sampling of the voltage leads at once to the 
integral (82), each individual contribution being infinitesimally small. 
For practical applications we have to keep in mind that So(f) is an 
abstract concept and that the approximations discussed in Vol. I, 
sections 4.6 and 5.6, give a more readily comprehensible solution. 
After all, the physical sources will produce voltage forms more celosely 
approached by the approximating time functions than by the mathe- 
matical constructs. Interesting discussions of the impulse functions 
are found in Van der Pol-Bremmer,P!5 chapter V. 

General convolution integrals. As demonstrated in Vol. I, 
section 5.11, if we have a Laplace transform that can be resolved into a 
product of two simpler Laplace transforms 


F(p) = Fı(p)Fa(p) 


where the inverse Laplace transforms for the two factors are known 
to be, respectively, 


ETFı(p) = fıl),  ET'Fe(p) = Felt) 
we find for the inverse transform of the product 
ET'F(p) = | uf fel — rn) dr (90) 
= [_,. fl - Nfete) dr 


hi 
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which are the general forms of the real convolution integral, often also 
referred to as Borel’s theorem. Actually, we recognize (74) and (82) 
as special forms, both illustrating the “folding over” of one of the time 
functions under the integral sign as demonstrated partieularly in con- 
nection with the convolution summation (81) indicated in Fig. 1.16. 

Table 1.5 shows several special forms of the convolution integral 
which are important in practical applications. To be able to apply 
these equally well for mesh and node-pair relations, it might be 
desirable to accept the term immittance (or adpedance) coined by 
Bode,P? p. 15, and designated by W(p) to represent either a parametrie 
impedance Z(p) or a parametrie admittance Y(p). Similarly, we 
might introduce a general source function g(t) with transform Q(p) 
which might represent either an applied voltage v(t) or an applied 
eurrent z(t). The general form would thus read 


Z(p)Ip) 
Wep)£at) = WP)Qp) = or (91) 
Y(p)V(p) 
Referring to Table 1.4, we can now identify 
£T'W(p) = Di) (92) 


as the unit impulse response, which for the lumped-parameter network 
can be expressed in terms of the expansion theorem given in line 11 of 
Table 1.4. Similarly we have 


eg > W(p) = RÜ) (93) 


the “indicial immittance” or indicial response function, or also unit 
step response. With these elements, the use of Table 1.5 becomes 
self-explanatory. 


PROBLEMS 


1.1 Compute the locus of the complex Fourier transform F(w) for a single 
inverted sawtooth, i.e., having the sharp rise at the leading edge and decreasing 
to zero linearly within time 7. Compare this locus with Fig. 1.7. Compute the 
amplitude and phase spectrum functions. 

1.2 Compute the amplitude and phase speetrum functions for a train of three 
consecutive pulses of the shape described in problem 1.1. Describe the most 
significant differences between the spectrum functions for one and for three pulses 
(see discussions in section 6.4 of Vol. I). 

1.3 Compare the spectrum functions for the single inverted sawtooth of prob- 
lem 1.1 with those of the single pulse with m = 1 in section 1.2. Describe the 
most significant differences. 
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1.4 One pulse train consists of three like sawtooth pulses equally spaced as 
in Fig. 1.175. Compare the amplitude and phase spectrum functions of these two 
pulse trains. 


(a) 


41 


Fig. 1.17. Pulse trains of three like sawtooth pulses, (a) equally spaced, (b) spaced 
with increasing intervals. 


1.5 Develop the amplitude and phase speetrum functions of a single pulse 
consisting of a half sine wave sin 2rt/T with 0 <t < T/2. Compare these with 
the speetrum functions in Figs. 1.5 and 1.9. 

1.6 A single sawtooth pulse such as m = 0 in Fig. 1.6 is sampled by rectangular 
pulses of the type shown in Fig. 1.14. Assume the sampling pulse width as 7’/5n 
and the spacing as T/n. (a) Develop the analytical description of the sampling 
pulse sequence. (b) Develop the complex Fourier transform of the sampling 
pulse sequence and compare with that of the single continuous sawtooth pulse. 
(c) For numerical computations choose n = 10, divide 7 into 50 parts, and set 
the sampling pulse at the beginning of each fifth division following this pulse. 

1.7 Assuming the sampling pulses in problem 1.6 to be equivalent to current 
impulse functions, apply the sequence to a parallel R, C circuit and find the output 
voltage. Compare this response with that of the same R, C circuit to the con- 
tinuous single sawtooth current pulse represented by the sampling sequence. 

1.3 The sine wave A sin ot starting at { = 0 is to be represented by sampling 
pulses which can be considered as impulse functions. Develop the complex 
Fourier transform of the sine wave as well as of a periodie sequence of sampling 
pulses and determine the smallest number of pulses per period needed to represent 
the sine wave in significant detail. 

1.9 The current io(t) = Im sin (ot + y) is applied at t = 0 to the parallel 
circuit shown in Fig. 1.12c. Find the output voltage vo(t). Check the steady- 
state values by the direct complex solution for the steady state. 

1.10 The voltage impulse M „So(t) is applied to a series R, L, C circuit. Deter- 
mine the voltage drop across capacitor C for i > 0. 

1.11 The circuit in Fig. 1.18 has a step voltage vı(t) = VI applied ati = 0. 
Find the voltage va(l) first with r = 0 and then correct for the small but finite 
value of the coil resistance r. Plot the response for (LC)-! = 10!? sec-!, and 
r = 0.01(L/C)*. 
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v(t) c c vo(t) 


Fig. 1.18. Circuit for problem 1.11. 


1.12 An impulse voltage vı({) = M,„So(t) is applied to the circuit of Fig. 1.19. 
Find the output voltage va(t). Find the output voltage va(t) if vı(t) consists of a 
periodic sequence of impulse functions with spacing T. 

1.13 A linear sawtooth current pulse of duration T (as in Fig. 1.6) is applied 
to the parallel Z, @ eireuit Fig. 1.12c.. What should be the value of T to get the 
highest maximum value of output voltage? For numerical computation choose 
LG = 10”? sec. 

1.14 A voltage represented by the first quarter period of V,„ cos 2rt/T is 
applied to the circuit in Fig. 1.19. Find the output voltage vz(t). 


L 


U] (t) 1) (t) 


C R 


Om 


Fig. 1.19. Circuit for problems 1.12, 1.14, and 1.16. 


1.15 Take the parallel G, L circuit of Fig. 1.12c. What must be the time vari- 
ation of the applied current to give an output voltage that varies linearly with 
time? 

1.16 A voltage pulse train of the form of Fig. 1.17a is applied at £ = 0 to the 
eireuit in Fig. 1.19. How does the inductance Z affeet the features of these 
pulses in the output voltage? 

1.17 To.a critically damped series R, L, © circuit we apply the three voltage 
pulse shapes shown in Fig. 1.6. What will be the corresponding current pulse 
shapes? For numerical computation assume ö6 = R/2L = 10% sec”', Tö = 1. 

1.18 An infinite sequence of sawtooth current pulses with alternating spacing 
2T and 3T as in Fig. 1.17 is applied to the parallel Z, @ circuit of Fig. 1.12c. Find 
the steady-state output voltage (see section 5.7 in Vol. I). 


Two-Terminal-Pair Networks 


(Fourpoles) 


Communication systems are basically cascade chains of individual 
networks each one of which transmits a signal containing desirable 
information from its input terminal pair to its output terminal pair 
with certain shaping actions upon it. The chain is a cascade because, 
in the sequence, the output pair of terminals of one network can be 
identified as the input pair of terminals of the succeeding network; the 
shaping functions might be modulation, amplification, selection, cor- 
rection, and detection. The individual networks might be very simple 
or quite complex depending upon the desirability of subdivision by 
functions or by network components. 

If we restriet our scope to linear circuits, whether active or passive, 
we can treat the action of a particular network upon the signal as 
independent of all other networks and turn the analysis into a sys- 
tematie study. The early recognition of this tremendous advantage 
has led to the establishment of a particular notation specially suitable 
for the cascade connection, and to the introduction of the special 
designation fourpole* as a “‘shorthand’”’ notation, as it were, for the 
more cumbersome ‘“two-terminal-pair network.” It is important to 
accept the shorter expression only in the restrieted sense of the defining 
long expression and not in its possible general meaning; this applies as 
well to the term four-terminal network. 

Though the designation fourpole was first introduced into communi- 
cation network theory, there is no reason to restrict it to this field; it 
is equally applicable to electric power transmission systems employing 
two wires, as well as to any analogous system in other fields of engi- 
neering. Frequently, fourpoles involving energy conversion from one 
form to another are designated as transducersf such as electromechani- 

* The designation “Vierpol’ (fourpole) was first used by F. Breisig, “On Cross- 
talk in Communication Circuits’” [German], Hlektrotech. Z., 42, 933-939 (1921). 

7 “Standards on Transducers: Definitions of Terms,” Proc. I.R.E., 39, 897-900 
(August 1951). 
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cal, electroacoustical transducers, and others in Vol. I, section 3. We 
also find designations such as converters, transformers, inverters, etc. - 
all of which are characterized by input and output terminals and will 
be subsumed in the class of fourpoles if input and output each comprise 
a terminal pair, not exeluding the special case where one input and one 
output terminal are common. 

With this general concept in mind, we shall first treat the simpler 
and basic types of fourpoles, then progress to the chains of uniform 
fourpoles, and finally take up approximation methods. 


P “ PASSIVE FOURPOLES 


Inasmuch as a simple fourpole requires for its characterization only 
the designation of input and output terminal pairs, it is convenient to 
denote it symbolically as in Fig. 2.1 by a box to which two terminal 
pairs are attached, either one of which may be taken as input pair or 
output pair. This arrangement leaves completely open the internal 
structure and may apply equally well to networks composed of only 
passive linear elements, or composed of active and passive linear 
elements. In the latter case, we shall call the entire fourpole “active,” 
in the former case “passive.” 

i,(t) i2(t) 


— _— 


DR 


vy(t) 


Fig. 2.1. Fourpole notation. 


In this rather broad sense, we could apply this concept to almost 
any one of the examples treated in Vol. I as two-terminal networks, if 
the pertinent network can feasibly be inserted in a cascade chain. In 
turn, any lumped-parameter fourpole must admit the same methods of 
analysis as the two-terminal networks, so this section will not introduce 
new methods of transient analysis but rather will restriet itself to 
developing a systematie notation applicable to both passive and active 
linear fourpoles. We shall use the Laplace transform method through- 
out in the interest of uniformity and timeliness, and refer to other 
methods in cases where significant contributions have come from them. 


2.1 Fourpole Notation 


Taking cognizance of the fact that the concept of the fourpole has 
utility primarily for cascaded networks, “the notation of input and out- 
put currents and voltages as shown in Fig. 2.1 is most suitable. At 
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the input terminals 1’ and 1’’, vı(t) is the applied voltage and :ı(t) the 
impressed current, delivered by the preceding network sections. At 
the output terminals 2’ and 2”, va(t) should be counted positive from 
2’ to 2’ if considered as a passive voltage drop established across some 
terminating passive impedance; since it acts, however, as applied 
driving voltage at the input terminals of the succeeding fourpole, we 
count vs(t) positive in the direction 2’ to 2”, which is a significant 
change compared with two-terminal networks, or twopoles. The out- 
put eurrent should remain in the conventional direction shown in Fig. 
2.1 so as to provide for the desired continuity in the cascade chain.* 
Our primary interest is now to establish direct relationships between 
the input pair of quantities vı(!), tı(t) and the output pair va(t), ia(}). 
Because of the assumed linearity of all elements, we must expect pro- 
portionality between the respective amplitudes that could also be 


Fig. 2.2. Resistive T-pad. 


deduced from the set of linear integro-differential equations which 
must relate these voltages and currents. To demonstrate this, we 
shall first examine the very simple case of a resistive T-network as 
shown in Fig. 2.2. The conventional network equations are here 
simply 

(Rı + Rm)tiı(l) — Rmialt) = vı(t) 


— Runtı(k) : (Ra - Rn)te(t) —va(t) 


where the negative sign for va in the second equation indicates a voltage 
counteracting the current is(t) which has been assumed as positive. 
If we had a terminating resistance R, so that vs(t) = Riis(t), we see 
that this term could be brought to the left-hand side and there merged 
with Ra as it should be. Because of the purely resistive character of 
the network, we can solve directly for any two quantities in terms of 
the remaining two. Selecting the input pair as desired, we get iı(?) 


(1) 


* Several authors, notably Guillemin,?® p. 134, and Cauer,4®p. 45, have adopted 
the opposite direction of the output current iz(f), preferring the diagrammatic 
symmetry of the individual fourpole to the eontinuity within a cascade. Asa 
matter of arbitrary convention rather than substance, this is not an important 
issue; see, however, the further discussion on p. 53. 
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from the second line, and introdueing this into the first line we get 


vı(t), namely 
(1 2: ont) Tr (R. +R,+ zu) tz(t) 


1 Ra ) 
Bm (i “ Rn a) 


All the coefficients are constant, demonstrating the linear character of 
the system. We can bring this into matrix form, see Appendix 4, 


20-15 3128| ö 


where «& and ö are pure numbers, 8 is measured as a resistance and y 
as a conductance, the whole group constituting the coeflicient matrix of 
(2) which is the principal characteristic of the network. 

Relations (2) can be used to deduce in a very simple manner the 
“principle of the equivalent generator’ first given by Helmholtz* and 
later derived independently by Thevenin and now most frequently 
referred to as Thevenin’s theorem.? Assume that a resistance R is 
connected across the output terminals 2’ and 2’’ and that we wish to 
find the current through it with the voltage v,(t) active at the input 
terminals of the network. If wesetvg = Ris in the first line of (2), we 
have the solution at once 


v(t) 


(2) 
id) 


v(t) 
KIA Beh) AlRı a Re Kıke)/ Rn] 


For better interpretation we divide by (1 + Rı/R„) and write 


v] KZUUR ) v(b) 
A rs 
R pP 1 TE Rı/ Km 
where v,’ is the output voltage derived from the first line of (2) with 
ig = 0, i.e., open-cireuited, and where p is the value [va/(—t2)],—o from 
the same allen. A the current through the load resistance R 
can be found as if it were connected to a generator producing the 
actual open-eircuit voltage vı’ across R and having an internal resist- 
ance p equal to the total network resistance seen from the terminals of 


ia = 


(4) 


De 


* H. Helmholtz, ‘‘On some laws of distribution of electrie currents in solids . . . ” 


[German], Ann. Phys. Chemie, Series 3, 29, 222-224 (1853). 

+L. Thevenin, “On a new electrodynamic theorem’”’ (French), Comptes Rendus, 
97, 159 (1883). See also Letters to the Editor, Leon Charles Thövenin, Elec. 
Eng., 69, 186 (1950). 
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R with the source short-cireuited. Though this theorem was first 
deduced for d-c flow as demonstrated in the foregoing, it is valid in the 
general a-c case as well since it is merely a matter of interpretation of a 
direct solution of a fourpole problem. 


Rı (Of Lı La Ca Ra 
ae I ee 
Im 
In (t) il) en (a vg | 
Rm 
(a) 


Fig. 2.3. General T-section: (a) specific form, (b) schematic form with parametrie 
impedances. 


As a more general illustration let us consider next the T-section 
shown in Fig. 2.3a. Each one of the network branches represents a 
total voltage drop 
dig 


1 
Reig(t) SF 1, En SF ar / ig de= Ba(is) a, ßB = Ib 2, m (5) 


if we use an abbreviating designation as in Vol. I, (1.28). The con- 
ventional network equations are then quite analogous to (1), 


Bı(tı) = Ba(ı) Fe Bu(t2) — vı(t) (6) 
—Bn(iı) + Bunliz) + Balie) = vlt) 


If we prefer to use double indices, we might write, as is frequently done 
all coeflicients with positive sign, so that 


+Bı,1(6ı) + Bı,2(io) = vı(t) 
+B3,1(iı) + Ba,2(io) = -vr(t) 


’ 


I 


(7) 
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By comparison with (6) 
Bıı = Bı + Bm, Bi, = Ba,ı = —Bn, Ba,a = Ba + Bm 


1.e., all the self terms are positive, all the mutual terms are actually 
negative; the negative sign of va is specific for the fourpole convention. 

Again we should like to reformulate (6) or (7) to express the input 
pair v, and i, in terms of the output pair vs, io. We can do this easily 
with complex notation for the a-c steady state, and with any of the 
operational or transform methods for the transient state, but we could 
not do this directly with the conventional integro-differential equa- 
tions! It is this much greater facility of economie expression which 
has so greatly contributed to the rapid acceptance of the transform 
concept. 

Let us apply the Laplace transformation to (6), denoting £v(t) = 
V(p) and £i(t) = I(p), each with the appropriate indices, and consult 
Table 1.4 for the derivative and integral transforms. We obtain for 
the general form (5) 


ER an Erlocnk I ern 
£B.(ig) = (R. + pl. + —) Ip) — Leis(0") + 50: da” (07) 
= Ze(p)Is(p) + (1.09) ur Er de 0) (8) 


where Z.(p) is the parametrie impedance function for the branch «a, 
is(0*) is the initial eurrent, and q.‘®(0*) that part of the initial charge 
on ('„ attributable to the current 3 (which need not be known generally, 
because the network equations always contain the total current 
through (C. and therefore require only the total initial charge g9.(0*) 
on (.). The Laplace transform of the system (6) is thus 


(Zı Sr Zm)Iı(p) EZ ZmIe(p) Vı(p) ur M ı(p) 
—ZmIıkp) + (Zu + Zm)Ie(p) = —-Ve(p) + Me(p) 


which is easily visualized from the schematic diagram of Fig. 2.3b. 
The terms M.(p) on the right-hand sides contain all the initial charge 
and current values, e.g. 


(9) 


(0*) = Ei 4m(0F) 


en S Ki n a 
Mı(p) = (Lı — L„)iı(0 ) Lnmiz(0 ) »Cı 91 DCn 


where q„.(0*) is the total initial charge on ('„, taken positive if it sup- 
ports the assumed positive direetion of the current zı(t). "These sub- 
sidiary terms can be read directly from the left-hand sides of (9) in 
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direct correspondence to the occurrence of derivative and integral 
transforms. It seems obvious that the extra terms M.(p) are rather 
disturbing from the point of view of symmetry and elegance. We 
shall suppress them from now on, but must remind ourselves that this 
is tantamount to assuming an initially de-energized state. Ina general 
solution of transient problems we must be cognizant of the existence 
of these terms and restore them at least by superposition of “extra 
currents” which express the decay of initial energies present in the 
system. 

If we leave out the extra terms, (9) reduces in appearance to the 
same form as (1), with the parametrie impedances taking the places 
of the resistances and with the respective Laplace transforms taking 
the places of the time functions of currents and voltages.. We can 
therefore write the equivalent forms to (2) by inspection, 


Z Zı 
Vı(p) = (1 ar 2) Vs(p) + (z. u Mer 2) I:(p) a 
il 


Iı(p) = ” Ve(p) + (1 : 5 I:(p) 


All the coeflicients are fractions of positive polynominals in p with real 
coefiicients as long as we deal with passive fourpoles. We can con- 
sider (10) a standard form of fourpole relations, which can be expressed 
more generally as 


Vı(p) = @Vz(p) + RIz(p) 


(11) 
Iı(p) = EV za(p) + DIz(p) 


where @ and D are dimensionless, & has the dimension of impedance, 
and € that of admittance. This standard notation can be generalized 
to all linear fourpoles, whether passive or active and has considerable 
advantage for the systematic treatment of fourpole theory. In matrix 
form, (11) reads simply 


= E S (12) 
Iı(p) e 2] LI: 

where by comparison of (11) with (10) for the generalized passive 
T-section* of Fig. 2.3b 


*A general comparison of fourpole notation is given by W. R. MacLean, 
“A Compilation of Transducer Formulae,” Communications, 24, 58-66 (Nov. 1944); 
see also Guillemin,#3 Vol. II, pp. 134-138, Cauer,A? p. 124. 
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Zı Zı1Z2a 
Q@=1+ = 
rZ ® a u 
13 
re ee 5 


It is rather obvious that (12) is merely a reiteration of the principle of 
superposition valid for linear systems; it is contained in Kirchhoff’s 
early work and stressed by Maxwell.* 

Actually, the notation in (11) was first introduced in the theory of 
long power transmission linesf and is there used invariably as in (11) 
and with the directions of currents as in Fig. 2.1; see Dahl,©? chapter 
IX, Guillemin,©> Vol. II, p. 69, Woodruff,©!? chapter VI, Sah,C1° p. 230, 
Skilling,C!! p. 274. In communication lines and networks, form (11) 
seems to have been used first by Breisig,1 whereas the application of 
the matrix notation is credited to Strecker and Feldtkeller.$ The 
parameters @, ®, C, D are designated as general circuit constants if they 
pertain to a single frequency as in power systems, and general fourpole 
parameters in communication networks where they are normally 
interpreted as functions of frequeney. As pointed out previously, 
several authors prefer the symmetrical designation of current flow in 
fourpoles, notably Guillemin,#® Vol. II, p. 134, and many of his pupils, 
and Cauer.$? To preserve the standard definition of the @, &, C, D 
parameters, we find then the current transform /z(p) with negative 
sign. In comparing relations found in the literature, it is therefore 
important to check which convention has been followed and to be 
particularly careful with signs. 

The basic linear relationships can also be systematized in terms of 
an impedance matrix. If we return to (9) we observe that attaching 
a negative sign to the current ia will make all terms positive (disregard- 
ing again the M(p) terms), so that we obtain in systematic notation 
with double index impedances, 


Zii(p)Iılp) + Zıe(p)[-Iz(p)] = Vı(p) 


Zaı(p)Iılkp) + Zee(p)[-Te(p)] = Ve(p) 


*C. Maxwell, A Treatise on Electricity and Magnetism, 3rd edition, Vol. I, 
pp. 280-283, Clarendon Press, Oxford, 1873. 

tR. D. Evans and H.K. Sels, “Transmission line constants and resonance,” 
Blec. J., 18, 306 (July 1921). 

t F. Breisig, Theoretische Telegraphie [Theoretical Telegraphy], F. Vieweg and 
Sohn, Braunschweig, 2nd edition, pp. 346, 352, and 378, 1924. 

$ F. Strecker and R. Feldtkeller, “Grundlagen der Theorie des allgemeinen 
Vierpols” [“Fundamentals of General Fourpole Theory’, Elek. Nachr. Tech., 


6, 93-112 (1929). 


Il 


(14) 
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For the individual fourpole, the symmetrical choice of current flow is 
therefore advantageous if we choose an impedance (or admittance) 
representation. If we solve (14) for the currents, we obtain the 
equally symmetrical form 


Yıı()Vı(p) + Yı2Ve(p) = Iı(p) 


(15) 
Ysı(p)Vı(p) + Ya2eVa(p) = [-I:e(p)] 
where 
Za2 = 27% —Zaı Zaa 
ne Ya ee, )% = j) Y = —— 
rn a nn 
IZ| = ZııZ2a — Zı2Zaı (16) 


and conversely for the impedances in terms of the admittances. 

It is now comparatively easy to attach direct physical significance 
to the parameters, either appearing in (12) as @, ®, €, D, in (14) as 
Zas(p), or in (15) as Yas(p), If we produce open-circuit or short-eircuit 
conditions and read from the equations the ratios of terms as indicated: 


For Is =) 
= Vı(p) E Zu ER Ya open-eircuit 
V:(p) In=0o Zaı Yaı transfer function 
rn a open-eireuit (17) 
er elepr iron transfer impedance 
IR Vı(p) u open-circuit 
Gelee driving-point impedance 
Komsvor—20 
4 = I:(p) ey short-eireuit 
®  Vı(p) Ivr.=o transfer admittance 
a Iı(p) Zaren short-cireuit (18) 
ep) ro rlon Yaı transfer funetion 
2 _ Tılp) a short-eireuit 
®  Vılp)ivr.=o driving-point admittance 


Similar relations are, of course, possible for the two additional condi- 
tions /ı = O and Vı, = 0, respectively. Because of the attachment of 
direction signs to the currents, the definitions of, and interrelations 
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between, the parameters are identical* with those in Guillemin,A® 
Vol. II, p. 138, and Cauer,A® p. 124. 

Definitions (17) and (18) also outline the modes of measurement of 
the parameters. In the most general case, four measurements are 
needed in order to give the values of the four parameters; this will be 
true for nonreciprocal passive and for many active networks, as well as 
for transducers involving different kinds of energy, such as electro- 
mechanical systems. 


2.2 Basic Types of Passive Fourpoles 


Considering a passive fourpole consisting only of bilateral, linear 
passive elements, then reciprocity must exist, i.e., we must have 


Yaı 7 Yıs, Zsı — Zı2 


The parameter determinant, when evaluated with relations (17) and 
(18) as well as (16), has the value 


1 (19) 


so that only three parameters are necessary, the fourth one being 
defined by (19). 

A further restrietion might be imposed by requiring that the passive 
fourpole be also symmetrical, i.e., that it should not matter which pair 
of terminals be designated as input and which as output. The condi- 
tions of symmelry can be deduced by inverting the system (11) and 
requiring identity of the result with (11). Solving for Va, Ia and 
observing (19), we obtain 


V:(p) 
I:(p) 


If we now also reverse the currents in keeping with the reversal of the 
fourpole (making V» the active input voltage), then 


V:(p) = DVı(p) + B/ı(p) 
Is(p) = eVı(p) + @Iı(p) 


The reversal of the fourpole interchanges only the two parameters @ 
and D which sometimes are therefore designated as external, to differen- 
tiate from ® and € which remain unchanged as internal parameters. 


I 


DVı(p) - RIı(p) 


(20a) 
—eVı(p) + @Iılp) 


I 


(20b) 


I 


* We have kept Ya and Zsı as different from Yıa and Zıs, respectively, for 
greater generality whereas the references assume these as equal. 
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The condition of symmetry for a fourpole is thus @ = ®; the sym- 
metrical fourpole only needs two independent parameters to be com- 
pletely determined. 

If a passive fourpole contains one or more nonbilateral elements, 
then (19) will not be true; we obtain in such cases 
Ze  Yır 


= — = — 19a 
Zsı Yaı Sn 


a ® 
CD 


The value of the determinant of the general fourpole parameters is 
therefore a direct indication of the presence of a nonbilateral linear 
element. The most important special case obtains for 


Zı2 = —Za, Yı = ra 


which is generally associated with gyrator action. The concept of the 
gyrator was defined by Tellegen* in terms of the voltage-current 
relations 

Vı => —ala 


V} —— alı 


with « real and with the significance of a resistance. An example was 
treated in Vol. I, Fig. 3.10, representing the moving-coil mierophone. 
More extensive treatments are given by Tellegenf and Carlin.{ 

It is quite obvious that for the gyrator network 


AB - = -—-1 (195) 


as contrasted with (19) for the reciprocal network. However, 
only three parameters are necessary to be obtained by independent 
measurements. 

Since one of the principal advantages of the general parameter nota- 
tion is its easy application to the cascading of simpler fourpoles into 
more complicated structures or chains, we might define the @, ®, €, D 
values for individual branches and combine these elementary fourpoles 
into the basic types of fourpole structures. 

Suppose we start with a single series impedance Z(p). It does not 
matter whether we arrange Z in one conductor or whether we place 
Z/2 in each conductor connecting the input and output terminals as in 


*B. D. H. Tellegen, “The Gyrator—A New Electrie Network Element,” 
Philips Research Repts., 3, 81-101 (1948). 

tB.D.H. Tellegen and E. Klaus, “The Parameters of a Passive Four-Pole that 
may Violate the Reciprocity Relation,” Philips Research Repts., 5, 81-86 (1950). 

IH. J. Carlin, “On the Physical Realizability of Nonreciprocal Networks,” 
Proc. I.R.E., 43, 608-616 (1955). 
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Fig. 2.4a and b. The simpler arrangement is Fig. 2.44 which could 
also be designated a three-terminal network though we shall refer to 
it as fourpole.. We can determine the standard parameters by the 
operations indicated in (17) and (18). Leaving 2’ and 2’ isolated, we 
have from the figure directly for the currents and voltages, and there- 
fore their Laplace transforms, /ı = I, =0, Vı = V5; thus Q@ =1, 
e =0. If we short-cireuit terminals 2’ and 2” we have Vı = Z/Iı, 


zZ z/2 
1’ 2?” o 
yi 
1———————2 a rn 
(a) 212 (c) 
(b) 
Z Zı 23 
1 2 1” pr 
Y Y u 
1% 2 1’ 2’ 
(d) (e) 


Fig. 2.4. Elementary fourpoles: (a) and (b) series impedance, (c) shunt admit- 
tance, (d) basie II-section, (e) basic T-section. 


I, = I, Va = 0;thus® =Z,D=]1. The series impedance Z(p) is 


thus defined by 
zel=|, | en) 


satisfying (19) as well as the symmetry condition @ = D. For the 
single shunt admittance Y(p) in Fig. 2.4c we derive in similar manner 


Fa]-|y ı 22) 


With these elements we can now synthesize some of the basic four- 
pole structures. Obviously, series connection of series impedances or 
shunt connection of shunt admittances does not lead to new results, 
since we can write from elementary considerations simply the sum of 
the elements into the pertinent matrix space. New structures can be 
achieved only by alternation of these elementary fourpoles, leading to 
the two basic forms: the II-section, Fig. 2.4d, and the T-section, Fig. 


58 Passive Fourpoles [Ch. 2 


2.46. By matrix multiplication (see Appendix 4) we find for the 
II-section 


De et un al "| 

CD) UV 2.0, Eee 
_ fı+ YZ Z | 
 INn+hR+Yıyz 1+Yız 


If Yı = Y; this reduces to the symmetrical II for which we choose the 
self-explanatory notation 


a 8 1+YZ % 
le al 2 + Y2) i+ =, (24) 


For the T-section we get by the same method the same values as in 
(13), if we replace there Z„ by Y', namely 


E 2 Er |; A Re as 


e » Y 127, (25) 


en 
Again, if Zı = Zs this reduces to the symmetrical T for which we write 


B A jez Be 


ea Y 1 yZ (26) 


Ay 
Comparison between the general forms (23) and (25) shows that 
replacement of Yı, Ya, Z respectively by Za, Zı, Y makes the elements 


(a) (b) 


Fig. 2.5. The T-section (a) is the dual to the II-section (b). 


in the two matrices identical, except that ® and € are interchanged. 
This indicates a dual nature which is borne out if we apply the con- 
struction outlined in Vol. I, section 3.2, to either structure of Fig. 2.4d 
or e. For the simple T-section in Fig. 2.5a, we find the dual as the 
II-section in Fig. 2.5b with 
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and with the voltage source converted into the equivalent current 
source. The transient solution for both structures must then be 
identical. 

A frequently used modified structure is the bridged T in Fig. 2.6a. 
This might serve as a convenient example of determining the general 
parameters by direct computation, utilizing the defining ratios from 
(17) and (18). For the open-circeuit condition Ia = 0, the network 


2 23 


(a) 


Fig. 2.6. Bridged-T structure (a); redrawn in (b) for open-eircuit computation 
and in (c) for short-circuit computation. 


has been redrawn in Fig. 2.6b. The total input impedance is by 
inspection 
1 Zı(Za + Ze) 2 YZ1(22 2275) 


= _— : 27 
Au Dee Y2 


where 
2 =Zı+Z + Zs (28) 


is the sum of all impedances. We compute now the voltage Vs as 
marked in the figure, 
- Zi 


vrnz (+22) 
En el 
V} y + Ia2: ytz es) lı ılı 
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I. was determined from the conditions 

Ia(Zs + Z2) = IhZı, I, +1 = Iı 
We thus obtain from (17) for the bridged T, using the subscript BT, 


CH = I = Y Z 
Ze IR 
Z 7 = 
11 B 
= = YA — 
— ZN ur 27225 


In both instances we note that if Z3— » thefractions approach unity, 
so that the parameters reduce smoothly to the values for the plain T 
given in (25). For the short-eireuit condition Va = 0, the network 
has been redrawn in Fig. 2.66. The total input admittance follows 
from the figure by inspection 

1 Ve2Y25 Zr T2lZur 22) 


Y a — 
* ee YZıZa Zes(Zı + Z2 + YZıZ2) 


We note that the denominator contains ®r, the parameter for the 
plain T section. The current /z can be found from the figure 


1 1 
n=( )v 
: a Y7 20 


so that 
Is ZB 
= —_—=l(Z Z YZıZs) — —— 
®BT Y, (Zı+Ze + 122) 2 + YZıZ» 
V „2, u 
ee ze Fu 
DBT 11 jä in 25 77077 


with & from (28). Again we note that as Z3— x the fractions 
approach unity, and the parameters reduce to those of the plain T in 
(25). It is also apparent that the simple addition of the branch Zz 
complicates the parameter expressions very considerably so that a 
complete transient analysis becomes rather cumbersome. 

A somewhat different type of fourpole is the bridge shown in Fig. 
2.7a, which has as its earliest prototype the Wheatstone bridge with four 
resistance arms, but which has been used in innumerable modifications 
for measurement purposes.* In the communication field, its equiva- 
lent, obtained by simple redrawing as in Fig. 2.7b, is known as the 


*See the very comprehensive treatment by B. Hague, Alternating Current 
Bridge Methods, Pıtman, London, 1923, 
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lattice section. Application of the same method as above leads 
directly to the general parameters of the lattice section 


Ki 4 ee! 
79m 087 TPp 
R +OEHT) (OR SIE TE Fe (31) 
LE oe at OR en TS NA ee 


The factor in front of the right-hand matrix applies to all terms of this 
matrix. If wenow make P= Tand Q = S so that the lattice section 


lo, ( 
(detector) 


Is 


(generator) 


(a) 
Fig. 2.7. Bridge (a) and its equivalent, the lattice section (b). 


becomes symmetrical, we achieve considerable simplification, namely 


et 


e aı"o-pl2 Q-+P (82) 


where again (Q — P)”! applies to all the terms. 

If it is not possible to adjust the elements of an unsymmetrical four- 
pole to make it symmetrical, we can use the cascade connection of two 
identical unsymmetrical fourpoles “back to back.” As shown in (20), 
reversal of the fourpole interchanges in its matrix only @ and D; the 
combination will therefore have the following over-all parameters 


@ ® 2 ® IAD—- 1 208 
KB St x B 1 BE ES 2AD — \l (83) 


which clearly shows the desired symmetry. 
Though we have stressed the cascade arrangement of fourpoles as 
the most important interconnection, two fourpoles can also be con- 
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nected in series, in parallel, or in mixed arrangements; see Guillemin,*3 
Vol. II, pp. 145-151. Little seems gained by a general systematie 
treatment since most cases are more readily analyzed on an individual 
basis. 


2.3 Transients in Simple Passive Fourpoles 


The prineipal purpose of the separate study of transients in passive 
fourpoles is to demonstrate the high degree of generality which can be 
achieved with the general parameter notation @, ®, C, D. Of course, 
specific solutions can be given only when the exact structure of the 
fourpole is known. 

Let us assume a general fourpole indicated by the box in Fig. 2.8 
and terminated at the input into impedance Z,ı and at the output 


Fig. 2.8. General fourpole with balanced termination. 


into the impedance Z,2. The energy source might have an internal 
impedance (admittance) which is assumed to be contained in Z,ı. 
The terminal conditions are therefore, employing Laplace transforms 
throughout, 


Voltage source Vo: Vı = Vo - IıZıı 


Current source Io: Vı = (Io - Iı)Za Var, (34) 


and we consider generally as the solution of our problem the explicit 
expression of /, in terms of the source function. If the output voltage 
Vs is desired, the appropriate modifications are rather obvious. 

With (34) we can write the basic fourpole relations (11) in the form 


(IoZıı = Vo) = Zuılı + (QZie + ®)Ia 
Iı = (CZ42 + D)Ia 


valid for either current source or voltage source by using the appro- 
priate term from the parenthesis of the first line. Introdueing the 
second line into the first, we obtain the solution 


(85) 


Vo 


I, = (CZ,1Z2a + @Za + DZ u + @) 
Zulo 


(86) 
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Theoretically, simplification can be achieved if an ideal voltage source 
is applied directly to the terminals of the fourpole, i.e., if we choose 
Zu = 0, 

Vo 


aZa+® CD 


Tgzu=0) = 


or if we apply an ideal current source directly to the terminals so that 


Zu = ea, 


Io 


CZ +D = 


I gzu=o) — 

An important group of networks comprises symmetrical fourpoles 

with balanced terminations (taking into account the internal source 

eontribution) so that @ = Dand Zıı = Zıa = Z,. If we also observe 
@? — ®€ = 1 from (19), we can write for the parenthesis in (36) 


Ge] 


REINE (ez. +? - 1] 


al 


This permits easy factoring, so that the general solution takes the form 


ER ev, 
? ee, ta +NV)eZz +a-1) 


(Vo = Io2) (89) 


where the parenthetical expression on the right indicates the simple 
substitution for a current source. Solution (39) can have a distinct 
advantage since it has factored the denominator irrespective of the 
specific structure of the fourpole and involves actually only two 
parameters, @and€@. Analternativeform can be obtained, if wereplace 
€ rather than & from the fourpole determinant, € = (@? — 1)/®, so 
that 


| 1 
ZE +20 +8 = - 
® ® 


(az, +8)’ — Z/] 


This again permits factoring and leads to 


3 ®Vo 
(a, +B®+Z)(eZ+®-Z) 


I; (Vo = InZı) (40) 
It will depend on the specific structure of the fourpole which of the 
three forms (36), (39), or (40) will be simplest to use in a given instance. 
For the plain T-secetion we see from (26) that (39) would be simpler, 
whereas for the II-section (24) indicates (40) would be preferable. 
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As an illustration we shall compute the transient response to a 
suddenly applied sinusoidal voltage of the symmetrical T-seetion in 


Fig. 2.9. Symmetrical low-pass T-section with balanced resistive terminations. 


Fig. 2.9 with balanced resistive terminations. The voltage transform 
is in complex notation as seen in Table 1.3., 
Vm 


Yo(p) = £(Vme’) = 
p — jo 


and the elements of the structure are in parametric notation 
Z=oplL, Y=o(C, Zı=R 
so that 
Ge = PyZ =1 2900 er= Yo=ıde 


(41) 
®= 20 4 72) = pL(23 p70) 


This obviously invites the use of form (39) since ® appears rather 
involved. We obtain for the denominator of (39) 


(pER + pLC + 2)(pCR + p’LC) (42) 


rather conveniently factored for finding the root values. This same 
problem has been treated in Vol. I, section 5.3, Fig. 5.3. Actually, 
(5.49) from Vol. I demonstrates the same result for the denominator 
function but obtained from the conventional mesh equations. Surely, 
in this very simple case one might question the need for the @, ®, €, D 
notation and the very general treatment leading to (39). However, 
(39) is true in this simple form for any symmetrical structure between 
the terminal pairs no matter how complicated the system of mesh 
equations will look! 
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To carry the solution through in simple form, let us introduce the 
following notation 


or also that 


We shall call 0. the cutoff frequency of the fourpole. We thus obtain 
from (39) in complex notation, 


2 CV m 1 


I,(p) = (43) 
; 4 P-)y+ DW +y+D 
The root values of the denominator are, respectively, 
»=-L  Ya=-H1FjV3) 
(44) 
- 2. un v3 
PIS—r)®, p = 7% Denise — 2 (1 | 3) 


Restricting ourselves to the characteristic fraction in (43), the residues 
at the four simple poles are, respectively, if we also introduce a = »/% 
for the frequency ratio, 

DL 


ei! 2. 
Brenn 
49, -2 art 
[-9.1 FI VB) — Zell +3 VIEH VD 


Rationalizing and taking the imaginary part of these to obtain the 
inverse Laplace transform of (43), we arrive at 


or VYm rn {ot — tan! u — tan! [u/(1 — wW?]} ee 
erron (1 + AA — #9)? + „2% 1+ 322 
RR 


4 A u) 3u* 
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Comparison with the solution for an applied step voltage given in 
Vol. I, p. 178, shows the same transient modes but different amplitudes 
as we must expect. 

Suppose we examine the steady-state response as a function of 
applied frequency w and of terminating resistance R, keeping the net- 


JE Ye 
(N 
1.4 


0.8 


0.6 


0.4 Q.=1 
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Fig. 2.10. Steady-state current response of low-pass T-section with balanced 
resistive terminations. 


work parameters L and € constant. We shall consequently use 
u = w/NQ. as variable and select as parameter 


er 
SER ENG 


Returning to (39) we get the amplitude of the current response by 
replacing the current and voltage transforms by the respective phasors 
I;(w) and V(w) = V„ (we had taken zero phase angle of the applied 
voltage), and letting p— jw. The absolute value becomes 


5 a 9 Ram Dez 
aa) 2. [a - u)’ + (4) | (v + ) (46) 


This agrees with the amplitude of the steady-state term in (45) if we 


2 
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put Q@. = Lin (46). Fig. 2.10 shows the plot of I | against u with the 
parameter values @. = 1, vV 282 v3, ©. We can readily find the 
maximum and minimum values by differentiating the radicand in (46) 
with respect to u, 


fee) 
fee] 


This actually gives three values, namely 


ei = 0 (max.), ya = \ (1 _ ) (min.), 


Ba = \i _ n (max.) 


The last value gives the “resonant frequency” res = 430%., because it 
corresponds to the maximum amplitude response of the network. 
Clearly, for undamped response ws = 2.5 38 the terminal dissipation 
increases, the resonant frequency decreases, until “resonance’’ actually 
disappears at Q. = 1, or for 


We also notice that, as the dissipation increases, the response becomes 
flatter over a frequency band from zero to somewhat beyond the reso- 
nant response, a fully expected result. 

The most characteristic quantities for the transient response are the 
natural modes given as ya and y3., in (44). In particular, we are 
interested in the natural frequency associated with 3.4 which we 
obtain as a function of the resistance from the roots of the first factor 
in (42). We use again as parameters 9, = (2/LC)* and 0. = %L/R, 


so that from (42) 
2 
ae (2) a 
3) N 


with the roots 
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The natural frequency is thus 


It deereases with increasing dissipation, but at a very much smaller 
rate than the resonant frequency @,., intheforegoing. To demonstrate 
this more vividly, we have plotted in Fig. 2.11 both quantities against 
1/Q.. We see that even for considerable dissipation, down to @. = 4, 
the two characteristic frequencies differ but little, i.e., we can approxi- 
mate one by the other. In addition, for Q. > 2 we can choose the 


1.0, 
0.8 
0.6 
2 
Re Resonant Natural 
0.4 frequency frequency 


0.2 


ON. N { 1.5 2.0 
ey 
20 Q. 
© 10 40 2.0 1.0 0.667 0.5 
_— Q. 


Fig. 2.11. Natural frequency 2%’ and resonant frequency wyes a8 functions of dis- 
sipation (network of Fig. 2.9). 


cutoff or undamped free frequency of the network 2. as an excellent 
approximation to the actual natural frequeney. This is a most 
welcome result as we shall demonstrate presently. 

We have considered so far a single symmetrical fourpole. If we 
cascade two like fourpoles, we can determine the resulting general 
network parameters @(3), ®(2), Ca), D(2) and conceivably use these in 
the basic forms. By matrix multiplication we have 


BE g r slla ®] _ [2e?-1 208 a7) 
e elle, ke aller al race 2a? —1 


where the subseript (2) will be applied to all quantities pertaining to 
the cascade of two fourpoles.. Now we can use the parameters from 
(47) directly in (39) and thus obtain for the Laplace transform of the 
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over-all output current 


2QCV) 
(28eZ, +20? — 1+1)2ReZ, +2@?—- 1-1) 


n eVo 
er, + Ola Loezi-ı) 


Igay(p) = 
(48) 


which is still quite simple in appearance. If we apply it, just for test, 
to the cascade of two T-sections, using the same terminology and 
assumptions as before, we find instead of (43) 


DO. 1 


I = 49 
DT DH HN FH) © 
with the root values (in the order of factors in the denominator) 
pı=jo; y=-065, vsa=-0175+jV074; 
ee 
=--+5 (0 
Y5,6 Den (50) 


There are now two natural frequencies, one very close to the value in 

(44), the other considerably lower so that even for small dissipation we 

shall expect a more uniform response over the low frequency range. 
If we carry the process of cascading further, we find successively 


@ ®| _[e@a’-3) &(4a? - 1) 
E Jh u Ir — 1) aagad = 2 (51) 


E | ei Be -84?+1 4asl2e? - I) | 
(4) 


eG 4ae(20? —- 1) 80: —- 8a?’ +1 02) 


A very simple method of obtaining the free frequencies of the simple 
fourpole or a short cascade of simple fourpoles can be deduced from the 
general fourpole relation (11). It we set Vz = 0 in the short-cireuit 
case, we have left only 


R 
Vo) = Bl), In) = (53) 


which is identical with (36) if we assume Z,ı = Zia = 0, 1.e., short- 
circuit condition at both input and output terminal pairs. The roots 
of ® must therefore give the natural frequencies of the system, short- 
eireuited upon itself, and, as we have seen, these will be good approxi- 
mations for resistive terminations. Let us take again the example of 
the low-pass T-section of Fig. 2.9 for which we have computed &.ı) in 
(41). We get 
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ßuy=pLß+ »LC) =0, 2 = LE = 


which is, of course, identical with ©’ for Q. = ® in Fig. 2.11. Fortwo 
T-sections in cascade we have from (47) 
Ra = 2&yBıy = 0 
where ®.ı1), is as above, and @ııy = 1 + p’LC from (41). The two 
natural frequencies are then 
De, 00 N 


We take ®.s) from (51) and &.4, from (52) and notice the great advan- 
tage of the product representation of ®(„,) so that there is no great 
problem in obtaining the undamped natural frequencies. Tabulating 
the results so as to exhibit the pattern, we have for the ratios 0/2.: 


1 section 1.0 

2 sections 1.0 0.707 

3 sections 1.0 0.792 0.613 

4 sections 1.0 0.924 0.707 0.383 


This demonstrates clearly how the addition of sections fills in natural 
frequencies between the top value Q. and zero and thus must approach 
the ideal low-pass filter with the cutoff frequency ®.. The interrela- 
tion between resonant frequencies of steady-state and natural fre- 
quencies of the transient state has been stressed by Guillemin,A® Vol. 
II, pp. 285-287, as the physical aspect of the filter action. 

A rather extensive treatment of specific simple fourpoles and 
cascades of two or more stages has been given* with many graphs of the 
actual transient responses to unit step voltage or current and to 
sinusoidal voltage. Most of the filter sections considered are actually 
coupling networks in television amplifiers where the transient problem 
has become particularly important. 


2.4 Transformers 


The rigorous treatment of transients in transformers is far beyond 
the scope of this book.f However, because the transformer is an 


*M. E. Kallmann, R. E. Spencer, and C. P. Singer, “Transient Response,” 
Proc. I.R.E., 33, 169-195 (1945). 

j Rather extensive treatments, especially of power transformers where the 
problem is a serious one, can be found in R. Rüdenberg, Transient Performance of 
Blectrie Power Systems, McGraw-Hill, New York, 1950, chapters 8 and 9, with 
many references to the literature. 
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important element in all transmission systems, it might be well to con- 
sider some of its significant characteristies. The earlier and more 
extensive literature has been contributed in the power field, so that we 
shall first use the more conventional approach and then link the treat- 
ment to the generalized fourpole notation. 

As in any system involving magnetic linkage, we must recognize the 
difference between “useful linkage” serving the transmission of power 
or intelligence and the “leakage,” i.e., magnetic flux linked with only 
one part of the circuit and not participating in the transmission 
directly. We shall assume that all magnetic fluxes are proportional 
to the produeing currents, which is justified even in iron-core trans- 
formers at low saturations. The primary winding of N, turns, as 


Fig. 2.12. Schematic of a transformer, Nı/Na = 1/a. 


indicated in the schematie Fig. 2.12, will produce a total magnetic flux 
® = ©, + Bis = pnaNılı + Sırı (54) 


where ®&ı; is that part linking the secondary winding and closely pro- 
portional to the number of turns so that pı2 can be considered as a 
geometric factor; and where 8,5 = Sıtı is its leakage part, certainly 
proportional to the current but not necessarily to the number of turns. 
Similarly we have for the secondary winding of N, turns 


$g = Dyı + Pas = paıN ala + Sala (55) 


If we now write the Kirchhoff mesh equation for the primary winding 
in terms of flux linkages, we have 
d® 12 d®z5ı  dYıs 


Bi EN Ni a7 rel) 


where we use Vs to designate the leakage flux linkages since we cannot 
generally assume that ®ıs effectively links all N, turns. Similarly 
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da d®ı2  dWas 
N en ro 
ge DR 
Referring back to (54) and (55), we may now introduce the conven- 
tional inductances (assuming linear relationships as stated above), 


Reiz + Na == v>(t) 


1 N 
Lı = (Nı®12 + Vıs) = —M+Sı =L2+ Sı 
11 Na 


(56) 


I 


1 N 
La = — (Na®5ı + Vs) = MED En RS 
2) Nı 


M = p12NıNa = o21ıN2Nı 


From the first two definitions we obtain for the turns ratio, which we 
will designate as 1/a, 


Ne 
Na N N 


2 


Only if we have no leakage, so that Sı = Sa = 0, do we have 


5 
Li; =M?, a= ne frSı = =0 (57) 
1 
With leakage present, we define 
MEINEN (58) 


where k is the coupling coefficient and o the leakage coeflicient. 
Because of the nature of the leakage fluxes it is not possible to define 
primary and secondary leakage or coupling coefhicients individually 
in any unique manner. 

With the inductance definitions (56) we can rewrite the transformer 
differential equations in the usual form 


di di 
Rıtı + Lı En + u = v(t) 
d di (59) 
ı ; [ 
M En + Rats + La =: = va(t) 


Currents and voltages are the quantities actually measured in the 
primary and secondary, respectively. Frequently we find the state- 
ment that “all quantities have been referred to’ either the primary or 
secondary side; this is useful in graphical analyses or in equivalent 
circuit diagrams and essentially means that the turns ratio has been 
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eliminated and the transformer can be treated as a 1:1 magnetic 
coupling. We can readily refer (59) to the primary by noting that 
(Nı/N:)M = Lı2 is measured on the primary side; to compensate, we 
need to measure current iz in the first line as [(Na/N ı)ia] = iy’. To 
read the second line in quantities referred to the primary, we must 
again use [(Nı/Ns)M] = M’ =L;s but the current i, cannot be 
altered, i.e., we must multiply the whole equation by Nı/Na. We 
thus obtain 


- di dis’ 
Rıtı + Li nr tr #L9 FE = vı(l) 
E: ee (60) 
L u 4 B U ! 
Lıa = + Ryiy +l1r n = vr/(l) 


ale z v2) (61) 


The corresponding adjustments can be made to reflect all quantities 
into the secondary. 


19 (t) 
1’ Rı Rz 2 7 2 
o co —0k’—ı) 
vi] Lı oL2 
1 FR 2 
(a) 


(b) 


Fig. 2.13. Short-eircuited transformer; (a) diagram, (b) response to step voltage. 


To determine the characteristie transient behaviour of the trans- 
former, let us apply a step voltage VI to the primary terminal pair 
with the secondary short-cireuited, i.e, Va = 0 as in Fig. 2.13a. 
Taking the Laplace transform of the system (59), with zero initial 
energies, we have 


V 

VERDI IM = 
(Rı + pLı)/ı + pMI; R (62) 

pMI, + (Ra + pLa)Iz = 0 
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from which the secondary current transform follows 


— MV 
(Libg — M°)p’ + (Rıla + RaLı)p + Rıka 


Is(p) = 


To simplify, we divide by LıLs, use (58), and introduce 


Rı 1 Ra 1 

Oi — De = T, X m == T, (63) 

as damping coefhicients or reciprocal time constants, so that 

RB. 1% 
I:(p) = - 64 
p M op’ + (aı + a2)p + aan nn 
The roots of the denominator are 

1 
Pı2 = [-(aı +02) + V(ar an)’ + 4k’am]; (65) 

[05 


which can never be complex, bearing out the physical reasoning that 
oscillations are not possible in linear single energy networks. We 
actually see that, as k—> 0, o — 1 and the two root values become 
simply those of the individual, infinitely separate circuits. The time 
solution, i.e., the inverse Laplace transform, can be found best by 
the sum of the residues, namely 


k? V 
M Va — a9)” + Ak’aıaz 


i2() = 27 Ie(p) = en ]e(6o) 


For very tight coupling k > l and o — 0, as in eflieient power trans- 
formers and hopefully in the “ideal” transformer of network theory. 
We can write the terms under the square root in (65) also 


(aı + a2)” — Asaıay 


so that the root values from (65) become, since o is small 


a9 
Bu oe I: { ( r en) \ u 9 
[05 
Letting k? = 1 in the amplitude factor, (66) becomes 
t aıtas 
ill = — Te [le ?=e 7 (68) 
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The current is now a simple exponential with a time constant T = 
(@ı + ag)/(aıa2) = Tı + Ta which is the sum of the two separate 
time constants, but superimposed is a negative spike of unit height 
which just assures the current to start from zero with very high slope 
as indicated in Fig. 2.13b. If we had let = Oin (64), we would have 
readily found (68) but containing only the first exponential. 

A simplified equivalent circuit of the transformer is shown in Fig. 
2.14 where all quantities are reflected into the primary, and where for 
further simplification we have assumed the reflected parameters to be 
entirely symmetrical. Here we shall apply a sinusoidal voltage Ve“! 
at the input terminal pair with the output pair again short-circuited. 


R L-M L-M R 


Fig. 2.14. Simplified equivalent circuit of symmetrical transformer. 


In Laplace transform notation, combined with the complex notation 
for the applied voltage, we have for the initially de-energized state 


R + pL)Iı — pM]; = 
Sun p - jo (69) 


-pMI, +(R+pLD)h =0 
The negative sign for the mutual term arises naturally from the choice 
of the loop currents. Though it is different from the one used in (62) 
which was based on the concept of the flux linkages, either convention 


is equally useful and “correet’’ and neither need arouse long, justifying 
discussions. The solution for the primary current transform gives 


1% pFra z 
(p — jo)L op?’ + 2ap + a° 


I, = (70) 


using the same notation as (63), except that now aı = aa. The root 
values are simply from (65) 


[6 4 
= — + = — 1 — — 
E02 Peer Bar nee 
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Further, since « = R/L,k = M/L 


T; will be a long time constant, related to a large inductance (L + M), 
whereas 7; will be short and depend on the presence of leakage since 
L—- M = S from (56) for Ni = N. 
The inverse transform of (70) is in complex notation, 
[3 


-,_V7 ja ta jat - Br 
az L — + 2jaw + a? A 2(pı - je)(1 + k) i 


t 
=FF = %) 
2(pa — Je)(l — k) 
For any specific phase angle of the applied voltage one can readily 
carry the rationalization further. It will sufice here to compute the 


amplitude of the steady-state component, which is given by the first 
term above, 


R VR?+ («L)? 
Tıss| = In {[R? = o(wL)?]? g (2RoL)?}% 


If the resistance is small, as it invariably is in power transformers, we 
can disregard it as compared with the inductive reactances and we can 
thus approximate 


el 
Tsd re 


With V the rated voltage value and »L the approximate normal input 
impedance of the primary circuit, the rated current can be taken as 
V/oL. The sustained terminal short-eireuit current might then be 
1/o times the rated current; for o = 8% this gives 12.5 times normal 
current. Instantaneously, we must add the transient terms which 
might almost double this already large value. The forces upon 
windings in power transformers and electric machines under sudden 
short circuit are therefore enormous. For extensive discussions see 
Rüdenberg, op. cit., chapters 9 and 12 through 15, with many references 
to the literature. In audio transformers, where it might be more 
proper to assume R of the same order as »L, we find the sustained 
short-eircuit current only slightly higher than the normal rated current. 

A representation of the transformer in terms of the general fourpole 
parameters proceeds best from the system of transform equations 
patterned after (69) 


Sec. 2.4] Transformers 17 
(Rı + pLı)Iı - pMIz = Vı(p) 
—pMI, + (R. + pla)Ia = -V;(p) 


which are also in the same form as (9) for the basic T-structure of Fig. 
2.3b. Solving for the input eurrent and voltage 


Rı + plı (Rı + pLı)(Ra = pL>) = p’M’ 


ee N 
; pM v: pM I 
1 Ra + »L > 
pL2 
I, =—-V N IT 
ee pM  ° 


We can read off the parameters @, ®, C, D directly; because of the 
choice of negative sign for the mutual coupling terms, all parameters 
have positive signs which is desirable. 

In many network applications lossless transformers are inserted, for 
which we have from (72) with Rı = Rz, = 0 


Lı 1 

@ S m e ) = 
| ze 2 > 
opM M 
If, in addition, the transformer has no leakage, it is called an ideal 
transformer. Definitions (56) show readily that the terms along the 
main diagonal in (73) reduce to the turns ratio a and its inverse, and 
with k = 1 we see ® = 0; the troublesome term is ©. Going back to 
the transformer equations in terms of fluxes preceding (56), we see that 
for Rı = Ra = O0 and Y,, = Ya, = 0 we have simply 


ve) _ vo(t) d 
Ta ee (®12 + ®aı) (74) 


or 


Vı(p) = u Ve(p) = - Velp) 


N: 


sim 


in Laplace transforms. But (74) demands from energy considerations 
that 

Nil) = Nail) 
so that 


Doro) 


Iı(p) = 7 
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Accepting these two relations as the definining equations for the ideal 
transformer equivalent to (72) for the real transformer, we then get 


I 
Bel 
C D |Trideal 


If a fourpole is supplied through an ideal transformer as in Fig. 2.15, 
then the over-all matrix of general parameters will be given by 


I (75) 


a 
0a 


1 ® 
er |=1e 5 
(N 
0 a ae ad 


Further discussion of ideal transformers in networks is found in 
Guillemin,A® Vol. II, pp. 151-156. 


Fig. 2.15. Fourpole with ideal transformer input. 


2.5 Magnetically Coupled Circuits 


In general, the magnetic coupling of two coils as elements of a net- 
work can be supporting or counteracting the individual coil current. 
It has become customary to use a dot symbol with each coil in addition 
to the (arbitrary) choice of current direction to indicate the mutual 
inductive action as either positive or negative and always to ascribe 
to M, the mutual induction coefficient, positive values. Thus, in the 
simple coupled circuit of Fig. 2.16a, the fact that the dot in the primary 
coil is at the point where the current, as chosen, enters, whereas in the 
secondary coil the dot is placed at the point where i3, as chosen, 
leaves that coil, indicates that the mutual inductive action is negative. 
Had both dots been placed at the respective current entrance sides 
of the coils, then the mutual inducetive action would be assumed 
positive. Obviously this convention can be used in ordinary trans- 
former circuits also, though actually little is gained by it. 

The simple coupled circuits of Fig. 2.16a, taken as a fourpole, 
present the same aspect as the transformer of Fig. 2.13 with the 
capacitances C, and Ü', replacing the corresponding resistances. We 
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can therefore write the general parameters directly from (72) as 


@ ® 
CZDICE 


1 1 1 
Li + — L =— L —- |) — p’M? 
ER 1 ir pCı (? er en) (? =) ; (76) 


where the factor 1/(pM) applies to all terms of the matrix. We could 
readily check this as the cascade arrangement of three fourpoles, the 
two outer ones being simple series impedances 1/(pCı) and 1/(pC), 


pn 
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| 
ıLı 


| 

| 

| 
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_ _Shunt Lossless__| Shunt _ 
admittance transformer admittance 
(a) (b) 
Fig. 2.16. Two coupled circuits without losses; (a) series circuits, (b) parallel 


eircuits. 


the middle one being the lossless transformer with matrix (73). The 
underlying mesh equations with the directions of currents and voltages 
as in Fig. 2.16a are in Laplace transform notation 


Vı(p) 


(pt. = we ) Iı(p) — pMIz(p) 
pCı 
(77) 


— V;(p) 


1 
-pMIı(p) + (pt. 4 ) I:(p) 
pCa 


from which we can obtain the coefficient matrix (76) by solving for the 
pair V 1, [ı. 

To find the characteristie transient response”* in the simplest form, 
we again apply a step voltage vı(t) = VI and short-cireuit the output 


* An excellent analogy is given by P. ©. Magnusson, “Transients in Coupled 
Inductance-Capacitance Circuits Analyzed in Terms of a Rolling-Ball Analogue,” 
Trans. AIEE, 69, 1525-30 (1950). See also mechanical analogies in K. W. Wagner, 
“Natural Oscillations and Damping of Coupled Vibrators’ [German], Telegr.-u. 
Fernspr. Tech., 24, 191-203 (1935). 
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terminals vg = 0. Either from (77), or from (76) if we refer back to 
the general solution (53), we find 


_ Vo) _ pMV 


il 1 
De pe | 
»|(? ke en) p 


If we introduce k? and o from (58) as well as 


1 1 


I:(p) 


Ve De} »= 78) 
II "IV L,C, 
the expression simplifies to 
k? 2 
I;(p) = + V 2 (79) 


M op! + (9° + %)p’ + 9’? 


This compares with (64) for the transformer where the change in sign 
is due to the difference in sign for the mutual coupling term in the mesh 
equations. We can write the roots of the denominator in analogy to 
(65) 


1 
nerven 2, 00) 
[02 


Both pı? and p3? will always be negative real, so that the transient 
response consists of sustained oscillations of the frequencies 


9’ = V-p, ( m Ve 


For the complete solution it is worth while to use the partial fraction 
rule and to write (79) 


a | Bı B3 
Hl = + =— 
:(p) Vic: G _ pı° p® —_ =) 


with the B, and Bz constants determined by conventional coeflicient 
comparison with (79). We find 


2 2 
pı = 
B= , um... 
Di pı — m 
Identifying the quadratic fractions from Table 1.3 we obtain for the 
complete solution 
k? V 
M [(91? — 99)? + 4K?01?02?]% 


ie(t) = (2 sin 0’ — ©’ sin ©) 


(81) 
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The parallel eircuit arrangement of Fig. 2.165 is used more fre- 
quently in vacuum-tube circuits with a current source; the losses 
which could be taken into aceount by shunt conductances are dis- 
regarded. We can consider this network as the cascade connection of 
three elementary fourpoles, capacitive admittances like (22) on the 
outside and the lossless transformer (73) in the center. Performing 
the matrix multiplications 


DRK E IE 


Dee 1 I pCa 1 
opM M 
and rearranging the terms, we arrive at the final forms 
Lı 1 
u (1 + op?LaC;) pM r = ı) 


1 L 
ae ee ee ne) 
pM M 
(82) 


Here we want to solve for the output voltage vs(t) in terms of the 
applied current i,(t) = io(t). With the condition /sz = 0 we take 
directly from the second of the general fourpole equations (11) or also 
from the definition (17) 


Ip) _ Iso) 


e e Ce) 


V:(p) = 


where /o(p) is the Laplace transform of the impressed current :o(?). 
Whereas with the voltage source and Va = 0 the general parameter 


1/® = —Yaı was of paramount importance, here with the current 
source and /a = 0 the general parameter 1/C = Z3| is of basic 
importance. 


Applying (83) with € from (82), and assuming a step current /ol 
with Laplace transform /o/p impressed, we have 
pMIy 
plep®LıLsC Ce Tr p’(LıCı Ar LsC',) ar 1] 


V:(p) = 
The introduction of 21, 2a from (78), taking LıLsC Cs, outside the 
denominator and recalling k? = M?/LıLs, reduces this to 


k2Io il 
MCıCaop* + P (9? + 9?) + 91°’? 


V:(p) = (84) 


82 Passive Fourpoles [Ch. 2 


The denominator is identical with that in (79) so that the same root 
values (80) apply. We use again the partial fraction expansion and 
obtain as the final time solution 

Te 
v2) = 7010501? — 039)? + 46?0170,2)% 


leer 152 

| sin Qi = sm ar) 
Wr 2 

(85) 


which is quite similar to the response of the series eircuits. 


1.8 
1.6 
1.4 
112 
1.0 
0.8 


0.6 


0 0.2 0.4 0.6 0.8 1.0 


k — 
Fig. 2.17. Natural frequencies of the coupled cireuits of Fig. 2.16 as functions of 
the coupling coefhicient k. 


Of partieular importance is the condition for which 2; = % = 8. 
In this case, the natural frequencies are from (80) 


en (86) 
vı +k vi — k 


Fig. 2.17 gives these natural frequencies as functions of the coupling 
coefficient k. It is obvious that even for very loose coupling the two 
natural frequencies will be different from the natural frequency of the 
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individual eireuits. If we choose complete symmetry so that also 


ln Re 


then (85) reduces with (86) to the much simpler form 


Bi, en 
oh ee (V1+ ksin @t - V1 — ksin 0”) 


which is still valid for any value of k. For k «1 we may use the 
binomial expansions 


re -olır}) 
VıisE 2 


suppress the k in the amplitude radicals, and combine the difference 
of the two sine functions to give 


ir k 
vo(l) = —Io Ne cos Qt sin 5 a) (87) 


This form exhibits the angular beat frequency |[(k/2)2] so that the 
degree of coupling can readily be determined from the observed beat 
note.* 

Damping effects can be taken into account in a first approximation 
by simply attaching the exponential factors e”* and e”', respectively, 
to the time functions in (81) and (85) and by choosing 6° = Rı/(2Lı), 
ö’ = Ros/(2L;) if Rı and Rz are the corresponding small resistances in 
primary and secondary eircuits. For a better approximation we can 
use the method outlined in Vol. I, section 5.10, which alters the root 
values and, of course, leads to considerably more involved expressions. 

The application of a sinusoidal current at the input terminals of 
Fig. 2.16b does not alter the transient modes of response; it affects 
only their amplitudes. Defining the impressed current 


io(t) = Im (le) = I„ sin (wt + Y) (88) 
with the phasor /„e’’ = I, we have for its complex Laplace transform 


I. 


(89) 
p — jo 


Io(p) = £(le’”) = 


* J. van Slooten, “Experimental Testing of Electrical Networks by means of the 
Unit Function Response,” Philips Tech. Rev., 12, 238 (Feb. 1951). 
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This has to be used now in (83), so that, going right to (84) and 
replacing /o/p by (89), we get for the Laplace transform of the output 
voltage, again in complex notation, 


1 4 p 
MCıCap - joop: + P(9ı? + 9?) + 919? 


Vx(p) = (90) 


To obtain the inverse Laplace transform, we could use partial fraction 
expansion as before; however, we should find this much less convenient 
than for (84). Rather let us use here the convolution integral or 
Borel theorem from Table 1.5. We define the two factors as separated 
in (90) and have, respectively 


1 | 
ie) lt) 
p — jo 


I 
Fx(p) = 7 plVz(p) from (84)], Jet) = ee [v2(t) from (85)] (91) 
Io Io dt 


The first inverse Laplace transform is easily taken from Table 1.3; the 
second one we identify from Table 1.4 as the derivative since vg(0) = 0. 
The complete inverse transform is then, leaving out the constant 
factors 


t P 
I etT (cos Or — cos @’r) dr 


which is readily evaluated (preferably using the equivalent exponential 
forms for the trigonometrie functions). If we disregard any initial 
phase angle in (88), so that Yy = O0 and I = /„, the real amplitude, we 
can take the imaginary part of the above integral and obtain for the 
complete solution 


Kal, 1 


vo(t) = 
20 = rc1cz im? — RdE + arten 


q"’? Q’? ” 
(0? — 0%) — 0°) cos wi + gr 608 ort 


9) 
Fr cos Q ') (92) 


This elearly shows that the resonant amplitudes of the steady-state 
response (of infinite magnitude because of the disregard of losses) 
oceur at the natural frequencies of the system and that the oscillatory 
transient terms also assume infinite amplitudes. Either network in 


Sec. 2.5] Magnetically Coupled Circuits 85 


Fig. 2.16 behaves as a band-pass filter, the pass band being essentially 
defined by (©’’ — ©’), the exact definition depending on the arbitrary 
amplitude values selected for the delineation of “pass” and “rejection.” 

The case of “tuned circuits,” is of particular interest again with 
2, = 22 = Dfor which (86) defines the natural frequencies. We can 
reduce (92) to the simpler form 


© Tr | w : 
® = | m... 
N 
w 1+k , is 7% ")| 
ar Kg? (- HETERR BEUTE cos D’L (es cos ©’t 


The steady-state amplitude can easily be checked by introducing 
p = jw and deleting the factor 1/(p — jw) in (90), i.e., by taking the 
residue at the pole p = jw. If damping is introduced, the infinite 
amplitudes become finite and one can explore the steady-state response 
as a function of the coupling coeflicient k. Obviously, instead of 
varying k to affect the shape of the response curve, one could also 
stagger-tune the individual eirceuits by controlled amounts. Rather 
thorough discussions of the steady characteristics with damping can 
be found in many of the references on network theory and design. A 
very thorough classical discussion of the transient behaviour of coupled 
eircuits is given in Pierce.* 

Should we want to use two or more of these band-pass filter sections 
in cascade, we could apply the same method as in section 2.3 and in 
particular use the combination matrices (47), (51), and (52). For the 
network in Fig. 2.165 we had to use the general parameter @ in (83) to 
compute the output voltage of the single section. Therefore, we need 
only to use successively 


Co, = 2C ya 
Ca = Cy(day? — D = C&nl2aın — Day +1) 
Cu = Ina (2&1y” — 1) = 4Cmy@cy(ach vr 1)(@cıy Ne) 


to evaluate the additional natural frequencies provided conveniently 
by the individual factors in the product sequence. Since from (82) 
we have 


L 
Aa) = F (1 + op?LaC') 


*G,. W. Pierce, Electric Oscillations and Electric Waves, McGraw-Hill, New 
York, 1920, Chapters VII through XI. 
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we can construct a table of frequencies very similar to the one given 
at the end of section 2.3. 


2.6 Envelope Response to Amplitude-Modulated Signals 


So far we have only considered simple impressed voltages and cur- 
rents with the main purpose of ascertaining the transient response as 
distinet and separate from the steady-state response. Experimental 
observation usually gives a combination of both and it is frequently 
desirable to determine a criterion for the build-up time of the steady 
state without explicitly evaluating the natural response of the circuit 
itself. This will be particularly advantageous if we are dealing with 
amplitude-modulated carrier transmission and are primarily interested 
in the recovery of the modulation function which contains the signal. 

Let us denote the carrier as sin wol, of fixed frequency, and consider 
the amplitude modulation defined by 


m(t) sin wot = Im [m(t)e’*] (93) 


where m(t) is a real time function so that we can employ complex 
notation as indicated. We could, of course, also express sin wot in 
terms of complex exponentials, but then we would have to carry along 
two terms. 

To arrive at a general treatment, let us apply (93) as a source func- 
tion to the input terminals of a fourpole and use either (53) or (83) 
depending upon convenience, or in general notation 


_ 56) 
N(p) 


where @(p) is the Laplace transform of the unknown “response,” $(p) 
that of the source function, N(p) the parametrie network function. 

The Laplace transform of the amplitude-modulated source function 
in the complex form can be evaluated as follows 


Rp) (94) 


£Em(t)e! = k m(t)e"der! dt = I m()e ?"dt = M(p') (95) 


or 


where p’ = p — jwo and M(p) is the conventional designation of the 
Laplace transform of the real time funetion m(t), assuming, of course, 
that it exists. Actually, (95) is a general relationship, and can be 
stated as 

fe" =Fp-Yy (96) 


It has been entered into Table 1.4, line 5; y can have any value, real or 
complex, as long as Re (p — y) > 0 so as to provide proper conver- 
gence in the Laplace transformation. 
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We thus have ın (94) 
M(p — Jwo) 
N(p) 


where the bar over the left-hand term merely reminds us that we need 
to take the imaginary part only. In order to recover the carrier wave 
in its original form and thus have the response as time function again 
expressed as the product of a modulation function and e’*"*, we observe 
that the inverse Laplace operation on (96) must be valid, i.e., if we 
have a transform of type F(p — y), its inverse must be the time func- 
tion on the left-hand side. This means then, applied to (97), 

=; 2 U ZerENEBE ne #) (98) 
Nl(p + jeo) — Jwo] N(p + joo) 
We obtain the response function in complex form by finding the inverse 
Laplace transform of the quotient of the direct Laplace transform of 
the real modulation function and the adjusted network function! 
Obviously, because of the adjustment, this inverse transform as time 
function will still be complex; let us define it 


Alp) = (97) 


rl) = u(t) exp Lmdle’”" (99) 
The actual time response becomes, as the imaginary part of (99) 
r(t) = u(t) sin [wot + n()] (100) 


The variable phase function n(t) will have the effect of a phase modula- 
tion, or variable frequency, with the instantaneous frequency defined 
by 

= last + a1 = on + nl) 
This method will be particularly useful when we deal with idealized 
network functions, as will be discussed in section 4. 

For lumped-parameter networks, the building up of sinusoidal cur- 
rents can be described by the envelope method if we compare the total 
response with the steady-state sinusoidal oscillation as follows. If 
we have given a general impedance or admittance function W(p), we 
might write (94) 

Alp) = W(p)S(p) (101) 


with the source function $S(p) defined in real notation 


oo 


a 
S(n) = 2 sin an = 5, —; 
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The steady-state response is then 
rss() = Im [W(joo)e’“"') 


Suppose we write the complete response, including the transient and 
steady states, i.e., the building-up process 


r()) = Im {W(joo)e” [1 + pl) + je@]} (102) 
then 
fort »: pt) 0, ect)—0O 


Or, if we rationalize and write this in a form similar to (100), except for 
keeping separate the steady-state immittance W (jo), we get 
rc) = |WGeo)| {IL + PO? + 0°W)% 
_ı_ ei) ) 
t+® ba = 0 
sin | wo + (wo) + tan ll 0) ( ) 

The factor „(t) with the limit 

melier Din] ereil 

it» 


describes the envelope of the response, and the angle n(t) with the limit 


t 
lim tan! he = 
u) 1l + p(t) 
describes the phase modulation, or apparent variation of frequency. 
To determine the envelope functions p(t) and o(t), we define the 
complete response by means of Laplace transforms from (101) 


er lee 
p? ie @0- 
The steady-state part is given by the residues at the poles p = +jwo 
and must, of course, be identical with r,,(t), which also oceurs in (102). 
The transient response is given by the singularities of the network 
function W(p) and will be the sum of the pertinent residues for lumped- 


parameter networks. We can therefore take, by comparing (102) and 
(104), for the transient response 


r() = £!W(p) (104) 


rr(t) = Im (Wjo)e"[olt) + je)]} = 2"Wipd) ——— (105) 
pP tw 
(exeluding p = +jwo) 


Because of the real notation in (104), the transient response will also 
appear in real form, but can always be redefined as 


"ır(t) = Im Fr(t) 
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if we just use complex exponentials for the sinusoidal time functions 

that appear. Thus, we can obtain explicitely from (105) 
Fer) 5 A) 

Wijo)e"! Fl) 


As a simple illustration let us apply a step function modulated 
sinusoidal carrier current to the parallel tuned circuit of Fig. 2.18. 


el!) + je(t) = (106) 


0) 


R v5 (t) 


Fig. 2.18. Illustrative eircuit for evaluation of envelope response. 
The source function is 
it) = Io sin wotl = Im (Ige*s1) 


The output quantity is the voltage va(f) across the node pair, so that we 
shall choose W(p) as the impedance function in this case, 


Alp) = Ve(p) = Zip) Ip) 


with 
R-+ pL wolo 
ie ; Int 
2(P) 1+pCR+p’LC p) p?’ + wo” 
Introducing the abbreviations 
R 
LO= — = 20 
L 
and the dimensionless ratios 
Ber Fair Zul: 
% —.&%, % u, O5 Y 
we have 
= + 2u 


Ve(p) = yLIo (2? + yP)(a? + 2ux + 1) 
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We only take the residues at the poles of the network function, 


een 


It is obvious that va,,(t) will be the sum of two conjugate complex time 
functions because the root values are conjugate complex. We can 
write it 


ee 1 vEıVien: 
m : — 
on (-1+2u2 +92) - Juviı- u 


‚2: 
e’ 


varr(t) = woLIo ng 


The steady-state solution for the output voltage is 
v2ss(t) = Im (Z(jwo) Ioe”*) 
so that (106) gives here 
woL et 
Ze) VI u? 
N: 
(-1+2u?+y?) — 2ju vi-u 


plt) + jet) = 


ei 32107) 


Rather than carry this rather complicated expression further, let us 
remember that we have a tuned circuit so that we can assume « = 
= Qu, y = 1. If we define for the circuit 


DoL Ro 1 1 


een, 


we see that u might be quite small at reasonably high frequencies, so 
that we may assume u? «1. This simplifies (107) very considerably, 
and we get 


PD) Tr goelii en 1,0) 
The envelope of the building up will thus be approximately 


(1-e*%) 1 fort © 
—0 for i—0 


If a frequency wo # 2 is applied, then (107) demonstrates that oscilla- 
tions of the amplitude with a frequeney (Q — wo) will oceur, leading 
to a distinet overshoot whose magnitude can be computed from the 
envelope function. Fig. 2.19 shows the envelope response for the 
values Q = 10, y = 0.97. For the computation we observe that in 
(107) only the exponential functions contain the time explieitly. If 
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we therefore introduce p = jwo into Z(p) and make use of the defini- 
tions of u and y, we can write 


oL _ y(l + 3j2uy — y?) 


ZG A 
(joo) " (i nn a 
U 


ld) —= 
oO — 
[e) o© 


oO 
[6,) 


(1+9)2+ 02 


Fig. 2.19. Envelope response of circuit of Fig. 2.18. 


Combining these in (107) with the other factors containing only u and 
y, and introducing 0 = ®ot, or 


ee ee 
we have finally 


el) + je) = (a + IE "eitvimune 


a Yy (1 - y?) + J2uy ut+j vi-u 
a = : E = 
; Vene 2u + 3% (y?—-1+2u°) — j2u vi-u 


By separating real and imaginary parts we finally get the factors 
defining the “envelope’”’ in (103), 
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- via 2 2 een a4 
ut) rer To, nassen 1E 
which have been plotted in Fig. 2.19. The derivative or slope of n(Ü) 
gives the instantaneous frequency deviation from wo. 


2.7 Response to Frequency-Modulated Signals* 


A frequency-modulated signal is generally defined in the form 
v(t) = V„ sin [wot + ©(l)] (108) 


where wo is the fixed carrier frequency and where $(t) is a function of 
time incorporating the signal to be transmitted. More specifically, if 
®(t) = ©), a constant, we have the normal steady-state phase angle; if 
&(t) is a time variable, we have angle modulationf which can be either 
of the two forms 


©) 


+ ul) phase-angle modulation or phase modulation 


ö() =D } R s(t) dt frequency modulation 

In the first case we designate u(f) as the instantaneous phase-angle 
deviation, and in the latter case we designate (d®)/(dt) = Ds(t) as the 
instantaneous frequency with D the maximum frequency deviation and 
s(t) the signal, normalized so that Is@)| < 1. For the theoretical 
treatment no basic difference exists between the two types and we shall 
concentrate upon frequency modulation as encompassing both. 

The simplest type of frequency modulation is the frequency step, 
corresponding to the step function in amplitude change. If we 
formulate it in terms of (108) and the step is at 2 = 0 from a constant 
frequency wı to another constant frequency ws asin Fig. 2.20b, we have 
the deviation D = wa — wı, the signal s(t) = I, the unit step, and thus 


(tl) = (we — wı) % ld = (wo — wı)t 
v(t) = Vm sin [wıE + (wa — wı)il = Vm Sin wat (109) 


* This section is based upon work carried on at the Microwave Research Insti- 
tute of Polytechnie Institute of Brooklyn under Contract N6ori-98 sponsored by 
the Office of Naval Research. 

1 Rather extensive discussions have centered upon the terminology. Since 
physieists usually refer to “phase” as the complete argument [oot + ®(t)] in (108), 
and engineers have always spoken of “phase angle”’ as meaning &(t) but usually 
implying constancy, confusion has arisen in connection with modulation termi- 
nology. See B. Van der Pol, “The Fundamental Principles of Frequeney Modu- 
lation,”’ J. Inst. Elec. Engrs., 93, part III, 153-158 (1946). 
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or simply the application of the new frequency wa. If we select the 
parallel resonant circuit of Fig. 2.20a, we are simply left with the 
io(E) 
ı 5 Du 


2 (a) 2’ 


sin wıt sin wgt 


Fig. 2.20. Illustration for frequency-modulated signal; (a) parallel resonant cir- 
cuit, (b) frequency step. 


problem of finding the transient response to a constant frequency cur- 
rent source, namely 


io) = Im sin wat = Im (Ime’“*) (110) 
The circuit represents the simple shunt admittance 
1 EIN 5 
sr +2ap + %') (111) 
with 
Ze G Or = ala 
a Le 


so that we obtain for the output voltage transform in complex notation 


Vs(p) Im I p 
IT - jo p? +2ap + 0° 
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The inverse Laplace transform can be found by application of the 
a-c expansion theorem as in Table 1.4, line 13. We arrive at 


F | ee et ( a et )| 
da(t) = m E ] 5 — B 
ö2(l Y (jws) EB 2907 a+jw -— 2) eHt+jw+ PD) 
(112) 
where 
Dr 


We observe that no trace is left of the previous frequency wı, but 
that the natural frequency of the circuit itself plays a prominent part 
in the transient which is superimposed here although we have applied 
the new frequency at a zero value of the source function! If we 
rationalize, we get the familiar form 


Im 
() = = 
v>(t) IYGes)| cos (wa 1) 
VER cos (0: — pı) cos (NE — %») | 
or «| 5 a? 5 11 
ce er aeg oe 
with 
2 ı—-2 2 
tan po= ns tan oT = 2 E P tan 0 = w2 ar 


No significant simplification appears possible. Even if we tune the 
circuit to the carrier frequency so that 20 = wo, the instantaneous 
frequency, in our case wa, will be different and thus prevent simpler 
expressions. 

We might consider making the frequency variation small and slow, 
i.e., vary the frequency at a slow rate. It might then be assumed that 
the transient adjustment of the network could be disregarded, and that 
the circuit would remain essentially in steady state but with an 
admittance or impedance corresponding to the instantaneous fre- 
quency. Obviously, this can only be a first-order approximation; it 
is appropriately called quasi-steady-state response* and can be deduced 
in general form. Assume the source function to be a voltage as stated 
in (108) and applied to a circuit of parametrie impedance Z(p). To 
obtain simpler expressions, let us write the source voltage in complex 
notation 


ö(t) = Vm exp ljwot S= J®()] (114) 


*J. R. Carson and T. ©. Fry, “Variable Frequeney Circuit Theory,” Bell 
System Tech. J., 16, 513-540 (1937). 
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with the Laplace transform 
V(p) = Vnm£(eVe?®) = V„M(p — joo) 
if we make use of Table 1.4, line 5, and define 
get" = M(p) 
The Laplace transform of the current follows as 


Eh 
Io) =, = Vmltp — jan) 2 


D—Da 


95 


(115) 


(116) 


(117) 


where we applied the expansion into partial fractions to the impedance, 
assuming it to be a rational function of p of degree n. The inverse 
Laplace transform is found best by application of the Borel theorem 


from Table 1.5, line 1; we define 
1 
0 706 
Fs(p) = M(p — jwo) fe) = ertei?W 


so that we have for the product 
t u} 
ePat | e Para?) dr = on | „u 2Y 
0 T 


Here we have introduced 


ePat 


Fı(p) 


A) 


i . d® 
= (Pa + Jwo)r + J®(r), I le) ee, 


Integrating by parts and selecting 


du = edy, u ed v=- dv = 


Paeie Be e’ di 
; (+ I: ').., 


we obtain further 


(118) 


where y’’ = jl(d?®)/(dr?)] might be assumed small enough so that this 
integral might be disregarded. This assumption will be justified only 


if, in ®(t), defined as 


; d® 1’ 
®(l) = o| s(t) dt, —ı= Det), ner Ds’(t) 


dt 


(119) 
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the maximum frequency deviation D is small compared with the carrier 
frequency wo, and the time variation of s(£) isslow. If these conditions 
are met, then (118) reduces to the first term which gives in the limits 
ePat 1 j 
{exp [Pat + jwot + JB] — 1} 
(Pa + ion) +37 | 


Introducing this back into the inverse transform of (117), we obtain 
for the sums in complex notation 


15 B8 Pat 
ic) = Vm >» — 2.2.8 p jo je) — =)  — 
ZZ Dat Je as Ich 
(120) 


The second sum constitutes part of the transient starting at = OQ and 
decaying with the normal time constants of the network; it is not char- 
acteristic of the frequencey-modulated signal at all, and could be 
evaluated in complete form much simpler as the decay of the initial 
energy in the network. 

The first sum, however, is a new result. The exponential function, 
not containing any network parameters, but indeed being the applied 
voltage from (112), can be taken before the sum, which reads by com- 


parison with (117), 
> EB 
lei Pa Zion) 


and which is nothing else but the instantaneous frequeney impedance! 
We thus have the final form 


Vm exp [jwot + J®(l)] 


i(t) = ; 121 
Ze) Sn 
the quasi-steady-state solution, where 
d® 
y=w+t—- =w-+ Dsft) 
dt 
contains directly the desired signal. In rationalized form 
it) = Era sin [wot + ©(t) — o(w;)] (122) 


je) 


where it is obvious that the current carries amplitude modulation 
through the absolute value of the variable impedance and where the 
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signal ®(t) has superimposed a distortion term p(w;) coming from the 
phase characteristice of the network impedance. The corresponding 
form for the current source with frequency modulation is obtained by 
the sequential substitution of v, /„, Y for the quantitiesi, V„,Z. The 
same result (122), though by different methods, was derived by Carson 
and Fry and by Van der Pol.* 

For numerical computations it is necessary to stipulate the function 
®(t) or its derivative Ds(t), the instantaneous frequency deviation. 
The simplest form of sustained modulation is, of course, the sinusoidal 
one, for which 


DD: 
s= cosul, ®(t) = +— sinut = +msin ut 
K 


where m is called the modulation index. Several different methods 
have been used to obtain the steady-state response in this case which 
is also amenable to Fourier series analysis. Actually, the sinusoidal 
frequency modulation and its spectral resolution is most frequently 
included in the steady-state analysis of network response. A very 
comprehensive treatment for the evaluation of circuit responses is 
given by Bloch.f If we expand the network function as a function of 
p + jo into a complex Fourier series in terms of w in accordance with 
Vol. 1, (6.41), choosing as fundamental period Q the range of fre- 
quencies w of interest in the problem (covering the significant side- 
bands of the signal function), we obtain 


= e 
Z . N 
Ge) A, 
with the coefhicients 


e LK Zr N 2 
„== N N 
2J-eR2 Z(je) R 


This is an alternative to the partial fraetion expansion and can be used 
in (117). Instead of the Laplace transform it is now better to use the 
complex Fourier integral method or Fourier transforms (see section 


* Carson and Fry, loc. cit.; Van der Pol, loc. cit. Further expansions for practical 
caleulations are given by A. 8. Gladwin, “The Distortion of Frequeney-Modulated 
Waves by Transmission Methods,” Proc. I.R.E., 35, 1436-1445 (1947). 

t See Cherry,4* chapter 2. See also $. Goldman, Frequency Analysis, Modu- 
lation and Noise, MeGraw-Hill, New York, 1948; A. Hund, Frequency Modulation, 
McGraw-Hill, New York, 1942. 5 

+ A. Bloch, “Modulation Theory,” J. Inst. Elec. Engrs., 91, part III, 31 (March 
1944). 
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1.3). The frequency-modulated input voltage (114) has as Fourier 
transform 


Vo) = Fl) 
so that the Fourier transform of the current response becomes 
e +N ’ 
ee > (EV lo) 
Zi) A, 


The inverse Fourier transforms can be found by using the ‘“delay’”’ 
relation in the Table 1.2, line 2, where for each exponential 


In 
= Do Imn 
Fe ® -:(1+ 5) 


so that the complete response becomes in complex notation 
+N 


it) = > (6) ( + =) (123) 
N 


n=-—- 


This method also avoids finding explicitly the transform of the signal 
voltage which it is difieult to obtain, and substitutes the evaluation 
of the coefficients C'„, which might not be an easy task except with 
simple functions Z(jo). It is called the method of paired echos and 
was introduced by Wheeler* for the evaluation of transients involving 
amplitude-modulated signals. Its extension to frequeney-modulated 
signals was made by Bloch, loc. eit., in terms of the complex Fourier 
series, and by Frantzf in terms of real Fourier series for each real and 
imaginary component of Z(jo). A still different expansion was used 
by Goldt who developed the network function into a series of ortho- 
normal polynomial functions. 

All these expansions have great value in specific computations but 
do not permit a closed form representation such as the quasi-steady- 
state expression (122) where this is applicable. Let us use it on the 
same parallel resonant circuit to which we applied the frequency step, 
but now with sinusoidal frequency modulation. Since we have a cur- 


* H. Wheeler, “The Interpretation of Amplitude and Phase Distortion in Terms 
of Paired Echos,” Proc. I.R.E., 27, 359-384 (1939). See also Cherry,A? section 74; 
and R. V.L. Hartley, “A More Symmetrical Fourier Analysis Applied to Trans- 
mission Problems,” Proc. I.R.E., 30, 144-150 (1942). 

1 W.J. Frantz, “The Transmission of a Frequency-Modulated Wave through a 
Network,” Proc. I.R.E., 34, 114-125 (1946). 

tB. Gold, “The Solution of Steady State Problems in FM,” Proc. IT.R.E., 37, 
1264-1269 (1949). 
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rent source, we shall use the dual form to (122), namely 


v(t) = sin [wot + ©(t) — plwi)] (124) 


1, 
\YGo)]| 


The admittance from (111) can be expanded into the partial fractions 


ei ie ( p___P ) 
Yp) Cpı-Pp)\p-mı »D?-m 
with the roots 
Dee ee Vene, 


We need to introduce p = jw;, with w; the instantaneous frequency, 
which for sinusoidal modulation is 


Wr; = wog + Dstt) = + D cos ul 
(ft) =D [ s(l) di = DR ut (125) 
u 


where „ is the modulating frequency assumed low compared with the 
carrier frequency wo. We have, therefore 


1 1 u ag 
Yo) 2 C\e ta - 32 Iuta+tj32 


We might further assume that the circuit is tuned to the carrier 
frequency so that 2 = wu Z 9. The second term in parenthesis will 
contain the sum #9 + Q = 2wn in the denominator which will make it 
small compared with the first term, so we shall disregard it. This 
permits us to write 


1 il R or + u (i Hz a = 
= an tan 
Y(jo) 2woC Y(Ds)’ +0? wo a 
and therefore for the voltage in (124) 


I ne 
2w0C \D? cos’ ut + a? 


D 
— fans“ (= cos «) + tan" a (126) 


» DEE 
v(t) = sin | wo + — sin ut 
M 


a& wo 


We observe the variation of amplitude with frequeney a and the dis- 
tortion term in the phase of the output voltage. The instantaneous 
frequency in the output is now the time derivative of the whole argu- 
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ment of the sine function, which is 


au sin ut 
a® + D? cos? ut 


a7 =w+ Deosut + D (127) 


To make the distortion* small, we must satisfy both conditions 
Die], TR | 


where we can interpret 2« as the bandwidth of the tuned circuit in the 
conventional definition. Actual comparative computationsT indicate 
that the quasi-steady-state approximation in the above example can 
be justified for (Du)/a? < 0.3. 

Under the same conditions, we can introduce into the expression for 
the instantaneous frequency admittance 


and 
Va? + (Ds)? za E ge ; (Si 


so that the general quasi-steady-state response for any small signal 
becomes 


v(t) = Vo E _ ; ei sin («1 n s(l) + tan! n (128) 
[0 & @o0 


In this form, the spurious amplitude modulation is seen to be at twice 
the signal frequency and can readily be gauged from the explieit form 
of the signal itself. Ideal limiter and discriminator action will recover 
the signal from »; in accordance with (125) and leave as distortion 


IDol 
- -- slt 
rl) 


For a sawtooth variation of frequency this means a periodie slight dis- 
placement of the signal and slight jumps at the half periods. 


PROBLEMS 


2.1 Deduce the standard fourpole parameters for the eircuit in Fig. 2.21 by 
matrix methods. 


* Extensive computations and comparison with measurements are given by 
D. L. Jaffe, “A Theoretical and Experimental Investigation of Tuned-Circuit 
Distortion in Frequeney-Modulated Systems,” Proc. I.R.E., 33, 318-334 (1945). 

1 Unpublished report by J. Brogan, Microwave Research Institute of Poly- 
technic Institute of Brooklyn, 1948. 
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2.2 Apply a square-wave voltage pulse vı(t) to the network in Fig. 2.21 and 
find the output voltage va(t). Compare the signal shapes. 


Cı 


Fig. 2.21. Video amplifier interstage network. 


2.3 Apply a single linear sawtooth voltage vı({) = Vnt/T to the network in 
Fig. 2.21. What should be the value of inductance L to give nearly linear rise of 
the voltage va(t)? 

2.4 A train of three sawtooth voltage pulses as in Fig. 1.170 is applied to the 
balanced fourpole in Fig. 2.9. (a) Find the output voltage pulses (use the super- 
position principle). (b) What should be the value of 2. to give distinet separation 
of these three pulses? 

2.5 A current impulse :ı(£) = M;So(t) is applied to the network in Fig. 2.21. 
Find the output voltage va(t). 

2.6 Obtain the standard fourpole parameters for the T-section in Fig. 2.4e if 
Zı =Za = pL + 1/(pC), Y =2pC. Apply a step voltage V„! at the input 
terminal pair and find the output voltage with resistive termination. 

2.7 In the circuit of problem 2.6 discuss the steady-state characteristics and 
relate resonant frequencies to filter behavior. 

2.8 Obtain the standard fourpole parameters for the network in Fig. 2.22. 


Fig. 2.22. Symmetrical cascade of fourpoles for problems 2.8 and 2.9. 


2.9 Apply a step voltage V„! to the network in Fig. 2.22 (a) when the output 
terminals are open-cireuited; (b) when the output terminals are short-circuited. 

2.10 Apply a step voltage VI to the circuit in Fig. 1.19 and find the output 
voltage. Do the same for two and three identical sections in cascade. Use the 
standard fourpole parameter notation. 

2.11 In the lattice in Fig. 2.7b chooseP =Q = pL +1/(p0),S = T = Rand 
terminate the output into resistance Rı. (a) Apply a unit step voltage and find 
the output voltage va(t). (b) Discuss the steady-state characteristics of the 
network. 

2.12 A cascade arrangement of three sections of series C and shunt R is sup- 
plied over a series resistance R from a voltage source. If a step voltage VI is 
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applied, find the output voltage. Use (a) Kirchhoff equations, (b) the matrix 
method. 

2.13 A transformer with small losses has a pure capacitance as load. Find the 
secondary current if the alternating voltage at the primary terminals is suddenly 
switched on ati =. 

2.14 A transformer has carried rated load under steady-state conditions. At 
i = 0, a short circuit occurs at the secondary terminals. Find the input current. 

2.15 A power transformer is operating under steady-state a-c conditions into a 
resistive load (presented by the surge resistance of the transmission line). At 
t = O an impulse voltage wave va(t) = M„So(t) appears across the resistive load 
(having come over the transmission line). Find the eurrent response both in the 
secondary and primary winding of the transformer. 

2.16 Construct the table of natural frequencies for the tuned coupled circuits 
of Fig. 2.16b as the number of stages is increased from one to two and to three, in 
accordance with relation (83) for the output voltage under open-circuited 
conditions. 

2.17 Find the response of the coupled circuit of Fig. 2.16« for a single linearly 
rising sawtooth voltage of duration T as in Fig. 1.6, if the secondary terminal 
pair (a) is open-cireuited, (b) feeds a purely resistive load. We can assume k? to 
be considerably smaller than unity. 

2.18 Plot the complex voltage transfer function of the coupled circeuits 
in Fig. 2.160 for open-eircuited secondary terminals. Select k? = 0.2 and 
LıCı = mLsaC5, with m = 0.8, 1, 1.2. 

2.19 Find the envelope response of the circuit in Fig. 2.18 for a linearly rising 
amplitude m(t) = Mt/Tfort < T and zero afterwards. (a) Evaluate the response 
for @ = 50 and wo = 0.98%. We assume w07 very large. (b) Compare the 
result with the response to the sawtooth pulse without carrier. 

2.20 Find the envelope response of the circuit in Fig. 2.55 for the step function 
modulated sinusoidal carrier current /o sin wol. Assume the carrier frequency 
= ZN. 

2.21 Find the quasi-steady-state response of the circuit in Fig. 2.18 for sinus- 
oidally frequeney-modulated input current %(t) = Im exp (Jjoot + jm sin ut) where 
m is the modulation index. 

2.22 Compare the method of paired echos (see section 2.7), the method of 
Gold, loc. cit., and the quasi-steady-state solution for the eircuit in Fig. 2.20 with 
sinusoidally fregquency-modulated input current which is treated in the text of sec- 
tion 2.7. For computations select the values D/& = 0.4, u/& = 0.4, D/oo = 0.02, 
o=N9. 

2.23 Apply the frequency-modulated voltage vı(t) = V„ sin [wot + ®(t)] to the 
magnetically coupled eircuits in Fig. 2.160. Make the assumptions required for 
the validity of the quasi-steady-state solution and obtain it for the output volt- 
age (a) in general form, (b) for sinusoidal frequeney modulation. 

2.24 Carry the development of (117) through (120) to the next term, assuming 
that y’’ must be retained whereas y’’’ could be considered negligibly small. Com- 
pare the expanded solution with the quasi-steady-state solution. 


> PASSIVE FOURPOLE LINES 
(WAVE FILTERS) 


The cascade arrangement of fourpoles in any repetitive pattern 
constitutes a fourpole line; the group of elements or fourpoles which 
define the individual repetitive unit will be considered as a single 
fourpole, characterized by the general fourpole parameters 


as unsymmetrical a symmetrical 
e » M mie are 


The general theory of the fourpole line can be carried to a formal solu- 
tion so that the detailed values of these general parameters need only 
be specified when quantitative results are desired. 

A very large field of practical applications has been developed in 
all branches of engineering and applied physics. _ Perhaps the earliest 
applications occurred in mechanical systems where beams with periodic 
supports, crank shafts with torques applied by equally spaced eylinder 
pistons, or vibrating strings with periodically spaced beads led to 
problems involving repetitive structures.* The simulation of elec- 
trical transmission lines by lumped-parameter systems, the so-called 
artificial lines,f introduced the subject into electrical engineering. 
However, the greatest contribution, without doubt, came with the 
invention of electrie wave filters,£ which are fourpole lines of specific 
selective properties of transmission, and which in turn stimulated far- 
reaching developments in acoustical and mechanical filters. $ 

* Thomson,P13 chapter 7; T. V. Karman and M. A. Biot, Mathematical Methods 
in Engineering, chapter 5, McGraw-Hill, New York, 1940. 

tA.E. Kennelly, Artificial Lines and Nets, Wiley, New York, 1912. 

tG. A. Campbell, “Physical Theory of the Electric Wave-Filter,”’ Bell System 
Tech. J., 1, 1-32 (1922); K. W. Wagner, “The Theory of Wave Filters with Appli- 
cations’” [German], Arch. Elektrotech., 3, 315 (1915); ‘““Coil and Condenser Trans- 
mission Systems’’ [German], Arch. Elektrotech., 8, 61 (1919). 

$ P.M. Morse, Vibration and Sound, McGraw-Hill, New York, 1936; H. F. 
Olson, Elements of Acoustical Engineering, Van Nostrand, New York, 1940. 
G. W. Stewart and R. B. Lindsay, Acousties, Van Nostrand, New York, 1930. 
R. B. Lindsay, “The Filtration of Sound,” J. Appl. Phys., 9, 612-22 (1938), 10, 


680-87 (1939). 
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3.1 The General Solution 


As a general arrangement we take N like fourpoles in cascade shown 
schematically in Fig. 3.1, with a terminating two-terminal network 
at the far end and with either a voltage or current source supplying 
energy at the near end over a terminal impedance Zs (admittance Ys). 
We shall number the fourpoles from zero to (N — 1) as a matter of 
convenience in stating the terminal conditions; the final solution will 
not, of course, depend upon this selection and will be the same for a 
numbering system 1 to N. Each fourpole is characterized by the 
general parameters (@, ®, €, D) and the Laplace transforms of its 


Fig. 3.1. General fourpole line of N like fourpoles with terminal impedances. 


input and output quantities are related by the linear equations (2.11) 
or, in matrix form, (2.12), to wit 


V.(® @Varı(p) + RIg+ı(P) 
I,(p) = EeV,+ı(D) + DIg+ı(P) 


In accordance with Fig. 3.1 this system holds for the gth fourpole in 
the chain and we could write the respective relations for all the four- 
poles from g=0 toqg=N - 1, and eliminate all the current and 
voltage transforms except Vo, Io, Vn, Ix either by direct elimination, 
by determinant solution, or by the matrix process indicated at the 
end of section 2.3 and actually carried through for up to four sym- 
metrical fourpoles. For the remaining transforms we must find again 
a linear system 


(1) 


Vo(p) = QıVn(p) + Bı!n(p) (2) 
Io(p) = CıVx(p) + DiIn(p) 


where @;, ®:, €ı, Dr are the rather complex over-all line parameters 
obtained, e.g., from the N-fold matrix produet 


Gr ®ı a 
je ® 
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Together with the final two mesh equations which introduce the 
terminal impedances, 


Far end (receiving): Vx(p) = ZrIx(p) 
Near end (sending): Vo(p) = V;(p) — ZsIo(p), voltage source 
Io(p) = Ii(p) — YsVo(p), eurrent source 


we have now four equations left, suflicient to determine sending and 
receiving end quantities. We observe that if we rewrite the near end 
terminal condition applying to a current source in the same form as 
that applying to a voltage source, namely 


Ip)  Io(p) 


Volp) = ee ZsI:(p) — ZsIo(p) 
we have the correspondence 
I; 
vl) > Zolie) = EP (4a) 
8 


so that we can make ready substitution where desired. It should be 
noted that the @,, ®r, Cr, Dr must be fractions of polynomials as long 
as N is finite since we have restricted our treatment to passive fourpole 
lines. Though quite complicated, the further solution is straight- 
forward and feasible with the methods developed so far. 

But what we have done is nothing more than ordinary network 
analysis aided by the matrix notation of fourpole theory. A much 
simpler and more powerful approach is possible. Suppose we try to 
establish a relationship between currents alone, or between voltages 
alone. For example, repeating the second line of (1) for fourpole 
(q E> 1), 

I.-ı(p) = eV ap) + DIa(p) 


we can take V,(p) from here, V,+ı(p) from the second line of (1), 
introduce these into the first line of (1) and arrive at 


TB FAKE Led (5) 
where we used the passive fourpole characteristie from (2.19) 
AD- BC = 1 (6) 


Quite similarly, it is possible to deduce the identical form for the 
voltages - 


VDE Hr Varılp) = 0 (7) 
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Both equations relate the transforms of three successive fourpoles, 
making it appear that the fourpole number will enter the solution as a 
parameter that can only take real integral values. We know on the 
other hand, however, that we could evaluate these transforms as regu- 
lar polynomial fraetions if we followed the conventional network solu- 
tion outlined above, keeping then q, 9 — 1, etc., attached to the trans- 
forms just as indices. We conclude, therefore, that the seeming 
appearance of indices as a variable is not in the form of a new inde- 
pendent variable necessitating a restudy of Laplace transform theory, 
but merely a parameter not affecting the existence and convergence 
of the transforms any more than other real parameters.* 

In terms of gq, both (5) and (7) represent the aspect of linear 
difference equations, relating functions of p such that the parameter q 
does not appear in the coefficients. These are very similar to the linear 
differential equations with constant coeflicients and at once invite 
an attempt to try exponential functions as a solution, e.g., e?" where 
T is a nondimensional quantity which must be determined from the 
difference equations. If we introduce this exponential into (5) with 
appropriate adjustment of the parameter g, we have 


ed! _ (+ D)e@! ar ev! Oo (8) 
and, as we suspected, it reduces to a characteristic equation for T 


e!- (a+D)+eT=0 
or better 


G -S= 8 


a+tpD @ : 
2 EN] © 


Since cosh T is an even function, we have to admit +T as two inde- 
pendent values; in analogy to the differential equations, (5) and (7) 
are difference equations of second order. 

Instead of an exponential, we could also have chosen an algebraic 
solution, say y?: then (5) would read 


Gosnalls— 


yi-la+Dy+y=0 


* A rather thorough study of the applicability of Laplace transforms to difference 
equations is presented by Gardner-Barnes,P® chapter IX, who use the class of 
jump functions, which confirms the direct attack on the solution presented here. 

1 G. Boole, Treatise on the Caleulus of Finite Differences, 3rd edition, G. Stechert, 
New York, 1931; N. E. Nörlund, Diferenzenrechnung, J. Springer, Berlin, 1924; 
L. M. Milne-Thomson, The Calculus of Finite Differences, Macmillan, London, 
1933. See also brief treatments in Karman-Biot, op. cit., chapter XI; Widder,P24 
pp. 416-419. 
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which reduces to 
Na 0 


aA+D JE @ Ai 
a ar er 
Yyı,2 5 5* 9 ji (10) 


with the roots 


If we make the substitution y = e" we observe identity of (9) and (10), 
and the + sign of the square root corresponds to +T values in (9). 

The general solution of the second-order difference equation (5) 
must be of the type 


I,(p) = Me" + Wet«" (11) 


where M and W are integration constants to be determined from the 
terminal conditions (4). Since these involve also the voltage trans- 
forms, we need to find the general solution of V,(p), which we write, 
replacing (qg + 1) by g in the second line of (1) 


1 D 
V,() = E Ip) 5 I,(p) 
and with (11) 
M 2 W £ 
V,(p) = (e! - DET - — D-eT)er!! 
a(P E ( ) & ( ) (12) 
= Me! — Wera! 


The terminal conditions are given by (4) or, if we introduce (11) and 


(12) which are valid for any value 0 <q <N,by 
Vo(p) = M’ —- W’ = V,;(p) - ZuM + W) 15 
Vn(p) = M’e"" — W'e'"! = Z,(Me®" + We") 


These last relations permit the evaluation of M and W. 
In order to simplify the final solution, we shall define from (12) 
with the aid of (9) 


M’ 1 a-D» Na | 
a 2 = 
a [+ DE, 2 
w' 1 @a-D N) | 
— = = = =] 
wie al er 2 


which we designate as iterative impedances. We then obtain from (13) 
with (14) 


Il 
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M(Zs + Zcı) + W(Zs —- Zee) = V:(p) 
Me "N"(Zr — Zcı) + We (Zr + Zu) = 0 
Let us finally use reflection coefficients as follows 


Zs FE Zca Zr =: Zeı 


ara > 15 
= Zs + Zcı = Zr —E Zca 
then the solutions for the integration constants M and W become 
ee se 
A Zs + Zeı A Zs + Zcı 


with 
AN HL 


Thus, we obtain the general solutions for any voltage and current 
transform pair 


Vi(p) Zere "TP®T + Zeopre NOT 


= 16 
Y.(p) Zeı + Zs et — pspre E. 
V;(p) A a di 

I,(p) = Sur (17) 


Zcıt+Zs eN" — pspre” 


If we reflect upon the nature of T, Zcı, and Zca and their dependence 
respectively indicated in (9) and (14) upon the general fourpole 
parameters (Q, ®, C, D), we appreciate at once that this general trans- 
form solution has not been translated into time functions by means 
of the inverse Laplace transforms. Several special cases have been 
solved, however, and we hasten to deduce these from the formidable 
general forms, attractive as these might be as the “formal solutions” 
of all finite fourpole line problems. 


3.2 Discussion of the General Solution; Tractable Cases 


It appears that we can make the most radical reduction of the 
general forms by choosing Zr = Zcı, because this makes pr = 0, and 
thus leads to 


Z 
Mo, 
2 i z for Zr =Za,pr=0 (18) 
n De =q 
a(P) ZES, Vi(p)e 


Since N has dropped out, this solution is obviously valid for the 
infinite line; we can also interpret this to mean that the termination 
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Zr = Zcı is a matched one, suppressing any reflections from the far 
end qg= N. To demonstrate this, let N © in (16) and (17). 
Assuming that Re T > 0 [we just need to select as +T that solution 
(10) for which this is true], we can drop the second terms in the numer- 
ators and denominators because of the negative exponentials and arrive 
at once at (18). For this reason, as well as the fact that from (18) 


Zcı — for PII= 0 


we call Zcı the iterative characteristic impedance for transmission 
towards the far end, or to the right if we refer to Fig. 3.1 as drawn. 
Unfortunately, though (18) looks simple, its inverse transform is not 
easily obtainable and we shall defer it to section 3.7. 

The exponent T appears in (18) as a measure of voltage or current 
change in parametric form as we progress from one section to the next. 
Indeed, the ratios 


V.(p) = I,(P) Rn: 
V.-ı(p) N) 
can be taken as a definition of T in the sense 


ee Le 
V; I, 


(19) 


I im 


For a single frequency under steady-state conditions, for which we can 
set p = jw, T represents a measure of the transmission; it is designated 
as the propagation constant, its real value being the altenuation constant 
and its imaginary part being the phase constant 


T(jo) = ao) + Bw) (19a) 


If we take the frequency as an independent variable, as we shall do in 
general, then T is more appropriately called the propagation function 
(of frequency), and correspondingly « is the atienuation function and ß 
the phase function. Obviously, (19) could be also considered as a 
characteristic transfer function for the symmetrical fourpole line, form- 
ing thus a firm link between the lumped-network concept and the 
propagation aspects of an infinitely extended line. 

Since we have unsymmetrical fourpoles in this general case, we can 
turn all of them around, which means interchanging @ and D as dis- 
cussed at the beginning of section 2.2. This interchange does not 
affect T at allin (9), but it does interchange Zoı and Zcea in (14). If 
we transfer this interchange into ps and pr in (15) we see that pr = 0 
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for Zr = Zcos, or that now Zca has taken over the role of Zcı above. 
Therefore we also call Zca the iterative characteristic impedance but for 
transmission towards the sending end or to the left if we leave the four- 
poles in Fig. 3.1 untouched and interchange instead the two termina- 
tions including the source. 

Of considerable practical interest is, fortunately, the symmetrical 
fourpole line for which @ = D. We have from (9) 


COShaIE 0 =) (20) 
and from (14) 


® 
Zcı > Ze? = Zc == N (21) 


a single characteristic impedance of the fourpole line. No further 
simplification can be made, however, unless we again terminate at the 
far end into the characteristice impedance Zr = Zc, in which case we 
again have (18), the transform solution for the infinite line, or for the 
finite, perfeetly matched line. If we also match at the sending end, 
1.e., make Zs = Zo, then 


i 
Vet, Ile) = 2 


vie 


V,(p) = 


the simplest forms obtainable with ps = pr =. 

Starting with a fourpole line composed of like but unsymmetrical 
fourpoles, we can make it symmetrical by turning every second four- 
pole around, so that each pair constitutes an over-all new symmetrical 
fourpole. We can express the new pair-parameters (@', ®&', €’, ©’) in 
terms of the original parameters (@, ®, €, D) by (2.33) and find atonce 


cosh T’ = 2a — 1, Ze =A|-= 


This supposes that we have an even number N of fourpoles to begin 
with. Ifthenumber N is odd, complications set in for which we might 
consult Guillemin,A® Vol. II, pp. 167-173. 

We shall restriet ourselves from here on to symmetrical fourpoles 
only. In addition to perfect matching, other important types of 
terminations for the study of transient behavior are open-cireuit and 
short-eireuit. For open circuit at the far end we must assume Zr = & 
which makes pr = +1 in (15), characterizing it as a voltage reflection 
coeflicient. This permits contraction of the exponentials in the 
numerators of (16) and (17) into hyperbolie functions. If we also 
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replace the exponentials in the denominator, we obtain 


ER cosh (N — qJT 
Vx(p) = Vikp) cosh NT + (Zs/Zc) sinh NT 
V;.(p) sinh (N — QT A 


T,(P) 


Ze cosh NT + (Zs/Ze) sinh NT 


We observe here that special cases arise with various choices of Zs; the 
simplest form is when Zs = 0 which we shall often find convenient. 

For short circuit at the far end we must assume Zr = 0 which makes 
pr = —lin (15). This again permits contraction of the numerators 
into hyperbolie functions, leading now to the forms 


> sinh (N — gJT 
NR) ZEN a en 3. 
V.(p) cosh (N — qJT = 


I,(p) 


Zc (Zs/Zc) ecosh NT + sinh NT 


The results in (22) and (23) appear amenable to the use of expansion 
theorems if we can assure proper expansion into partial fractions. 
Physically, we need only to remember that we are still dealing with 
finite lumped-parameter networks to gain confidencee. Mathemati- 
cally, the trigonometric and hyperbolic functions belong to the group 
of meromorphic functions* with only distinet (first-order) zeros and 
poles in the finite complex plane, admitting of infinite product repre- 
sentations; thus 


san oe) 
-OT-L-@1 

BET HC 1 IC 

IC jEmT ne 


We can employ these root factors for expansions into linear partial 
fractions, even though their number may be infinite, in accordance 


sin p 


*]. Bieberbach, Lehrbuch der Funktionentheorie, chapter XIII, G. B. Teubner, 
Leipzig, 1934; reprinted by Chelsea Publishing Company, New York, 1945. 
K. Knopp, Theory of Functions, Dover Publications, New York, 1945. 
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with the Mittag-Leffler theorem demonstrated in function theory, and 
apply the conventional form of the expansion theorem to obtain the 
inverse Laplace transform; see Churchill,P® pp. 44-51, and Doetsch, 5 
pp. 139-143. The only requirement is that no poles of the function 
of p, which is a Laplace transform and of which we need to find the 
inverse Laplace transform, occur to the right of the path of integration 
defining the inverse Laplace transform (section 1.4). The proof 
of the validity of the expansion theorem rests primarily upon the fact 
that the poles to the left of the path of integration are distinct and 
remain equidistant along a radius from the origin even as we approach 
infinity, so that they are “countable’” up to any large number desired; 
This assures convergence of the inverse Laplace integral for any 
finitely large semicirele celosing the path over the left half-plane as in 
Kier1a1: 


3.3 The Finite R-C Line 


We consider as the individual fourpole a symmetrical T-section 
shown in Fig. 3.2a. In the terminology of the general T-section, Fig. 
2.4a, we have 


BE J e 2 4 E 
e Gl 
ö pc 14 2 


As a symmetrical fourpole line, the propagation function T is computed 
by (20) as 


RpC 
cohT=1+4 = 14+pT (26) 


if we introduce the time constant of the half-section T =4RC. The 
characteristic impedance becomes with (21) and (25) 


R RCp 1 sinh T 
ER LA BED WERT nn ee: 
c DC 26 a 5 (27) 


The complete Laplace transform solution for the short-circuited line 
with Zs = R’ and with the current source indicated in Fig. 3.25, 
becomes then 
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sinn (N —- QT 
7 = =; 
ip) (R’pC)/(inh DT) coch NIE Anh NT h 
2 
cosh (N — JT =) 


I (2) 


RT, 
(P) Rreosh NT + (sinh T)/(p0) sinh NT 


It is obviously advantageous to presume an ideal eurrent source so that 
we can let ?’— ». To apply this to (28), we first divide numerator 


BIS RISSE: MR/2 R R R R/2 


C 
q=N-1 j 
Sending Receiving 
end (6) end 
Fig. 3.2. Short-cireuited R-C line: (a) individual fourpole, (b) line with eurrent 


SOUTCEe. 


and denominator by R’ and then put R’ = », which leads to the more 
manageable forms 
sinh T sinh (N — JT 
V = I; 
«P) (D) pC cosh NT 
cosh (N — JT 
cosh NT 


(29) 


I,(p) = Ii(p) 


Let us first find the current response of the line to an applied step 
eurrent /„! with the Laplace transform 


In 
ID) exXl,tie —= 
p 


The line current transform is then 


cosh NT cosh gT — sinh NT sinh qT 
p cosh NT 


I,(p) = Im (30) 
As outlined in section 3.2, we can employ the conventional expansion 
theorem or the sum of residues, if we prefer this term. The root values 
of the denominator are p = 0, and from the second factor if we recall 
(24), 


NT) I Le 
cos =(, a 


vl], 2,8. 
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or 


= ne = 1.229 2.222 N 2.81) 


Though cosh NT has an infinity of zeros, p, can take only N different 
values which make cosh NT zero; the integer values v > N reproduce 
the same values of p, over and over again. For example, v= N 
gives cos [r — (rT/2N)],v = N + 1givescos [r + (r/2N)] = cos [r — 
(m/2N)], ete. Indeed, we should feel quite gratified because the entire 
line as a network has N meshes (since R’— ») and as single energy 
system should therefore exhibit exactly N transient modes! 

We obtain the time solution by means of the expansion theorem for 
the indicial admittance from (57) or Table 1.4, line 12. At p = 0 we 
have the simple residue /„. For the roots p, we need the derivative 
of the denominator function 


d T 
— cosh NT =N sinh nr 
dp dp 


and we obtain the last derivative from (26), differentiating both sides 
with respect to their variables, 


sinh Tat = Tap, a 2 
dp sinhT 
If we now form from (30) 
Num (p) _ eosh NT cosh gT — sinh NT sinh qT . Er 
p(d/dp)(cosh NT) pNT sinh NT = 


and introduce the root values p,, we see that the first part of the 
numerator vanishes because cosh NT, = 0, and sinh NT cancels in the 
second part. Thus, we have as the final solution 


KERN e —_ 2) a & — *) 
Erna u 
. ) | NR N 2 
OR ea To re ee il n (32) 
v|ı — cos (* — =)] 
2 Na 


The first term represents the steady-state current which must be the 
same as the impressed current value. The transient part is composed 
of N exponential modes, each with a different finite time constant 


JR 
) Be DEN 


' 2 Ge 
2 


T, = 
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the last one, v= N, being the shortest one, namely T = RC'/2. 
We can verify that at £ = 0* the entering current in the first sec- 
tiong = Oisiog = /„ because the sum vanishes on account of the factor 
sin {[(2v — 1)/N]g(r/2)}. However, the leaving current which is also 
the entering current in section qg = 1 is zero, because the terms in 
the sum have the form 


SIR 
N(1 — cos X,) 


The cosine terms are symmetrically arranged about m/2 and so cancel 
pairwise, leaving as a total value for the sum just unity, so that 
iı =. 

For {> 0, io(t) = /„ remains true, whereas all the other section 
currents ?,(t) build up exponentially with N time constants. The 
expression becomes simplest for g = N, when sin [(2» — 1)r/2] = 
(-1)’"!, and 


il 
— A + cos X,) 


sinX _2sin (X/2) cos (X/2) 
Wroo 2 in (X /2) 


so that 


N 
1 } Aa NE “| 
= Im 1+4 ID cot ( >N ") sin ( N 2). 
1 


v= 


For the voltage transform of the short-cireuited line we have from 
(29), if we introduce again /;(p) = Im/Pp 
sinh T sinh (N — JT 
ppC cosh NT 


V,(pP) = Im (33) 
The denominator appears to have a double root at p = 0; the numer- 
ator might at first glance appear irrational, because we have from (26) 


sinn Pr = VpT V2+pT = [cosh? T — 1]% (34) 


However, even though sinh T by itself as an irrational function would 
have to be treated with due respect for its branch points, it is joined 
in the numerator of (33) by sinh (N — q)l and this product is a 
rational function of p exactly as cosh NT is because of (26). This 
must be so because we are dealing with a finite lumped-parameter 
network! Specifically, it can be shown* that 


*See H. S. Carslaw, Plane Trigonometry, 3rd edition, Macmillan, London, 
1930, p. 119; Carslaw-Jaeger,P? p. 43. 
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3 
cosh NT = 2X71 (cosh T — cos a) (cos T — cos =) - 


2N 
N-1l 
(cosh T — cos wie) 
(35) 
2 
sinh NT = 2Y"! sinh T (cosh T — cos a) (coch T — cos =) a: 
(N >) 
hT — _— 
(co COS N 


which puts in evidence the roots (31) for the function cosh NT and 
clearly separates a factor sinh T from sinh NT, or, of course, similarly 
from sinh (N — Q)T, so that the numerator in (33) has effectively a 
factor sinh? T which is definitely a rational function in p from (34) 
and has a zero of first order at p = 0. Thus (33) has exactly the same 
total set of root values as the current transform (30) and can be treated 
in the same manner. 
For the steady-state value we need to find 


sinh T sinh (N — JT 
pC cosh NT 


lim pV,(p) = I„ lim 
?>0 20 


Application of L’Hopital’s rule does not succeed, because of the product 
form in numerator and denominator which reproduces the form 0/0. 
Because p = 0 coincides with T = 0, we can expand the hyperbolie 
functions near the origin into their Taylor series, 


sınh FT, sinh (N-QTZ(N - gJ, cosh NT=Z1 
and with (26), 
2 


2 
de hT-1l)=<=— 
p 7, (08 ) R9 


and thus obtain the steady-state solution 
(da) = ImR(N — q) (36) 


This is indeed the expected result, showing the linear voltage decrease 
along the fourpole line, the voltage becoming zero forqg =N. 

The complete solution is obtained in the same manner as that for 
the current and can be contracted into 


ven 


N 

Be 2 & ER 

[ren - 0-24), 0 (5) 00 22) | 
v=1 
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If we had chosen R’ = R/2 as the input shunt resistance, then the 
voltage transform in (29) would retain in the denominator as first 
factor 

RpC coshT — 1 sinh (T/2) 


2sinhT sinhT  cosh (T/2) 
where we have used (26) to replace RpC/2. Thus 


cosh (T/2) sinh (N — QJT 


ET Er 


V.p) = Ip) 


Taking again for the applied eurrent the step function /„I with trans- 
form /;(p) = I„/p, we find for the steady-state voltage distribution 


R I 
DE N-gq 
s = _— — en 
(04) Nr N-g9=R 3Nıı (38) 


where the first form expresses the physical fact that (R/2)I„ is the 
equivalent applied step voltage if we convert to a voltage source. 
It is interesting to compare this result with (36), where R’ was assumed 
infinitely large. The complete solution follows by the same method 
used above. 

The RC ladder network was used rather early to simulate the 
electrical response characteristics of a long cable in which the induct- 
ance and leakance were disregarded; it is therefore frequently referred 
to as artificial cable.* Im most treatments, a step voltage is applied 
at the input terminals. Let us therefore consider the application of a 
step voltage from an ideal source, so that R’ = 0. From (29) we 
now obtain, replacing R’I;(p) by V;(p) = V„/p as the voltage source 
transform 


sinh (N — JJT 
p sinh NT 
cosh (N — JT 
sinh T sinh NT 


V.,p) =V 
(39) 
I,(p) = CV 


We observe the difference in the denominators here and in (29) lead- 
ing to a different set of root values. As demonstrated for (33), the 
product of the two sinh functions in the denominator makes the cur- 
rent transform a rational function in p, and, in fact, with (35) and 
(34) the root values are - 


* A. E. Kennelly, Artificial Electric Lines, McGraw-Hill, New York, 1917. 
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»=1to(N 1) (0) 


The first two roots come from sinh? T = 0. We have here actually 
N +1 root values because there are N + 1 meshes, the root 
from the applied voltage having cancelled out. In applying the 
expansion theorem we can evaluate the total response as if the first 
two roots in (40) were part of the series v because they can be identified 
with » = 0 and v = N, respectively. We are therefore using here 
the expansion theorem in the form (1.55), so that we need not split 
off the root p = 0 


N 
E cosh (N — gqJT ) 
ia) = CV m 2 em: (sinh T sinh NT) . ee 


v=0 


The denominator becomes 
. ö AT 
(cosh T sinh NT + N sinh T cosh NT) ER 
p 


and from (26) again 


dd CR 
dp 2sinhrT 
With the root values from (40) we then find 
re s N-1 x 
N) = el sen N 2 ) = 
Ta(t) en 1)?e +2 REICH e 
v=1 


where the time constants follow from (40) 


a k 
1 - cos (vm/N) 


A a ee 
We can check that for { = 0* the initial eurrent distribution satisfies 
the physical conditions. We have in general 


N-1 
. Va vq 
De ED) 
i,(07) NR + ( 1742) co(& 
v=1 
For q = O the summation leads to2(N — 1), so that io(0*) = (2V,„)/R 


as it should, since the first shunt condenser represents at the first 
instant a short circuit. For q = 1, the arguments of the cosine terms 
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are symmetrical about m/2 and cancel exactly in pairs even if N is 
even, because then the center value v = N/2 gives zero value; thus 
the eurrent <1(0*) = O0 and this holds, of course, for all others, so that 
i,(0*) = 0, q = Il; 

The selection of voltage and current sources and of terminations 
could be further varied, but the method of solution will remain essen- 
tially the same, primarily the use of the expansion theorems. Thus, 
the open-circuited fourpole line with step voltage applied is treated in 
Jaeger,P!! p. 61. 


3.4 The Indicial Admittance of Finite Ladder Wave Filters 


The cascade connection of either symmetrical T-sections as in Fig. 
2.4e with Zı = Z3 = Z/2 or of symmetrical II-sections as in Fig. 2.4d 
with Yı = Ya = Y/2 results in a uniform ladder structure as shown 
in Fig. 3.3a. From (2.25) and (2.23), respectively, we can take the 
general parameters with these special values of series and shunt arms, 
so that 


T-Section II-Seetion 
(a 1+3YZ 1+3YZ 
BE Z(L++YZ) Z (41) 
OE— Ya Y(1+3zYZ) 
ud (&fırtn)” Hte 
c 5 Y 1+ 1 Z Yv 1+ n 327 
cosoıhT’=4= 1+3YZ 1+3YZ (42) 
IE 1 N l_/ 
sinh > = v2 3 127, 


This tabulation shows the same propagation constant for the two 
individual fourpole sections but different characteristice impedances. 
The former is quite natural because the structure of Fig. 3.3a can be 
interpreted as made up of either kind of sections. The latter is indica- 
tive of the difference in entrance and exit sections; this difference is 
perhaps most obvious if we look at Figs. 3.3b and c, where the appropri- 
ate source function is directly applied at the terminals of the entrance 
section qg = 0. The two cases are called mid-series and mid-shunt 
terminations, respectively, and more frequently than not one chooses 
the indicated kind of source function because it lends itself partieu- 
larly well to incorporation into the network. 

Let us first choose a low-pass filter with Z = pL, Y = p(, composed 
of N complete T-sections and short-circuited at the far end. At the 
sending end we assume the termination of Fig. 3.3b, namely a step 


120 Passive Fourpole Lines (Wave Filters) [Ch. 3 


voltage V„/ applied at the mid-series of the section g = 0. We obtain 
the propagation constant from (42) 


1 2 
coshT=1+-=-p’LC =1+ (2) (43) 
2 7) 
where 05 = V 2/(LC) is the undamped natural angular frequency of a 
series eireuit of L/2 and C, i.e., one half T-section. We can then 


identify 
p\? p\? 
sinh?T = cosh’T—1= (2) : 4 (2) | (44) 
Do 2% 
Z Z Z Z 
Y 
(a) 
| 272 zZ it) zZ Z 
| 
| | 
v;(t) | y | % 
| 


(d) (c) 


Fig. 3.3. The finite wave filter: (a) section of general symmetrical ladder network, 
(b) mid-series termination, (c) mid-shunt termination. 


and have for the characteristie impedance, similar to (27) 


_ Sy 
20 a|lı+1(® ar (45) 


Referring back to (23), we set Zs = 0 and with (45) obtain for the 
current transform 
cosh (N — QJT 


I = RE R 
«(P) > sinh T sinh NT 


(46) 


which is exactly the same expression as (39) for the artificial cable. 
We can therefore take the same root values in terms of T, but the 
translation into corresponding root values of pis quite different. From 
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(35) we see that we can separate a factor sinh T' from sinh NT, so that 
sinh? T = 0 delivers the roots indicated by (44), 


p = 0 (double root), v= tj% v2 (47) 


The other factors in (35) give the series of root values with (43) 


% 
cosh T, = cos e v, = 37% (i — cos =) 


»=1,2---(N-1) (470) 


It is obvious from (47) and (47a) that the transient response will con- 
sist of sustained oscillations with angular frequencies lying between 
zero and % vV 2 = Q. so that we confirm the nature of a low-pass 
filter with cutoff angular frequency 2.. 

We might now stop to compare these results with those obtained in 
section 2.3, particularly from (2.53) applied to several T-sections in 
cascade. In this comparison we must observe that we defined the 
series branch in section 2.3 as 2L, whereas here we have defined it asZL. 
The meaning of 2, is therefore relatively the same in both cases even 
though it appears different by v2. If we now choose N = lin (46) 
we have the denominator sinh? T and the roots (47); but this is the 
same as for the single section in (2.53). If wetake N = 2, we get (47) 
as well as a root pairp = +j% = +7W/V2 from (470) since cos r/2 
= 0; but for two sections in (2.53) we find the same additional natural 
frequency! We can go on and verify that the brief table of natural 
frequencies given near the end of section 2.3 is nothing else than the 
explieit enumeration of the natural frequencies defined by (47) and 
(470). 

The further evaluation of the actual response as the inverse Laplace 
transform of (46) follows exactly the applications of the expansion 
theorem in the previous examples. Inasmuch as p = 0 is a pole of 
second order in (46), we need to calculate the residue there separately, 
e.g., by application of Cauchy’s relation as shown in (1.69). However, 
if we wanted to apply that relation, namely find 


E (e cosh (N — gJT )) 

— e 

dp \ sinh T sinh MT Pr \ 

we might be discouraged by the unwieldy differentiation, necessitating 
in addition application of L’Hopital’s rule. A much simpler approach 
is the direct demonstration of the residue as the coefhicient of the nega- 


tive power of first order in a Laurent expansion about the pole. We 
can proceed as in preparation for (36) and introduce the expansions 
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IN — 2 
coch (N ar rt; 
N)? 
1irFP me 
2 
T? 
sohn =r(i+ 4); 
T)? 
sioh vr = nr (1 + Es ) 


direetly into the integrand of the inverse Laplace transform of (46), 
which is 


1 [eH® & WET ) 
RR ee a Si; SD a un 
tot) = £77 1,0) 2rj iR CVm sinh T sinh NT 4 5 


The terms in the large parentheses give then the following expansions 
in numerator and denominator 
le ° (pt)? 


2 Se 6 
I+p = er rn 


NEIGEN | 
The relation between p and T near the origin p = 0 is again furnished 
by (44), where we can expand sinh? T as above and find as first-order 


approximation T? = p?/Qo,, so that the long-hand division of the 
above expansion gives the first terms of the Laurent series 


re Neo) EN 1 % 
= fr i+( )) SE Fe 


N dr 2 
From this series we read as residue the coefficient to p !, namely 
TE 
N NLC 
or as the contribution of the double to the current 
MU (48) 


wa 


We could have established this as the “steady-state” solution of the 
problem because the fourpole line responds to a constant voltage as a 
single series inductance of value (NL). 

All the other root values occur as conjugate imaginary pairs. We 
find their contributions by the direct application of the expansion 
theorem in the form (1.55) since we have already taken care of the pole 
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p =0. We therefore need 


GE dr 
R (sinh T sinh NT) = : (cosh T sinh NT + N sinh T cosh NT) 


(49) 
With (43) we get readily 
Snh Pape 2 dp 
2% 


so that we can obtain the derivative in (49). Since we may consider 


the simple root pair +70 V2 as part of the series in (47a), namely 
v = N, we can take for all these roots from (47) and (47a) 


m 


vr 
cosh T, = 608 — sınh T, = —7 sin — 
N j EN 


cosh NT, = (—1)”, sınh NT, = 0 


Expanding the numerator of (46) and introducing (49) for the denomi- 
nator, we find that the conjugate pairs of the roots lead to these 
conjugate pairs of coefficients from (46) 


19) 2 eP»t eP*rt 
Al, % cos (@ e) ( En 
2 N PD, p*, 


The total sum becomes then as the transient part of the current 


N 
er Vn vg \ sin Qt B 
oO) = NL D cos (*r) 9, (50) 


VT 
2, = Mil - En, 


The transient part is composed of exactly N sustained natural oscilla- 
tions with the specetrum of the angular frequencies defined by 0 < 
0, < 9., and becoming denser as N increases. 

Let us next consider a band-pass filter as shown in Fig. 3.4 with 


with 


me, 
Z=plh + 7 = PER 
prı pC} Bi ) 


il, ar 

Y= 2rCı + — = — +09 51) 
pvV2 pLa en ) ( 

ry- 2° 21098 
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where we have chosen 
9° =LCh) . er) 


At the sending end we assume now the termination of Fig. 3.3c, 
namely a step current /„/ applied at mid-shunt of sectiong =0. The 


Im! Ci L Cy !L Ci L, 
Er: . 7 80 e + 
C 2la Ca L2 C; 2L3 

2 2 
Se a NEE NE I BET, = open 
er a q=N-1 (open) 


Fig. 3.4. Finite band-pass filter open-eircuited at far end; L)Cı = Laly = IV. 


far end we take here as open-circuited, so that the general form of the 
voltage is from (22) with Zs — » for the ideal current source 


cosh (N — JT 
1% = 1,(p)Z : 
a(P) (PZe nn nn: (52) 
From (42) we obtain the propagation constant 
Yz LLC 
cohT=1+—=1+--—— (pP + mM)? (53) 
2 2 p 
We can identify by (42) also 
T 1 1% 
sınh 2 = + € (cosh T — ») = + ver (p? + 22) 


for later use in the root values. The characteristie impedance is again 
expressed advantageously by 
Z pP? +9 
inhn ı psinhT 


Thus, the voltage transform (52) takes the form 


p°+ 0° cosh (N — gJT 
p’° sinhT sinh NT 


V.(P) == Tr 


very similar to the current transform (46) for the low-pass filter. We 
can therefore proceed as in (44), 
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an LıC3 


sinh?’T = coh’T -— 1= 


at mt(24 0409?) 


Clearly, if we use this in Bub the factor (p? + @°)/p? cancels and we 


have left (p® + 0°) and the bracketed factor which give the root 
values, respectively, 


DZ +38, 


#31 =0 (54) 


OLSSE() 


+ + 
Tore D it, CT 


The remainder of sinh NT gives from (35) the same result as (47a), 
only that we must now use cosh T from (53), or better, the simpler 
expression for sinh (T/2) which also relates cosh T and p; thus 


; ır% 1 1% 
cosh T, = cos = sinh = Se I (cos En ı)| 


VL 
nn) 
= PD, 
ee | ee 
j 2N 2N 9, 
‚+ iAROHH = 23 [ 9 > 
p 1 7E.0, J eb lo (55) 


This indicates four different root values of p for every root T,, or two 
pairs of conjugate imaginary roots that will result in a real physical 
solution, and the pairs of different values have as a geometric mean 
just 0°, which is a characteristie of the band-pass filter as we will see 
in section 3.5, namely 


pp," = ER ee 0% 


The actual solution, since there is no steady-state root left, is found 
by the use of the expansion theorem in the form (1.55), quite similar 
to the transient part :’”’ in (50) of the last example. We have here 
from (53) 

2 2 m? 2 
: N +2 
sinh TdT = LıC (p = d 


and for any one conjugate pair of root values we can contract their 
contribution into the real form 
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which holds for the Q,’ as well as ®,’’ values with» = 1,2: (N — 
1). Asa spectrum of natural frequencies, all of these Q, are grouped 
around Q as the geometric mean. In addition, we have the conjugate 
root pairs (54). The second group of root values can easily be taken 
into account by allowing v = N in (55) for which the sin „/2 =1; 
again the two different values will have Q as their geometric mean. 
The first conjugate pair gives the simple contribution 


In vr \ sin D 

—— 608 | — 

Mor N Io 
We observe that the spectrum of natural frequencies is sharply limited, 
with the values 0.’ and 0.’ from (54) as the two extremes or cutoff 


frequencies, and with all frequencies so located about Q that in pairs 
they have Q as the geometric mean. 


3.5 Propagation Characteristics of Ladder Wave Filters 


If we apply a sinusoidal source function to wave filters of any kind, 
the transient modes of response remain the same as computed in the 
previous section and only the amplitudes will be different. On the 
other hand, the steady-state solution will contribute a new aspect 
which, indeed, underlies the designation “wave filter’ and has made 
these fourpole lines of such outstanding practical importance. 

Let us first illustrate the point with the example of the short- 
circuited low-pass filter from the previous section. If we assume zero 
phase angle, the applied voltage is, in complex notation, V„e’“', where 
V„ is the real amplitude. The Laplace transform of the entering cur- 
rent in the g’th section is thus from (46), also in complex notation 


pcosh (N — QrT 
(p — jo) sinh T sinh NT 


I,(p) = (CVn 


where we replaced V„/p by Vm/(p — jo). The transient part of the 
response is readily found to be of the same form as (50) with adjust- 
ment in the amplitude factor, namely 


N 
a 2 vn w { 
ig (= NL > cos (7 ı) De sın Q,t (56) 
1 


We see that the amplitudes of response would appear to become 
infinite if & = Q, for every “resonant frequency,” i.e., applied fre- 
quency coinciding with one of the natural frequencies. In such a case, 
however, a pole of second order would exist and (56) could not be used. 
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The exact solution would lead to a time function £ sin Q,t, tending to 
infinity, as found in double-energy circuits. 

The steady-state response, assuming now no coincidence of applied 
and natural frequencies, is obtained in complex notation as 


2 p cosh (N — ee) 
NOSCNn et ge 
RD sinh T sinh NT /p=5o ; 2 
From (44) we see if we replace p = jw 
2 
w w 
inhtr=j—4al2 - (&) 
sın FR 2, (58) 


This defines T as imaginary for O <o< % V 2 and as real beyond 
2% v2. Designated as the propagation function in (19) and written 


= 23B 


we call @ the attenuation function and ß the phase function since both 
are functions of frequency. Now 


sinh («@ + jß) = sinh @ cos ß + j cosh «a sin ß 


and since (58) requires this to be a pure imaginary, it can only mean 


2 
FR) ang & 2 (®) De3-0%93 
7) 0 

and we will call © v2 NEIN VLC the cutoff frequency of this 
filter. Within the pass range of frequencies there is no attenuation 
and only phase shift occurs as far as the transmission of a sinusoidal 
wave in one direction is concerned. Obviously, at = 9, the phase 
shift is r/2, and as » increases further the phase shift approaches r 
ato = v2 = 0.. On the other hand, for » > 9. we write 


2 

. w [09] 

sinn = -— (@) EVD 
7) 20 

so that we must now assume (a must remain positive in any linear 

passive system) 


2 

sinn a = — (2) — 2; c08.8= 1, =r7 52.042 
2o 2o 

We should emphasize very strongly that 0 Var 2. is exactly the 

highest natural frequency for the transient response, and it is also the 
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cutoff frequency of the speetrum of unattenuated frequencies of the 
steady-state response! 

The steady-state and the transient characteristics are most inti- 
mately related: the range of possible location of natural frequencies 
is also the range of unattenuated transmission of steady-state fre- 
quencies. Any periodic signal that has frequency components of its 
Fourier analysis outside the pass band of the filter will consequently 
suffer steady-state “amplitude distortion’” inasmuch as the amplitudes 
of these harmonics will be attenuated as compared with those within 
the pass band. Since the phase function 8 varies with frequency, we 
see that all harmonie components will suffer “phase distortion,” 
unequal phase-angle changes as they pass through the network. To 
retain correct phase relationships, the phase-angle change should be 
proportional to the frequency of the harmonics. We see that sin ß 
will be linear with » over a smaller range than the cutoff frequency 
0. so that only the lowest harmonics would be transmitted almost 
without phase distortion. Although these conclusions are based only 
upon T and are therefore essentially restricted to infinite lines for which 
T is the most characteristic network function, similar arguments hold 
for the over-all transmission impedance or admittance, whatever the 
case may be. A more detailed discussion of this topie will be given in 
chapter 4. 

Now the complete steady-state solution for the two ranges of applied 
frequencies can be found from (57) by introducing the specific values 
of T as determined. Thus, we have, after rationalization 


A Zee Ne) 
'M)=I = an 
da (E) mi,(t) = „CV ans cos wi 


w wN\“ ß w 
si a, nr 
ın ß 2. a sin, ” 


where 0. = 2/ V LC = 9% v2. For the attenuation range we obtain 


<< WM 


“ cosh (N — g)« 
t —— ee] 
m) elle sinh’o ainh Na 


a >> 
2 ac 1, cosh = = — 
2 0% 


The discussion of (58) indicates how we can take any arbitrary 
ladder network and study the propagation characteristics under 
steady-state conditions. This has been done extensively and prac- 


y 


sinh & 
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tically all textbooks on communication networks* include chapters 
on the steady-state theory of wave filters. t 

In many of these treatises, the so-called image parameters are used 
rather than the iterative quantities which are more naturally intro- 
duced in the discussion of transient analysis. The image impedances 
Zrı and Zra at the input and output terminals, respectively, are defined 
as the terminations which result in the same network impedance look- 
ing either way at each terminal pair. At theinput we have from (2.11) 


Vı — Q@V> + ßI; 
I, =cV; + DJ; 


and, because of the terminations 


In addition, reversal of the fourpole gives by (2.20) 
Va = DVı + @/ı 
I; =cVı + @Iı 


Forming the ratios we have two equations which easily lead to the 


solutions 
BA\? 
Zı =\—) = (ZsıZ01)? 
55 (>) (251201) 


RD\; 
Z - (®) = (Z33209)* 
1692 Qe ( 82 02) 


(59) 


The last forms are obvious from (2.17) and (2.18). For the sym- 
metrical fourpole @ = D and we find 


B\? 
Zı = Zn = Ze = (®) 


* See particularly Guillemin,4® Vol. II; H. Pender and K. McIlwain, Electrical 
Engineers’ Handbook, Electric Communication and Electronics, 4th edition, pp. 6.33 
to 6.62 by A. J. Grossman, Wiley, New York, 1950; and the early book by 
T. E. Shea.417 

7 The original contributions came from G. A. Campbell, “Physical Theory of the 
Electrie Wave Filter,” Bell System Tech. J., 1, 1-32 (Nov. 1922); O. J. Zobel, 
“Theory and Design of Uniform and Composite Wave Filters,’ Ibid., 2, 1-46 (1923); 
also, “Extensions to the Theory and Design of Electric Wave Filters,” Ibid., 10, 
284-341 (1931); H. W. Bode, “A General Theory of Electric Wave Filters,’ 
J. Math. and Phys., 13, 275-364 (1934). 
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which is the characteristic impedance defined in (21). We can also 
show that Zrı in (59) is the characteristic impedance of the fourpole 
and its inverse in cascade. The combination parameters @'&’e’D’ 
are given in (2.33) and we have 


8 _ 8 
e D 
Similarly, the image impedance Z7z in (59) is the characteristic imped- 
ance of the inverse fourpole in cascade with the original, since we only 
need to interchange @ and D. 
The image transfer constant 6 is defined by 
IEWAR 
n 
IBIAE 


a, Bar er 

tanh 0 = (2a -(*) = (— 6 
En Zoı Zo2 aD Se 
It is unaffected by reversal of the fourpole. For the symmetrical 
fourpole @ = D so that from (2.19) 


20=| 


or also by 


AD - BC = A?— Re=1 
We thus find from (20) 


1 a Far 
tanh T = Va’ —1=tanh 0 


or identity of the image transfer constant # and the propagation func- 
tion T. Again, if we take the cascade combination of the fourpole 
with its inverse, which results in a symmetrical structure, we have 


COSpaE IQ PAD 


(ee): 
AD 
where the half value comes from the fact that we now have two four- 
poles combined into one unit. Obviously, for steady-state design 
computations we will take in all of the above forms p = jo in order 
to obtain the direct frequency dependence. 

Of the simple basic filter types, the constant-k filters have gained 


particular importance. By definition, the two characteristic elements 
Y and Z of the ladder network in Fig. 3.3a must satisfy the requirement 


Z/Y=Rs Re (real) > 0 (61) 


and we find 


ID 
tanh < 
anh , 
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where Rs is a positive real constant with the significance of a resistance 
and in many applications called the surge resistance. Obviously, any 
ladder network in which Z and Y have the same dependence on p 
(or on » in steady state) can be considered a constant-k network. 
The above low-pass filter was a classical example and the band-pass 
filter of Fig. 3.4 satisfies condition (61) if we make the same stipulation 
as in (57), namely that series and shunt arms have the same natural 
frequency. From (42) we see that with (61) satisfied, we can write 


T\ #% Net 
Ze = Rs (1 + sinh? ;) = Rs (cosh >) 


where the upper sign holds for the T-, and the lower sign for the 
II-sections. Since the propagation function is defined by 


RT: l vyZ 1 
EV WR we 
sinh > 5 5 RsY 


we can characterize the constant-k filter by either series or shunt arm 
alone, whichever is more convenient. 

Let us take as an example the band-pass filter with the parameters 
given in (5l). The propagation characteristics are then defined by 


To be purely imaginary, we must assume for T = « + jß 
BeVnE 
ai=.0, sin = w - 09) with (—1) < sind < (+1) 
[03] 


i.e., we define here a finite range of frequencies for which unattenuated 
transmission is possible. If we define the two limiting frequencies as 
9.’ and Q.’”, we find, respectively 


1 


1 
u, = HF a \ 2° + (62) 
VI LıCz 


but comparison with (54) shows at once that these sieady-state upper 
and lower cutoff frequencies are identical with the extreme natural 
frequenceies of the network! The width of the pass band is therefore 


2 2 R 
—=- [is 
VmGC: Lı 
if we select 2.’ > 9.” > 0 from (62). 


07 Zr, Ds = 
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At the band edges sin 8/2 = +1, so that cos 8/2 = 0; if we retain 
this condition, i.e., 8 = + outside the band, then we can admit 
a« #0 and write 


T & 
T=aty, sinh T = 5 cosh Ssin (+ r) 


2 
so that 
L : 
cosh = = — 103 (w — 99), ß = tr with coh=>1 
2 2w 2 
Actual plots of these relations can be found, e.g., in Guillemin,#3 Vol. 
11792323: 


We have dealt so far only with lossless networks, yet any practical 
network must have some dissipation because it is constructed of phys- 
ical elements. Both the characteristic impedance Z. as well as the 
propagation function T are analytie functions of p except for certain 
isolated singularities once we have restricted p to a one-valued domain. 
If we start with the lossless network function, say M(jo) where M 
can signify any of the network characteristics, then in the neighborhood 
of any regular frequency » (not too close to any of the natural fre- 
quencies Q,), we can employ a Taylor series expansion similar to that 
used in Vol. I, section 5.10. Let us write for this purpose p = 6 + jw 
and define M(p) as the analytie function, separating the real and 
imaginary part 

M(p) = A(d,0) + JB(8,o) 


Here we must be able to relate A and B by the Cauchy-Riemann 
equations for any regular point in the p-plane, so that 


0A o9B 9A oB 


De De, 


The Taylor expansion near the imaginary axis will then become 


| | aM 8A, ‚aB 
M( -M 5 + = AH a 
(8 +50) = Mio) +5 55 + Ati +2 +3 2) 


E= . 


oB 
(ars +. )+7l8-5%4 4...) 
I Iw 


We can thus identify the adjustments in real and imaginary parts of 
the network characteristics as requiring only the knowledge of the 
lossless characteristic and of ö which is a measure of the losses. In 
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first-order approximation we can take ö as the average of all damping 
coefficients of coils and condensers for oscillatory eircuits 


a a N 
1), le +mer) (a4) =% 


o 


where the second form expresses the damping in terms of the average 
Q’s of coils and condensers and the last form uses the equivalent 
fietitious @ for the total dissipation. We have finally 


wdB 
Agiss(») = Alo) + ode 


(63) 
w 

Bäis(0) = B(o) — — — 

ale) = Bla) - 5, 

A(w) and B(w) are the real and imaginary parts, respectively, of the 
lossless network characteristic; we have used ordinary derivatives 
because A and B are functions only of . Therelations (63) are called 
Mayer’s theorem* and are convenient for slightly damped systems. 


3.6 The Lattice Network 


In section 2.2 we discussed the basic types of fourpoles and found 
for the general parameters of the symmetrical lattice the following 
expressions 


en 
ar 
2QP 
ae (64) 
Re 2 
u; 


From (20) and (21) we can then define as the characteristic fourpole 
line parameters 


Ga 
® nn 
Zu - Vor 


*H. F. Mayer, “Attenuation of Wave Filters in the Pass Band’ [German], 
Elek. Nachr. Tech., 10, 335-338 (1925). See also Guillemin,4® pp. 445-448; 
Bode,®? pp. 219-220. 
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where P are the series impedance arms and Q the cross lattice imped- 
ance arms as also indicated in Fig. 3.5 where the voltage source 18 


I, c Er C m 


q=0 ga 


Fig. 3.5. Symmetrical lattice structure, open-ecircuited at far end; LC = 9°. 


directly applied to the input terminals of section qg = 0. Let us 
choose, as in the figure, P = 1/(pC) and @ = pL; then we find 


2 
2 
: 


2% = ne (65) 


cosh T = 


and very simply 


L 
a 


a constant value which we can again identify as surge resistance Rs 
asın (61). 

For the open-circuited line we obtain directly from (22) with Z3 = 0 
and with V;(p) = (V„/p) for the Laplace transform of the step 
voltage 
cosh (N — QT 

p cosh NT 


Vo = V/m (66) 
To obtain the inverse Laplace transform we can again apply the con- 
ventional expansion theorem in any of its forms, perhaps most con- 
veniently (1.57), because of the step voltage. The root values of the 
denominator can be given from (35) 


Zr —alr 
AV % 


cosh T, = cos vl, De N 


and this may be introduced directly into (65) to obtain the roots in 
terms of p, namely 
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Da 0 | mer = +58, (67) 
v—|1 


The cosine values in the square root are symmetrically distributed 
about m/2 so that substitution of vby (N +1 — ») just changes the 
sign of the cosine and thus the root value into its reciprocal. We 
therefore have 


Dre 


or a behavior reminding of the pass-band ladder network except that 
here the band is very wide, the network is essentially an all-pass net- 
work particularly useful as a corrective network for phase equalization. 
From (64) we observe that interchange of the elements in series and 
crossarms would not change this behavior. 

For the steady-state response we must use the root p = Q in (66). 
From (65) we take that 


(cosh T),_ = —1, To = m, sinh To = 0 
so that from line 12 in Table 1.4 
vo (d) = Vm 608 gu = Vn(-9° (67a) 


a seemingly strange result until we realize the chain of inductances 
presenting no voltage drop, extending crisscross like a lattice from 
sending end to receiving end and back. The transient response for 
each pair of conjugate imaginary roots (67) follows with (dT)/(dp) 
from (65) and 

dr N sinn NT 4(p/9)” 


d . 
NT Bet, 


as 


Vn[Ip/20)? - 1? . | ea 
hT sınh gT ev’ + ee" 
" = | (p/ 9%)” = s 


The amplitude is insensitive to the sign of p, because it contains only 
2,” = —%°. The total transient response becomes thus 


N 
a (/2)’+1°. (& =] ) R & et ) 
Ur s Au 
le m Cr Na anne) 
v=1 
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where we have used 
2v—|1 Frenke ee 
ee Ne a ae 


Further simplification can be had if we look back at (67) and 
introduce 


sinh T, = —jsin qm 


(2) tee »—1 
Da rcosn on 
This leads to 
N 
20% in [(2v — 1)/2N 
vW= al Ve 08 Q,t (68) 


N sin [(2v — 1)/2N] # 


We can check the initial values. For i = 0? we have simply the sum 
of the amplitudes. Now, at the input of the first section qg = 0 and 
therefore with the steady-state term from (67a) 


at a = 0, vo’(0*) = 0, vo(0*) = Ver 


The total voltage is the applied voltage as it should be. On the other 
hand, at the input of the first section qg = 1, and (68) gives 


N 
2V m 
atq=1, vı’(0N) = —* > 1 = 27V 
N 
v=1 
Since, however, the steady-state voltage is vo)’ = —V„, we again have 


as resultant voltage the applied voltage. At q = 2 we can write 
sin 24 = 2 sin u CoS u, cancel sin „, and have left 


so that the steady-state term maintains the applied voltage. Initially 
therefore, we find the applied voltage V„ all along the open-circuited 
lattice line. 

The current in this open-circuited lattice line must start from zero, 
since the condensers have no connection except through inductances. 
From (22) we can take for the current transform in the general sym- 
metrical fourpole line for an applied step voltage V „I 


V„ 1 sinoh (N - Tr 
p Ze coshNT 


I,(p) = 
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Since Ze = AD C in our case, the root values remain the same (67) 
as for the voltage transform. The only difference is in the numerator; 
because we now have sinh (N — g)T, the steady-state value becomes 
zero since sinh To = 0 as shown in connection with (67a). The evalu- 
ation of the transient follows the same pattern as it does with the 
voltage; we just have to observe that from (65) 


2(p/%) (2,/R0) 
(/90)” — 1 on 
Though we have used this for (68), the demonstration is necessary in 
order to assure the correct sign for the current terms because sinh T, 


changes sign simultaneously with the root. Thus, the time expo- 
nentials combine now with different signs 


(jet + jei%t) = 2 sin Qt 


sinh T = » sinhT,= #2j = +jsinu (69) 


and the total transient Re of the current is 


cos [(2v — 1)/2N]or . 
sin [(2v — 1)/2N]r 


%q n Qt 


v=1 


a solution which is quite similar to the voltage transient (68). 

If we apply a sinusoidal voltage, V„ sin ot, the transient modes 
remain identical with those obtained above, except that the ampli- 
tudes of the transients will change. The final expression is now 


Ya 9/00? +1? 
2N 4 (9 /%)” — (w/%)? 


u (> ) ; a )sin a, 
— sın v 
a sin 3N m 3N gr 


primarily given in order to demonstrate that the natural frequencies 
of the lattice line also are the “resonant frequencies’”’ if a sinusoidal 
voltage is applied. Again, if » = Q,, then we cannot use the expres- 
sion just given since a pole of second order will exist requiring modifi- 
cations in accordance with Table 1.1. 

We might, for the sake of completeness, also check the propagation 
characteristics under steady-state a-c conditions. We take from (69) 
for p = jo 


vl) = 


20/0) 


snhT = (/® +1 
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This case is similar to the band-pass ladder network we have treated 
in the previous section. To be purely imaginary, we must assume for 
T = «+58 that 

—2(w/®) 
(w/20)’ +1 


with the condition (—1) <sinß < (+1). This determines the range 
of frequencies transmitted without attenuation, and if we solve for the 
limiting frequencies we obtain . = +. Since, however, the maxi- 
mum value of the right-hand side of sin 8 is unity, and for w > we, 
sin ß again decreases, we must refer to 2, as a critical frequency at 
which 8 = r/2 but which does not constitute a cutofi frequency, veri- 
fying the nature of this lattice line as an all-pass network. 

Of course, with proper choices of the lattice elements we can repro- 
duce an unlimited variety of filter characteristics. The treatment of 
any specific arrangement follows the simple examples shown here. 
Much detailed discussion of the steady-state behavior is given in 
Guillemin,#3 Vol. II, at various places and in some of the other refer- 
ences listed in Appendix 3A. 


a=(, sin = 


3.7 The Infinite Wave Filter 


The concept of the infinitely long wave filter, though obviously not 
physically realizable, either by the requisite number of sections or in 
general by the required terminal impedance (which might be an irra- 
tional function of frequency), nevertheless has great attraction because 
in several instances one can arrive at rather simple solutions and 
because these solutions admit of practical conclusions of value even in 
the case of finite wave filters. We have observed and so stated that, 
e.g., a low-pass filter will add natural frequencies as the number of 
sections is increased, all of these frequencies lying within the region 
0 << 9. where 2. is the cutoff frequency (see section 3.5). If the 
number of sections increases to infinity one would expect that the 
natural frequencies would form a continuum for0 < wo < 9. and there- 
fore approach the ideal case of uniformly passing waves of frequencies 
0 <w < 2. without attenuation, and of uniformly rejecting all higher 
frequencies. 

This might best be illustrated by the steady-state response of a low- 
pass filter with the voltage applied mid-series as shown in Fig. 3.3b. 
From (18), we take with Z; = 0 the very simple general relations 


Vo) = Vie, Igp) = YeVi(p)e (70) 


where Y. is the reciprocal of the characteristic impedance and V;(p) 
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the Laplace transform of the applied voltage. For a-c complex nota- 
tion we have V;(p) = V/p — jo where V = V„e’’ is the complex 
amplitude (phasor); we find the steady-state response as the residue 
at p = jw, or explicitely 
Me one; U) = ViYoem), ec (1) 
The propagation function T(w) follows from (43) and (44) withp = jw 
2 2 
hr =1-(2) inht=j- -&) 
cos >) sin j 9, 2 2, (72) 
If we define as in connection with (19) 
T(o) = a(o) + 38(@) 


so that 
sinh T = sinh @ cos ß + j cosh « sin ß 


we must conclude from (72) that 


= 2 w w 2 
forr0O <wo< (e. 2 ER «=(, sinß N? 2, 


(73) 
2 2 
foro > W V2: sah a = = (®) — 2, ß=H 
9) 2 


or that all frequencies below 2. = % v3, the cutoff frequency, are 
transmitted without any attenuation, and that all frequencies above 
N. are attenuated with uniform phase shift 8 = r. 

To obtain the actual voltage expression, we observe that 


e al = e1elo) g&-iaß(e) 


Actually, if we define 


LOT.@r SL), 
9% 2 

I och forrwo > 9 
9. 2 


we can rewrite (73) in the simpler forms 
fr 0 <o<R: a=0, P= 2 sin! — 
(73a) 
for >,Ne: a = 2 cosh1 B=Hr 


[4 
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and thus get 
V„sin ( +y — 2gsin”! 2) SL Ws 


v.(t) = Imö,(t) = S (74) 


var not v2 
Figure 3.6 gives a graphical representation of the relative voltage 
amplitude exp (—g«a) and phase angle 98 at the entrance of the g’th 
section of the infinite filter. We see clearly, on the one hand, the 
sharp decline of the amplitude from its constant value beyond the 


1.0 q=2 
Amplitude function I EEE SOSE | 3607 
lea] 
0.8 5 Phase delay 320° 
P(w) 
0.6 240° 
0.4 HE e w) Ge) 160° 
=20(8)n = 
0.2 e (q 2) 80° 
40° 
(0) nn - 
0 0.2 0.4 0.6 0.8 1.0 0.8 0.6 0.4 0.2 0) 
= — 2. (w —®©) 
0% o 


Fig. 3.6. Steady-state frequency characteristics of infinite low-pass filter giving 
amplitude e”4@@) and phase gß(w) as functions of frequency. 

cutoff frequency which is most indicative of the steady-state filter 

action. On the other hand, we need to note the strong variation of 

the phase angle for frequencies just below the cutoff frequency. Line- 

arity of phase shift with frequency extends only to about » = 0.49... 
For the current we also need the characteristice impedance, which 

follows from (45) as 


1 
Ze = —z (sinh «@ cosß + j cosh a sin ß) 
joC 


If we use the values of @ and 8 from (73a) we can rationalize and obtain 
for the eurrent 
= sin (ot + Y — gß) <Q 
u — IN (w == c 
h v L/C cos $/2 2 j 
ia) = n (75) 
. 79° sin (we + Y — qm) > 


—— e 
VL/C sinh «/2 


Sec. 3.7] The Infinite Wave Filter 141 


Because of the characteristic impedance variation, the current ampli- 
tude will vary with frequeney monotonically, reaching infinite value 
(because of the lossless character of the filter) at the cutoff frequency. 

To determine the transient characteristie of the infinite low-pass 
filter we first obtain from (43) and (44) 


2 2 
nz a p p N 2) 
€ coshT+tsinihT=1+ 2) + 0, 2+ 9, 


or if we introduce again the cutoff frequeney 9, = % vor y VLG, 
we can combine this into the simpler form 


EIN HE Ser (76) 


For the characteristic impedance we obtain from (45) with the same 
notation as above 


gr Al AV 2 Be 
rg G /1+z {= 0, (77) 


Let us find first the indicial transmittance of the infinite low-pass 
filter. We have to introduce into (70) V;(p) = V/p for the Laplace 
transform of the applied voltage and with (76) we obtain 


V,(p) 1 Vin =) p 

—— an 1 Kr = — 78 
The inverse Laplace transform can be adjusted for the scale factor 9, 
once we have the transform for the same function of p. Thus, if we 
have evaluated 


st) = Flp) = |. fde' dt 


and we want to find the corresponding transform involving p/9. = z, 


we note 
( ) [;: t on =g [ie A) ' dt 
% 0+ ok ° Jo+ a. 


where the last form is simply the adjustment to the standard Laplace 
integral by taking t = Q,r and then lettingr— £. We therefore have 
the general relation 


ETF >) — Quf(Qed) (79) 


which has been entered in Table 1.4, line 6. 
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To find the inverse Laplace transform 
il ei — 
Er (80) 


we need to explore the Laplace integrals involving Bessel functions. 
An excellent approach is that given by Van der Pol-Bremmer,P! 
chapter X.4, where it is demonstrated that 


In) = ap) = (81) 


by transforming the differential equation of the Bessel function of the 
first kind J„(t) in the variable 


gt Jr 
di? 


into the Laplace transform domain. With the use of Table 1.4 for the 
transform of derivatives we find, because J„(0) = Oforn > 0 


+ a "+ E-n=0 n>0 (82) 


ae ” (0 = 20) 


Pe 
5 Tal) = P’QD) 


Since J„(l) is a continuous function in ft, we can differentiate its 
Laplace integral with respect to p, namely 


d x o& 

I ui 12 FE pH u —_ 

22 \ Jn de dt Ihe tJ„(Üe dt St) (83) 
and do the same for its derivatives. We thus have obtained the neces- 


sary transforms for each term in (82) and can write the transform of the 
entire equation 


d? d d? 
Rt) N) +5 -”)0 =0 


Upon differentiating and collecting terms we arrive at the transform 
differential equation 


d? d 
N ++ mg =0 (84) 


which has the algebraie solution Q(p) given in (81) as can be readily 
verified by substitution. A different demonstration involving the 
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TABLE 3.1 
LAPLACE TRANSFORMS OF BESSEL FUNCTIONS AND RELATED FUNCTIONS 


No. Time Function Laplace Tr nsform Remarks 
1 »Jn(ot) Ver tl+a)n De 
Jar +1 2 
1 p 
2 wJo(lwt) — =: 
v = Aral w 
3 wJı(w@t) (Vı+1+n)- BSD, 
= au] @ 
4) IvVaFi+z)n a? 
at n [2] 
11 wIn(ot) A Va? —-1+2)” ee 2 
1 p 
12 wIo(wt) — z=_E 
"ee: 1 [2] 
13 „Iı(wt) (Va? -1 —-1+2)? geh 
vVaı2—]1 [2] 
t Dntı en 
ie le en EI NDIEHERN STE) Zin Scale factor 
( ) V2z —-1V2r +1 applied to 11 
t 
N n Shifting theorem 
15 wIn € El e ee = F (Vz+ Ve+nD? applied to 14 
ce 1(e5) -us Integration 26 
vs +Vza+ı) a applied to 15 
General Relations: 
21 f(t) F(p) Basic relation 
22 10 - Zr) (8.83) deduction 
D 
23 wf(at) F(&) 232 
w 
d p 
24 wwtf(wt) — —F(x) z=_£ 
dz w 
1 no 
25 2 510) | F(p) dp (3.114) deduction 
p 
} 
26 LI Kon il F(x) dx «=? 
wwt z {7} 


series expansion of the basie form (p? + 1) * is given in Gardner- 
Barnes,P® pp. 317-319; in McLachlan, P!?pp. 137-142; and in 
Doetsch,P® p. 48.* The Laplace transform (81) is listed in Table 3.1 
as basic for Bessel functions. Though the preceding demonstration 
does not hold directly for n = 0, one can deduce from the relation for 
Jı(t) that n = Oin (81) gives actually the transform of Jo(t), which is 
also listed in Table 3.1 for later use. 


* See also G. N. Watson, A Treatise on the T'heory of Bessel Functions, Cambridge 
University Press, England, 1922; N. W. McLachlan, Bessel Functions for Engineers, 
Oxford University Press, England, 1934. 
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Returning now to (80), we can surely interpret the factor 1/p by 
Table 1.4 as integration. If we designate the form. 


(VI+P+p" = Sg) 


and differentiate with respect to p, obtaining on the right-hand side by 
(83) the Laplace transform of [—-ig(t)], we find 


d n ne 
NV ee) 
FR 9%) En (Vp p 9 

But the center term is identical with Q(p) in (81), so that we deduce 


(85) 


gi) = SUIWVWI+PR +" =n Bun 


which we also list in Table 3.1. Now we can write for (80) 


1 en IE 
s-(VI+P®+M"= n |, an 

p + 4 
Since (78) has the scale factor Q, incorporated, we must make the 
adjustment defined in (79) which leads to the final solution 


En (86) 
Y Y 


which can be evaluated only by numerical integration, but neverthe- 
less represents an extremely simple formal solution. 

For the indicial admittance of this infinite low-pass filter we take 
from (70) with the explieit forms (76) and (77) 


Ip) _ 1 USA +22 +2)" 
v DVLe 0, 


Here we can read the inverse Laplace transform of the last factor 
directly from (81) or from Table 3.1. The complete solution is then 


(87) 


ig (t) 1 y= it 
vr), oa (&8) 
where we used y = Q.t to simplify the writing. Figure 3.7 shows the 
values of the integral for q = 0, 3, and 5, as a function of the upper 
limit ©... Note that the current remains very small until Q.t = 2g, 
then increases rapidly and reaches its final steady-state value in an 
oscillatory manner, the frequency of this oscillation slowly increasing 
and approaching 2. as can be seen from the asymptotic expression of 
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the Bessel function 


= 4g+1 
J2(9) 2 cos (v- ni «) y> (49)? (89) 


It is important to recognize the delay in build-up as an apparent but 
not actual propagation effect inasmuch as the solution (88) has finite 


So 10 NY 
os SE g 
a laklale 


4 8 


(a) 


Fig. 3.7. Response of infinite low-pass filter to a step voltage; indicial admittance 
(a) in first section, (b) in third section, (c) in fifth section. Reproduced from 
Bell System Tech. J., July 1923, with permission of the publisher. 


values for any time £ > 0 in any one of the sections q however large 
q might be. This is, of course, because we have disregarded any 
spatial extension of the fourpole line and thus have assumed instan- 
taneous action of the applied source function all along the network. 
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A very detailed diseussion of this solution, as well as the solutions for 
high-pass and band-pass filters with many graphs, can be found in the 
original and classical treatise by Carson and Zobel* and is partly 
reproduced in Carson. 

It is interesting to attempt the solution for the building-up of 
sinusoidal currents. If we apply a sinusoidal voltage, using complex 
notation with the Laplace transform V„/p — jo, the transform solu- 
tion for the current in (87) will change to 


Vn 1 (VA +2: +2)” 
p — jw VL/C vi +2? 
Here we can apply the special form of the Borel theorem from Table 


1.5, line 12, since we know the inverse transform of the last factor from 
(81) and we obtain in complex notation 


a n= Det BN 
ei” e’"Jg.(n) dn 
n 


(90) 


1,(p) = 


z = 

ey 1/0 
where we substitutedn = Q.tandX = w/2.. If we take the imaginary 
part only of this form, we need to combine the outside exponential with 
that inside the integral. To avoid its involvement in the integration 
process, we shall designate it as e’’Y where again y = Q.t but is con- 
sidered a fixed parameter for the integration. Thus 


= N; je eos I ulm) (91) 


The integral S„(y,X) is of a standard type and is discussed thoroughly 
in the treatise by Carson and Zobel, loc. cit. The following approxi- 
mations bring out the important features of the solution: 

(a) ForX <1, or» < 9,, i.e., for sine waves of frequencies within 
the pass band, the total solution approaches for y = Q.t > 2q/ Vin: 
the form 


A 


1 
sin (wE — 2q sin=!X) (92) 


* J. R. Carson and O. J. Zobel, “Transient Oscillations in Electrie Wave Filters,” 
Bell System Tech. J., 1-52 (July 1923); see also J. R. Carson, “Theory of the 
Transient Oscillations of Electric Network and Transmission Systems,” Trans. 
AIEE, 38, 345-427, particularly 375, and Figs. 1-4 (1919). 

1J. R. Carson, Blectrie Circuit Theory and Operational Calculus, McGraw-Hill, 
New York, 1926. 
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It represents the superposition of the steady-state response to the 
applied frequency » and the decaying transient oscillation of charac- 
ter similar to that in the indicial admittance (88) and with the same 
approximation (89). Figure 3.80 shows the results for qg = 5 and 
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RZ: 


(b) 


Fig. 3.8. Response of infinite low-pass filter to sinusoidal voltage; current in fifth 
section (a) for applied frequency » = 39., (b) for applied frequency » = 1.250... 
Reproduced from Bell System Tech. J., July 1923, with permission of the publisher. 


\= 3, giving for 9.6 > 25 only the difference between the total 


response and the final steady-state values. 
(b) ForX > 1, or» > 9., l.e., for sine waves of frequencies outside 


the pass band, the final solution approaches for y = Qt > 2q the form 


A 
I — J2q Q 93 
1? — VL = (20/9)? “ nr 


S2a(yA) mE 
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Even though the filter will respond with only an extremely small 
steady-state oscillation of the impressed frequency @, its transient 
response will be very significant and depends primarily upon the ratio 
A = w/9.. Figure 3.8b shows the response for g = 5 and X = 1.25. 
Obviously, the selectivity of the filter does not extend to the transient 
response! This is a very important fact for the practical design of 
selective systems. 

(c) The build-up time of the sine waves of frequency w can be esti- 
mated as 

2q 1 


%V1- (#/9)? 


where 2g9/2. represents the delay caused by the apparent propagation 
effect as in the indieial admittance, and where the second factor gives 
the effect of the ratio of applied to cutoff frequencies. 

Similar results hold for the other types of conventional filters, the 
only ones for which computations have been made. Extensive dis- 
cussions of high-pass and band-pass filter performance under transient 
conditions are given in Carson-Zobel, loc. cit. A few simple examples 
are also given in McLachlan,P!3 pp. 224-237. Van der Pol and 
Bremmer,P!5 p. 194, give the response of a non-homogeneous low-pass 
filter. 


3.8 Analogues 


Many mechanical, acoustic, or thermal systems exhibit character- 
istics very similar to those of electric wave filters and can be treated 
by the same mathematical methods. In fact, as stressed in Vol. I, 
chapter 3, these systems can be studied by the corresponding electri- 
cal analogue which in many instances leads to a simple analogue com- 
puter. For the sake of convenience, Table 3.2 reproduces the anal- 
ogous quantities in systems with one degree of freedom which can 
readily be extended to more complicated systems. 

Torsional vibrations. As a simple example we might examine 
the torsional vibrations of a crankshaft, carrying a load on one end, a 
fiywheel on the opposite end, and subjected to N equally spaced driv- 
ing eranks which might be represented as disces* as indicated in Fig. 
3.9. Disregarding the weight of the crankshaft itself and considering 
it only to provide ideal coupling between the rotating discs, the fly- 
wheel, and the load, we might take its angular displacement at disc q 
as d,. The resulting elastic torque of the portion of the crankshaft 


*J. P. Den Hartog, Mechanical Vibrations, chapter V, p. 234, MeGraw-Hill, 
New York, 1947. 
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between discs qg and g +1 acting to the right on q will have the 
magnitude 
K(05 0941) 


and similarly K(#,_ı — 0.) will act on the left of disc g; K is the rota- 
tional (torsional) stiffness of the shaft. The difference of these two 


(b) 


Fig. 3.9. Schematie representation of a multicylinder engine: (a) mechanical 
schematiec, (b) electrical analogue. 


elastic torques acts accelerating upon the disc g, and if we assume its 
moment of inertia to be J, we have 

d’o 2 £ 

pe — Ka — 00) — K(du — Bar) (94) 
This corresponds to the relationship between the node-pair voltages 
1’1’’ and 2’2’” if we use the mesh currents i,, ete., in the respective 
meshes. We would have in accordance with the analogue in Fig. 3.9 


de EN 
In = al Bit) U - -l (era 
or upon differentiating 


De 


Lea = lan = Zah dann) (95) 


Sec. 3.8] Analogues 151 
Introducing Laplace transforms 


Li) = 1,(P) 
we have for (95) 


To-ı(p) — (2 + pPPLC)Is(p) + Igzı(lp) = 0 (96) 
which is the basic four pole line equation (5) with 
aA=-D=1+p’LC 


This is to be expected for the low-pass filter represented by Fig. 3.95 
and all the results of section 3.4 apply. In particular, if we choose 
short-eireuit terminations at both ends of the six uniform sections, 
which are equivalent to mechanically “free” ends of the crankshaft, 
the critical frequencies* are given directly by (48) with the cutoff fre- 


quency 2. = 2/ VLC. Ifthe actual terminations are maintained, the 
complete solution must be invoked, which is rather involved. In this 
case the critical frequencies can be obtained only by a graphical plot; 
see Thomson,P!® pp. 172-174. Conversely, mechanical filters can be 
designed with specified frequency characteristicsf in completely anal- 
ogous manner to the electric wave filters. 

Coupled moving masses. A train made up of N like cars each 
of mass m and with elastice coupling coefhicients k,s and damping dash- 
pots f.s between any two successive cars represents a delicate mechan- 
ical structure that can easily exhibit longitudinal oscillations of rather 
unpleasant magnitudes.f If we are particularly interested in the 
requirements we must satisfy to avoid these oscillations, we can eval- 
uate the natural modes of response without carrying through a com- 
plete solution. The electrical analogue can readily be constructed by 
appropriately extending the system for two coupled masses shown in 
Vol. I, Fig. 3.7. Thus, Fig. 3.104 shows the schematic mechanical 
arrangement, where the couplings are assumed all equal. The roll- 
ing frietion on the track is indicated by the coeflicient f. The electri- 
cal analogue is given in Fig. 3.10b, where the coupling capacitances 
and conductances are exactly (N — 1) in number, and the inductances 
L representing the cars, with R their rolling frietion, are N in number. 
This has again the appearance of a low-pass filter but with consider- 


* Karman and Biot, op. cit., p. 459. Also Thomson,P'® pp. 170-172. 

+ W. P. Mason, Electrodynamical Transducers and Wave Filters, Van Nostrand, 
New York, 1942. Also Karman-Biot, op. cit., pp. 461-465. Also R. Adler, 
“Compact Electromechanical Filter,” Electronics, 20, 100 (1947). 

tL. A. Pipes, “Analysis of Longitudinal Motion of Trains by the Electrical 
Analog,” J. Appl. Phys., 13, 780-786 (1942). 
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able dissipation. Choosing as the individual fourpole the T-section in 
Fig. 3.10c, we note that the fourpole line has (N — 1) fourpoles and is 
terminated at either end into Z/2 if Z= R + pL is the series imped- 
ance element. We disregard all external sources. 


N series 
branches 


(N-1) shunt 
branches 


(c) 


Fig. 3.10. Schematice representation of a train of N like cars: (a) mechanical 
schematie, (b) electrical analogue, (c) the individual fourpole. 


The characteristic equation for the natural modes of response has to 
be taken from the general solutions (16) or (17) and is defined by the 
vanishing of the denominator, or 

e(N-UR = pepr (97) 


We.need to replace N in (16) by (N — 1). The characteristic imped- 
ance of the fourpole line is from (42) 


z\% I\% z\% r 
(ra (et 
c (2) ( + sinh 5 Y cosh 5 


The reflection coefficients at both terminations are the same, namely 


2...32=Z20_3VYZ - coch (1/2) 
FETT Zr Ze SaNZYZ Hess) 


Sec. 3.8] Analogues 153 


However, again from (42) we take $ VYZ = sinh (T/2), so that 


ps = pr = —e" 


and therefore (97) becomes 
e?!N-Dr er eh et! el (98) 


This result is completely general, and applies for any fourpole line com- 
posed of N complete series elements and (N — 1) complete shunt ele- 
ments, short-ceircuited at both ends. The values of T satisfying (98) 
are 


2NT = ja2r 
AR 
nn ee (99) 


If we first disregard the rolling frietion, R = 0, we have 
Z=ol, Y=G+pC 
and therefore, again from (42) 
coshT =1+3YZ=1+pL(G + pC) 


from which to determine the root values p. which are the actual nat- 
ural modes or “free’”’ modes of response. With T, from (99), we find 
now 

AT 


De 


3p’LC + 3pLG +1 -— cos 


a quadratic relation for each value «a, so that we obtain 


E-5el@) Zee] 
a u SE ee 
pt 36 * \ac) "ze 78 9) 


where 9, = ar/N. To avoid oscillatory response to any disturbance 
of the mechanical system, from whatever cause, we must require that 
all 92’, Pa’ be real and negative. This in turn requires that the radi- 
cand remain positive for all values of 06. The largest values that the 
second term can assume will be 4/LC if 6, = r, so that the condition 
of no oscillatory mode of response becomes simply 


G\? 4 en, 
— 2 EG LE NVCH 100 
4) = LC 2 ; wu 
If we now reinstate the rolling frietion, we have 


ee ee 
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and the solution for the natural modes becomes correspondingly, 


’ 1% 
Pa BERG 2 ) 

24: a ey 101 

Pa" % ( Tre a 


where we used 
1/(G 2) 
ö=-(-+- 
an 
as the total damping coefficient of the system. We find 


ee 
DORT ANCSER 


so that the condition of nonoscillatory response becomes 
RC 
G>4 VC/L+2T (102) 


The rolling frietion tends to promote the longitudinal oscillation of the 
system! The existence of rolling frietion requires stronger damping 
in the couplings in order to prevent oscillatory motion, a very impor- 
tant result obtained from the simple analogy. 

Quasi-distortionless fourpole line. The general fourpole line 
of Fig. 3.105 has the modes of response given in (101). If we define 
a quantity 


LG eR 
el 1 
x r) an 
we observe that for o = 0, or @/C = R/L, these modes reduce to 
Pa’ en 13 
= -5+5jM [1 - cos— 104 
Elenamles) 0m 


where 90° = 2/LC. Comparing these expressions with (47a) we see 
that the natural frequencies of (104) are identical with those of the 
lossless low-pass filter, i.e., that the fourpole line with « = 0 possesses 
the same spectral behavior as the lossless line, i.e., has distortion- 
less character. We call « the distortion constant, and a line for 
which o = 0, quasi-distortionless. Such a line possesses considerable 
attenuation 


which, however, is independent of frequeney, so that simple adjust- 
ments can be made to take damping into consideration. For exam- 
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ple, the indicial admittance of the lossless low-pass infinite wave filter 
was given in (88). We have now, respectively, for the 


lossless wave filter distortionless wave filter 
r=p6C „’=pC +G=Cp +9 
Zi = pL Z=pL+R=Lp+2) 


so that replacement of p by (p + 5) will lead to the complete solution 
for the quasi-distortionless line. This adjustment is readily made 
by the shifting theorem of Table 1.4, line 5. We thus can write 


2) — Dem \ EI (AHANE) (105) 
nn 

for the indicial admittance of the quasi-distortionless line. Lines of 

this type have particular importance for measurement purposes, e.g., 

for high-voltage surges.* 


R/2 R R R R RI2SERl2 
1721 - 1 1 n A — © 1 
Ol q g+l (6) 
(a) 


Fig. 3.11. Infinite R-C fourpole line: (a) step voltage applied at mid-series point, 
(b) individual fourpole. 


Thermal systems. Because thermal phenomena involve only 
one kind of energy, no oscillatory responses can occur and the electrical 
analogue will involve only resistance and capacitance branches;f see 
also Vol. I, section 3.6. Suppose we examine heat diffusion in a very 
extended thermal system which we might represent by the infinitely 
long R-C fourpole line shown in Fig. 3.11a with the individual four- 
pole in b. We have here for series and shunt element, respectively, 


Zen, m=96 
so that from (42), or even better, (26) we get 
cohtT=-1+% e=14%:+2VeVitz 


* CO. L. Dawes, C. M. Thomas, and A. B. Drought, “Impulse Measurements by 
Repeated-Structure Networks,” Trans. AIEE, 69, Part I, 571-583 (1950). 

+ J. H. Neher, “The Determination of Temperature Transients in Cable Systems 
by Means of an Analog Computer,” Trans. AIEE, 70, Part II, 1361-1370 (1951). 
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if we abbreviate 
=ahcph = pr 


where T might be taken as a basic time constant. Actually, we can 
identify 
er (Var Virra): (106) 


as squaring readily indicates. Similarly, we can express the character- 
istie impedance from (42) or (27) as 


1 1 | 1+x 
Dom -yZ je 
i (1+ ) un 


4 

Since voltage is the analogue to temperature and current the 
analogue to heat power, we might pose the problem: applying a 
constant temperature at the input end of the uniform thermal system, 
what is the distribution of heat power throughout the system as a 
function of time. In the analogous problem it requires the solution 
of the current distribution if at time 2 = 0 a step voltage VI is applied 
at the mid-series point as indicated in Fig. 3.1la. The general solu- 
tion is given by (70), or if we use (106) and (107) 


(107) 


V,) = - (Ve+vVi+ta) (108) 


27T 1 —— 
De (Ve+ Vi+n (109) 


The inverse Laplace transform of (109) can be deduced from a previ- 
ously established form, namely line 11 of Table 3.1 


1 ee >, 
£ul,(ut) = Fr VERA T nt 
An — 


where /,„(wt) is the modified Bessel funetion of the first kind.* If we 

replace it by t/2 we can use the general relation for a scale factor, line 6 

in Table 1.4, namely replacing on the right-hand side x by 2x and 

attaching a factor 2 to the whole form. We can further identify 
(VAR? — 1 +20)" = [HV2% — 1+ V2x + 1)2]% 


so that we establish 


en % ) Be (V2x — 1 + V2x + 1)?" in 
2 V2x -IV2a+1 


* Karman-Biot, loc. eit.; also MeLachlan,D!3 and N. W. McLachlan, loc. eit. 
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which is entered in line 14 of Table 3.1 because of its more general 
significance. 

If we now also apply to the time function the exponential factor 
exp (—-wt/2), we need to replace p by [p + (w/2)] or 22 by (2x +1). 
This leads at once to the relation 


Dt Verve 
£wl, (o2)« 27 Ver Vene (111) 


which is exactly what we need for (109) except that in Table 3.1 we 


0.24 


0.20 


Rig(t) 
2V 


a: 
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Fig. 3.12. Heat diffusion along infinite cable represented by R-C fourpole line; 
indicial admittance at entrance of first section q = 1, second section q = 2, fourth 
section qg = 4, and sixth section q = 6. 


defined x = p/w whereas in (109) we used x = pT. With this modi- 
fication we thus find 


2V a ee 
0 = m (5): 2T (112) 


Figure 3.12 shows this diffusion process at the input terminals of 
several T-sections, namely q = 1,2, 4,6. For values of the argument 
large compared with the order q of the modified Bessel function we can 
use the asymptotic expression 


e’ 


lim /,(y) > 
ah -V 2ry 
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so that 


au m GC 
} — Al = —— 113 
REN Sa N GR a 
To obtain the inverse Laplace transform of (108) we might observe 


that 


ee a el 
dx Vıvi +2 


so that we might apply directly line 24 from Table 3.1. 
Conversely, we could apply integration of the Laplace transform 
F(p) with respect to p 


[Fo ap = [, | swer ar| av 


where f(t) is the inverse Laplace transform to F(p) by assumption. 
We can therefore interchange the integrations so that we obtain 


DU, = m) I at = \ e er) HOXZ 


This, however, is the direct Laplace transform of f(t) divided by i, so 
that we have the general relation 


22.50) = IN Fp) dp (114) 


which is also entered in Table 3.1 as line 25. Applied to (111) we 
find the relation given in line 16 of Table 3.1, and thus have for the 
voltage as the inverse Laplace transform of (108) 


N 
vd) = or | „ge 1a) do GELD) 


where 9 = t/2T. This integral requires numerical or graphical 
integration. 


PROBLEMS 


3.1 Take the cascade of four R-C sections as in Fig. 3.2. (a) Apply the mesh 
equations of Kirchhoff; (b) apply the method of “fourpole lines’ and demonstrate 
that the Laplace transform solutions for the output current are identical. Assume 
a step voltage V„I applied directly at the sending end and short-eireuit the 
far end. 

3.2 Find the output voltage of the finite R-C line if the far end is open-eireuited 
and if we apply the step voltage V„! directly at the input terminals. 
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3.3 Use the solution of problem 3.2 to construct the response to a square-wave 
pulse of duration r. (a) Relate the time constants of the line, the number of 
sections, and this pulse duration r. (b) Discuss the contribution of the lowest 
order term and its relation to the signal shape. 

3.4 Take two single sections of the R, C line, terminate at both ends into R/2, 
and find the output voltage applied at the sending end. Then insert between the 
two sections in series an inductance Z and carry through again the solution for the 
applied square-wave pulse voltage. Compare the responses in both cases. Relate 
this to the idea of “loading.” 

3.5 Apply the impulse current i;() = M;So(t) to the finite short-cireuited 
cable in Fig. 3.2b. Find the output current. 

3.6 Terminate the R-C line of N sections as shown in Fig. 3.2b at both ends 
into resistances R/2 and apply at the sending end the impulse voltage vo(t) = 
M,So(t). 

3.7. The finite high-pass filter of N sections with Z = 1/(pC) and Y = 1/(pL) 
has a step voltage V„I applied directly across the input terminals and is open- 
circuited at the far end. Find the output voltage. 

3.8 The low-pass filter Z = pL, Y = pC is terminated into the resistance 
R = (L/C)? at both ends. With a square-wave pulse voltage applied at the 
input end, find the output voltage. 

3.9 Join in cascade two sections of a low-pass filter and two sections of a 
high-pass filter. Discuss the over-all steady-state characteristies if all Z’s and 
all C’s have the same values. 

3.10 Ina low-pass filter of N sections, one section, say q, has unmatched values 
L’ =L-+AL,C’ = (Ü+AÜ. (a) Find the effect upon the filter response to a 
step voltage V„! if A signifies a small quantity. (b) Find the effect upon the 
steady-state propagation function. 

3.11 The band-pass filter in Fig. 3.4 has a step voltage V „I applied at mid- 
series and is open-circuited at the far end. Find the output voltage va(t). 

3.12 In the filter in Fig. 3.3a, the series impedances are alternately pLı and 
pLa, whereas the shunt admittances are all alike and pC. Construe this as a 
uniform filter with unsymmetrical sections and (a) find the iterative impedances 
and propagation function; (b) evaluate the response to a step voltage V „I applied 
at mid-series with the line open-circuited. 

3.13 In the filter in Fig. 3.3a, the series impedances are all alike and pL, whereas 
the shunt admittances are alternately pC'ı and pC'a. Construe this as a uniform 
filter with unsymmetrical sections and (a) find the iterative impedances and 
propagation function; (b) evaluate the response to a step current /„1 applied at 
mid-shunt with the line short-circuited. 

3.14 Discuss the steady-state propagation functions for the two filters in 
problems 3.12 and 3.13 and compare them. 

3.15 Take the lattice network of Fig. 3.5 with N like sections, replacing the 
inductances by resistances R. With a step voltage V „I applied, find the output 
voltage of the line over a terminal resistance R equal to the branch resistances. 

3.16 Discuss the a-c steady-state characteristics of the lattice network in 
Fig. 3.5 but with inductances and capacitances interchanged. Compare with the 
discussion in the text. 

3.17 In the R-C line of Fig. 3.2b let the number of sections go to infinity and 
apply at mid-series an impulse voltage M,So(t). Find the voltage and current 
anywhere along the line, i.e., for any value of q. Follow the general method in 
section 3.7. 
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3.18 In the problem of the moving train in Fig. 3.100 assume that the first 
mass is M = 10 m, but that all the k. and f« remain the same, as well as the f. 
Find the complete solution if an impulse force is applied at the first mass. In the 
analogue we apply an impulse voltage M,So(t) to the input terminals. Establish 
the criterion for nonoscillatory response. 

3.19 The band-pass filter in Fig. 3.4is composed of exactly N full shunt sections 
and N +1 full series sections where LıCı = 2L2Ca. Find the output voltage 
across the last series branch if a step voltage V „I is applied in series with the first 
series branch. 

3.20 Find the response of the infinite quasi-distortionless fourpole line to the 
impulse voltage M,So(t). The fourpole line in Fig. 3.10a is distortionless if we 
choose R/L = G/C. Assume the voltage applied at mid-series. 

3.21 A quasi-distortionless fourpole line as in the previous problem is composed 
of N complete shunt branches and N + 1 complete series branches. Find the 
output voltage across the last series branch if a step voltage V„! is applied in 
series with the first series branch. 

3.22 The quasi-distortionless line can be used for telemetering of signals. 
Apply to the finite line of the previous problem a square-wave voltage and compare 
the output voltage with it. Discuss the effect of the number of sections upon 
the signal shape. 

3.23 Assume the infinite R-C line of Fig. 3.11a composed of sections of increas- 
ing resistance and decreasing capacitance, such that Rn = (n +1)Ro, Can = 
Co/(n + 1) if Roand Co are the values of the very first section. Find the response 
in the q’th section to an impulse voltage M,„So(t) applied at mid-series. 

3.24 The process of anodie oxydation places layers of aluminum oxide on 
aluminum which possess different resistivities and exhibit polarization capacitances. 


C C C C 


Fig. 3.13. Analogue to anodie oxydation layers. 


Fig. 3.13 is an analogue with like capacitances C' and different resistances R. 
which might be assumed to increase with the order number «. (a) Describe 
the charging process when switch 8 closes 0-1 and places the voltage VI across 
the network. (b) Describe the discharge process, when switch S closes 1-2 and 
places the galvanometer resistance Re in series.* 


* H. Bremmer, “The Discharge of a Series of Equal Condensers, Having Arbitrary 
Resistances Connected in Parallel,” Philips Research Repts., 6, 81-85 (1951). 


4 “ IDEALIZED NETWORK CHARACTERISTICS 
(SYSTEM THEORY) 


It was pointed out in the introduction to chapter 2 that communica- 
tion systems are primarily cascade chains of fourpoles whereby each 
fourpole might in itself be a fairly complex network. The rigorous 
treatment in the foregoing two chapters of the transient performance 
of simple filter networks has amply demonstrated the involved nature 
of the mathematical solutions as well as the difficulties in interpreting 
the results in simple terms for practical applications. It has therefore 
become customary to idealize network characteristics, even at the 
expense of losing accuracy in detail, in order to gain greater insight into 
systems characteristics. Moreover, the recent sharpening of require- 
ments for greater fidelity in the intelligence received in television, 
follow-up systems, pulse coding systems, etc., has placed greater and 
greater emphasis upon approaching idealized characteristics for the 
system components so that a brief treatment of this aspect appears 
indicated. We shall employ here primarily the Fourier transform 
method because it has been found more directly suitable to describe 
the systems functions as functions of real frequency. 


4.1 Idealization of Network Characteristies 


To formulate the general case of the transmission of a signal through 
a network, it is convenient to choose a fourpole as in Fig. 4.1, termi- 
nated in like pure resistances at both terminal pairs, and supply the 
input signal either from a current source io(t) or from a voltage source 
vo(t). The use of resistances as terminal devices is arbitrary but often 
preferred. In section 2.3 we deduced the relations in terms of Laplace 
transforms, obtaining (2.36) or better 


Vo(p) 
RIo(p) m 


where @, ®&, €, D are the general fourpole parameters. We can define 


various transfer characteristics, such’as 
161 


Is(p) = [CR’ + (@+D)R + 7" 
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RI:(p) = H(p), transfer funetion 
Vo(p) 

I2(p) = Yr(p), transfer admittance 
Vo(p) 

Vo(p) = Zr(p), transfer impedance 

I:(p) 


For our further discussion we will select H(p), the transfer function, 
which becomes from (1) 


R 
®HA@+D)R+eR? (2) 


For any given network we can readily obtain the fourpole parameters 
by the processes outlined at the end of section 2. Replacing p, the 


H(p) = 


to(t) 
> 


i(t) 
— 


(io) 


nn 


R In 


0 
Fig. 4.1. General fourpole with balanced resistive terminations. 
complex frequency, by jo or, what leads to the same result, letting 
ö—>0inp = ö + jw, we obtain the transfer function in complex form 

H(jo) = |H(jo) |e”* 
= Hı(@) — jHe(o) 
Assuming that A(jw) is an integer function of jw, either rational or 


meromorphic, then separating real and imaginary parts, Aı(w») will be 
an even function and Ha(w) an odd function of w. Because 


IH(je)| = [H1?(e) + H3’(@)]* = h(w) 
Ho) (4) 
Hı(o) 


the amplitude function h(w) is an even function of » and the phase 
function ®(w) an odd function. 


Let us introduce the schematic diagram of Fig. 4.2 to indicate the 
action of a fourpole with transfer funetion H(jw) upon the signal 


(3) 


Sw) = tan! 
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vs(t) applied at the input terminal pair. We designate the “received” 
voltage at the output terminal pair by v,(t). Defining the Fourier 


Fig. 4.2. Schematic of transfer action of fourpole. 


transforms of the input signal in accordance with (1.30) 


TEN je v(deriet dt (5) 
and that of the received signal voltage by 
30.) = Vo) = [I de di (0) 
then the following relation exists between these Fourier transforms 
V,(@) = H(je)V.(o) (7) 
quite similar to (1.36). For a given signal v,(t) the complex transform 
Vo) = Vılo) + jVxa) = |Vsw)let (8) 


can readily be evaluated. In fact, Figs. 1.2 through 1.9 illustrate the 
specetrum functions for two distincet pulse types in several equivalent 
presentations. With V,(w) found, the received signal can then be 
obtained as the inverse Fourier transform of (7), namely 
£ ee £ 
v,(t) = F'V,(o) = ln H(jo)V s(w)e’” do (9) 
It is now obvious that identity of v,(t) with v,(t), or ideal transmis- 
sion, requires 
H(jo) = 1 


h(wo) =1, Po) = 0 


However, this requirement could be fulfilled only with an ideal resist- 
ance network. 

Another important special case arises if we let the amplitude be 
constant and the phase function be proportional to », namely 


h(o) = A, lo) sul,” - nr <w<ao (10) 
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This leads in (9) to 
ae ea 
vu.) = = Ae*!aV ‚(v)e” do 
Zu J-» 


From Table 1.2, line 2, we take the exponential factor to indicate a 
time shift, so that 
v.(t) = Avs(t — ta) (11) 


The signal is exactly reproduced with a scale factor A and with a time 
delay ia. We call this distortionless transmission. Unfortunately, as 
we have stressed in section 1.2, all the spectrum functions extend over 
the entire infinite range of frequencies so that h(») would need to be 
constant and ®(w) would need”to be linear_over the same infinite range 
in order to guarantee distortionless reproduction of the signal. 

Any deviation from conditions (10) will thus lead to distortion. 
Depending upon the specific type of deviation, we differentiate between 
amplitude-frequency distortion resulting from the variation of h(w) with 
frequency, and phase-frequency distortion resulting from a lack of pro- 
portionality of phase shift to frequency. Both effects are essentially 
linear effects because the spectrum concept is tied to linear circuit 
relationships. In general, nonlinear effects might also occur which 
lead to different types of distortion, though the terminology has been 
somewhat confused.* 

Actually, no network has “infinite”’ bandwidth, i.e., can satisfy 
conditions (10) for all values of . One can rephrase this by saying 
that every network acts as a filter and the proper system design will 
select all system components with nearly identical frequency char- 
acteristics in order to insure the desired over-all system characteristics. 
One can differentiate, broadly speaking, 

1. Low-pass systems. 

2. Narrow band-pass systems (highly selective). 

3. Wide-band systems. 

The last category includes the so-called high-pass systems which, 
strietly speaking, exist only within arbitrarily restrieted frequency 
regions, such as audio, video, and the like. 

For distortionless transmission of steady-state periodic signals, it is 
rather simple to define ideal filters fitting the specified systems char- 
acteristics, namely: 


h(wo) = A, (wo) = wta, woı <w<w (12) 


* An attempt to disentangle conflieting uses of the same terms was made in the 
I.R.E. Standard, “Definitions of Terms in the Field of Linear Varying Parameter 
and Nonlinear Cireuits,” Proc. I.R.E., 42, 554-555 (1954). 
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i.e., constant attenuation and linear phase shift over the specified fre- 
quency range and total suppression outside this frequency range.* 
Again, any periodie signal s(£) has theoretically harmonic components 
up to any order, as the Fourier series 


s() = Ao+ ), (Au cos nwot + B, sin naol) (13) 
n=1 


clearly indicates. However, to have meaning, this series must be con- 
vergent so that for all practical purposes the upper limit will be a finite 
number N defined by the desired degree of fidelity. Choosing then the 


h(w)=cons 


0 2% (ee ——— 


Fig. 4.3. Ideal low-pass filter characteristiss. Amplitude h(w) is an even func- 
tion, and phase ®(w) an odd function of frequency. 


ideal characteristic of Fig. 4.3 with 2, = Nun where wo is the funda- 
mental periodieity of the signal, or repetition frequency, we can be 
assured of “distortionless” transmission in a practical sense. If 
2. < Nwo, then we clearly have signal distortion in the senses defined 
in the foregoing. Actually, in Fig. 4.3 we have not needed to specify 
at all the phase characteristic beyond the cutoff frequency 2, because 
we have assumed zero amplitude for » > ®.. 

In real filters, this sharp cutoff characteristice cannot be achieved. 
For example, in Fig. 3.6 we have pictured the frequency characteristics 
of the infinite simple low-pass filter in accordance with the analytie 
expressions (3.74). To show the entire characteristic, the abscissae 
are chosen as »/Q. for » < Q, and as N./w for w > Q.. We see that 
with an increasing number of sections the amplitude characteristie 
h(») will approach the ideal case; in practice, economy would dietate 
the maximum number of sections compatible with the desired results. 


*H. W. Bode and R. C. Dietzold, “Ideal Wave Filters,” particularly in intro- 
duction, Bell System Tech. J., 14, 215-252 (1935). 
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We observe, though, that the phase shift might become an important 
characteristic because we have a definite constant delay. 

Taking then only two sections symmetrically terminated into resist- 
ances as shown in Fig. 4.4, we can use (3.39) with the fourpole param- 
eters from (3.47) for the cascade of the two sections. We also need to 


Fig. 4.4. Cascade of two simple low-pass filter sections with symmetrical resistive 
terminations. 


replace p by jo in order to get Fourier transform relations rather than 
Laplace transforms, so that we have 


2GeR 
2(28eZ, + 2a) QReZ; + 2@? — 2) 


For the T-sections we also have 


ale) 


V.(o) 


I 
as 


@a=1+YZ, € 
and finally 
7 29805 Z = juL, Zi=R 


Thus we arrive after obvious simplifications by cancellations of terms 
at 


. V,(o) 
H - — 
(jo) vo) 
1 2 —1 
=- (1 - wLC + juCR)! 1 — „LC +1 = 06 
2 R > 
Furthermore we define as in section 2.3 
% 9) 92D 
92 — —) = & 
79) Vz: % R 
so that 
N 28; 
HG” (1 2241,90 \E) 1-27 +3? v20.(1 - Pl 
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To plot a simple case, we choose Q. = 2, and thus obtain finally 


1 Baer} 4 . D 4 
He) ” Bag) jylo ld) Fr 8: 
= U) +3W(Wy) 
so that 
2 N — RW: 
NIE EN TE (wo) = tan I 


Figure 4.5 gives the graphical representation of both amplitude and 
phase functions, showing even in this case reasonable similarity to the 


2h(w) 


Linear phase shift 


Fig. 4.5. Amplitude and phase characteristics of network shown in Fig. 4.4. 
h(w) is an even function and ®(w) is an odd function of frequency. 


ideal low-pass characteristies of Fig. 4.3. Again we observe that the 
most serious omission in the ideal case appears to be the complete 
disregard of the phase function outside the pass band. We might also 
note here that the most significant deviations within the pass band are 
the oscillations of both amplitude and phase functions about arbitrarily 
interpolated straight-line characteristics. Similar graphs are shown in 
Cherry,A* pp. 88, 128, 141, and 180, for various simple but typical 
filter eircuits. Experimental confirmation has been given with a 
specially designed curve tracer showing both amplitude and phase 
characteristies.* 


*B. D. Loughlin, “A Phase Curve Tracer for Television,’ Proc. I.R.E., 29, 
107-115 (1941). E 
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We conclude that the idealization of filter characteristics by sub- 
stitution of constant attenuation and linear phase shift over the 
desired frequency region will be satisfaetory for steady-state periodic 
signals if all the significant harmonie components can be included in 
this frequency range. Should a significant part of the signal line 
spectrum fall beyond the selected filter frequency range, distortion 
must be expected both because of the decrease of the attenuation 
characteristie and the strong deviation of the phase characteristic from 
proportionality with frequency. 


4.2 Response of Ideal Filters to Pulses 


If we consider signals made up of single pulses or pulse groups, we 
must realize from the previous section that any finite pass band of 
frequeneies will generally be insufficient to reproduce the pulse form 
with accuracy. In Figs. 1.2 through 1.9 we plotted the spectrum 
functions for two series of pulses. Though it is correct that the most 
significant part of the spectrum appears to lie within the frequency 
range approximately equal to the inverse of the pulse duration, it 
would lead to disappointment to accept this with equal confidence 
as in the steady-state periodiec signal. The idealization of the network 
characteristics will have to be considered more carefully. The most 
extensive systematice study of network performance from this systems 
point of view on the basis of idealized network characteristics was 
done by Küpfmüller,41%° who was also the first to formulate the tran- 
sient problem in idealized filters and its characteristic aspects. * 

Suppose we take the ideal low-pass filter with the characteristics 
in Fig. 4.3 and apply to it a step voltage Vo/. The Fourier transform 
of the step voltage is from Table 1.1, line 1, with &« — 0, 

Vs) = u 
jo 
We find the response from (9) if we use the ideal filter characteristies 
(12) and adjust the limits in accordance with Fig. 4.3 


v,(t) = u Ha Aemieta Y0 el”! d (14 

i Zu) -% jo : ) 
We could consider this an integral along the real frequency axis of w, 
but we would need to be careful of the point » = 0 where the integrand 


* K. Küpfmüller, “Transients in Wave Filters’ [German], Elek. Nachr. Tech. 1, 
141-152 (1924); also “Relations Between Frequency Characteristies and Transient 
Performance in Linear Systems’ [German], Ibid., 5, 18-32 (1928). See also 
Guillemin,4® Vol. II, pp. 477-494. 
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takes on infinite values and the integral becomes improper as shown in 
Guillemin,4® Vol. II, p. 472. The existence of the pole at » = 0 sug- 
gests, however, an evaluation in the complex plane of p = 5 + jw 
because it lets us utilize the residue theorem. 


Fig. 4.6. Integration in the complex p-plane to evaluate indicial response of 
ideal low-pass filter. 


We first change the variable in (14) to jo, so that 


+ 
= / ae) (15) 
275 J-i% jw 

In Fig. 4.6, depieting the conventional p-plane, the path of integration 
lies along the imaginary axis skirting around the pole p = 0 as we 
normally have done in Laplace transform evaluation; see Fig. 1.11. 
The integral (15) can now be taken as a part of the closed line integral 
utilizing the nearly infinite semicircle of radius R— ©. Thus 


+/Re j» — je 
ID z A u 2 8 = N, 2 I: (16) 


We shall now evaluate each contribution in turn with the abbrevia- 
tiont — ta =r. The closed line integral is by the residue theorem 
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$ = Mile”). = (17) 


The next integral can be separated into two real variable integrals 


72 a * Esınter 
) De Q {6} 


Re 3@ (3) € 


Both integrals are well-known functions, tables of which are given for 
example in Jahnke-Emde.* The conventional definitions are so 
arranged that the integrals remain analytie functions. Thus 


Sie) = j en 


Ci(&) 


Il 
| 
or 
8 
(>) 
SE 
S 
S& 


respectively known as sine integral and cosine integral and shown 
graphically in Fig. 4.7. We observe that Ci(x) cannot be extended 


2.0 


1.852 


| m/2= 1.571 
1.5 


0.5 


= 05 


0 


Fig. 4.7. The functions sine integral Si(x) and cosine integral Ci(x) defined 
by (19). 


in its lower limit to x = 0 because of the singularity at x = 0. Actu- 
ally, this is the reason why (15) cannot be evaluated in the simple 


*E. Jahnke and F. Emde, Tables of Functions, 3rd edition, pp. 3-9, Teubner, 
Leipzig, 1938; also Dover Publications, New York. 
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form in which it appears. Now we can write 


0) 
The total integral (18) is therefore 
7% 
ie 
N er de) = - Elder) en — jSi(Rer) (20) 
I jJw 2 


The integral over the infinite semicircle can be taken in exactly the 
same manner as demonstrated for the inverse Laplace transform of 
unit step. We use instead of jw the complex frequency p = d + jw 
and along the path of integration we have 


p= Re’ = Rcosy +jRsin y 
dp = jRe’’ dy 
This brings the integral into the form 
3r 


E 
d 2 
he®t=;| exp (Rr cosy + jRr sin y) dy > 0 
D 5 


c 
Because cos y < 0 for the values of Y in the integration interval, the 
contribution vanishes for r > 0 as R— », where one needs to be a 


little careful near the limits as outlined in Vol. I, pp. 207-208. The 
last integral can be treated like (18) and readily leads to 


=0, De 
l Lrratie) = | 2 der da = +CilQ) +35 - IBÜO) (21) 
ae a 2 


The desired integral (15) becomes after collection of all the terms as 
indicated in (16), 


AV Br Gh 
(dei + Ci Sur + 78: — Ci zn) 
27 2 2 


v,(t) = 
1 er 
= AVo E 7 ” SR. — | (22) 


Actually, this result (22) is valid also for r < 0. As demonstrated 
for the general Laplace transform, the path of integration for r < 0 
must be closed over the infinite semitirele in the right half plane of 
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Fig. 4.6 in order to get a convergent and thus meaningful result. If 
we do this here, we need to reverse the direction of integration to 
observe the rule that the region bounded by the line integral lies to 
the left of it. We have then, instead of (16) 


—/% —j® +5Re 

I E ee = a8 = I Fi ie (23) 
The ceontribution of the first, closed integral in the right half plane 
vanishes by Cauchy’s theorem since no pole is enclosed. The third 
integral on the right-hand side also gives zero contribution as R— », 
because r < 0, keeping in mind the needed care near the limits pointed 
out in the foregoing. The remaining two integrals are treated iden- 
tically to (20) and (21) and give the same results with one exception. 
We have here, because of r < 0 


sin wr ” sin olr| 
ie d(wr) = as au d(olr|) = 


@T 


so that the terms j(r/2) in (20) and (21) would reverse their signs. 
This gives then for (15) with the contributions as in (23) and with 
attention to the orders of the limits 


ZA 
275 


v.() = (= 0% 52-386: 4 0-33 - 581) 


ah, E 1% - SQ. - | (24) 


confirming (22). 
The final result is plotted in Fig. 4.8 as the indicial response in the 
normalized form 


v6) 


u = le) = Ss +2 = Si(a) (25) 


where x = 0.(t — ta). We recognize at once the, on first impression, 
strange phenomenon that the response is odd symmetrical about x = 0, 
where ®(x) = 2, so that it extends infinitely far into negative values 
of x, or in time ar beyond 


jo 0, xo = — D.la 


when the step voltage Vo! was applied to the input terminals. This is 
obviously a physical impossibility but can be explained readily by the 
fact that we have arbitrarily assumed ideal amplitude and phase 
characteristics. Since the impedance functions of realizable linear 
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networks must be analytic functions of the complex frequency p, we 
probably have been too arbitrary and need to retreat somewhat. 
However, if we tolerate for this discussion the nonphysical response 
characteristic and examine the information conveyed by (25) we see 
that we might find ample compensation in the elegant and extremely 
basic interpretation of the result. As Fig. 4.8 indicates, the abrupt 
input step shown by dash lines is transformed into a sloping front 
and the slope is directly and only dependent upon the cutoff frequency. 
We might define a build-up time tz in terms of Ar, the distance between 


1.2 


1.0 


0.8 


0.6 


0.4 


Fig. 4.8. Response of ideal low-pass filter to unit step. The time origin is at 
Deta = zo to the left of x = 0. 


the intersections of the straight line tangent to the response curve at 
x = 0 which is its center of symmetry. The slope of @(x) is from (25) 
with the definition (19) 


(@ se) -1(®2) Ei 
ad ner x Ja # 


From Fig. 4.8 we take then Ar = r, but this must also be 9.73, so that 
we obtain 


(26) 


TB = 


where f. is the cutoff frequency and 2f. the total width (positive and 
negative) of the continuous spectrum amplitude characteristic h(») 
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from Fig. 4.3. The larger f., the quicker the build-up, and for f. > & 
we approach distortionless transmission as is to be expected. 

The delay {4 of the response is directly defined by the slope of the 
phase characteristice ®(w). If we use x9 = — la, then, referred to 
the time origin which is the start of the applied signal voltage, we have 
in the conventional form 

Yu — ar 


Since the phase shift for a single section of the low-pass filter in Fig. 3.6 
is r, we see that for it x, will be of the order of r and thus rz of the same 
order as ia. As the number of sections increases, the slope of the 
phase characteristie in Fig. 4.3 must of course also increase and thus 
the delay 2; will be roughly proportional to the number of sections of 
the filter, whereas the build-up time remains the same as in (26). 

The shape of the response indicates a normalized overshoot of 
8.97% independent of the width of the transmission frequency band. 
The specific wave shape depends, however, upon both the signal and 
the assumed network characteristic. It is therefore not possible to 
establish a single general criterion for signal distortion. 

Suppose we consider now a rectangular pulse of duration T which 
can be expressed 

vs(t) = VoS_ı( dd — VoS_ı(t - T) (27) 


as the difference of two step voltages Vo! spaced T apart. We use 
here the notation of Campbell-Foster®! for the unit step because it is 
simpler to designate the time shift. The response of the ideal low-pass 
filter of Fig. 4.3 can be obtained in the same manner as the superposi- 
tion of (25) and its delayed version, namely 

v.(t) l 


ie eb 
D-34280) - (d+18ie - 2) 


E - (Sie) — Si@w - &r)] (28) 


where z&r = 0.T, the normalized pulse duration. We can here cancel 
the terms 3 because each of the expressions is validfor-— a <t< + 
(note the difference between this and the one-sided Laplace transform, 
Vol. I, section 5.5). As long as the pulse duration is larger than the 
build-up time, T > rz, the pulse will reach its maximum amplitude 
and remain at it for the interval 7 — rz. If, however, T < rz, then 
the pulse amplitude will become a measure of the pulse duration as is 
well known in long-distance telegraphy.* 


*J. R. Carson, Electric Circuit Theory and ihe Operational Calculus, MceGraw- 
Hill, New York, 1929. 


Sec. 4.2] Response of Ideal Filters to Pulses 175 


2.(T Zu Tg a 


Fig. 4.9. Idealized output pulse shapes as function of the pulse duration 7 relative 
to the build-up time rg. (a) T=235; bb) T=rs; (ce) T=%s;(d) T=YHr, 


Fig. 4.10. Actual pulse shape from (28) corresponding to the idealized pulse 
shape c of Fig. 4.9. 


To obtain the simplest illustration, we have plotted in Fig. 4.9 
the response @(x) in idealized straight lines, leaving off the oseillations 
so apparent in Fig. 4.8. For &r = 2Ax = 20.5 pulse shape a shows 
that the maximum amplitude is held for the interval ©,(T — rz) and 
the pulse is symmetrical. Pulse shape b corresponds to the limiting 
case T = rz, and shapes c and d exhibit the proportionality of the 
amplitude to the pulse duration. The actual pulse shape has been 
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plotted in Fig. 4.10 for the idealized pulse shape c of Fig. 4.9 which is 
also superimposed in dash lines. 

If we let the pulse duration become extremely small and at the same 
time let Vo, the amplitude, increase beyond all limits, we approach 
the impulse function. We can derive the response from (28), by 
observing 

sin © 


lim [Si(x) — Sie — zr)] > 


zr>0 


IT 


either by a Taylor series expansion of Si(z — zr) or by considering 
the difference to become the differential of Si(x), which from (19) is 
the above with £r—0. We obtain therefore as response to the 
impulse function Vo7So(t), where So(t) is the unit impulse (1.47) 
or (1.48) 

v,(t) VoT_. saxr 

— = — 9, — 

A " € 

where again x = 0.(t — ta). The same result is obtained if we return 
to the original Fourier integral (14) and replace the Fourier trans- 
form of unit step by that of the unit impulse given in (1.48), namely 


(29) 


1 +Re i h 
v.(t) = ıl Ae"iaV Te“ dw (30) 
Dr — De 
The integration is readily performed and leads to 
IR ; 1 
ertie da = —— 2jein (lt — Lt 
= er, % a, 


Collecting the terms and introducing x as before, we arrive at (29). 
Actually, the plot of this impulse response is very near the same as 
Fig. 4.10 except that the amplitude is directly proportional to the cut- 
off frequency! If we define the base of the impulse response r; by 
the distance of the first zeros to the right and left of the center, then 


Deri N! 
a Ze er (31) 


This shows that the impulse response deteriorates as the cutoff fre- 
quency is lowered, the pulse response becomes broader at the base, 
and the amplitude decreases. 

These few examples have amply demonstrated the power of this 
concept of idealized network functions, introduced by KüpfmüllerA!° 
and illustrated in much detail in this reference. It should be obvious 
that in a sequence of like or unlike pulses the spacing will be an addi- 
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tional parameter of interest; permissible values will be closely related 
to the build-up time and thus to the transmission bandwidth. 


4.3 A-C Response of Ideal Filters 


Again we shall consider first the ideal low-pass filter and apply a 
single frequency carrier wave, say 


vs(t) = Vm sin (wol + Y) = Im Ve’* (32) 


The Fourier transform in complex form is from Table 1.1, line 1, with 
a = jo 


which needs to be substituted in (14) for the transform of unit step. 
We obtain in complex notation 


1 Ir V 
A Aerar —  — ebd, 
d,(t) ee ar) e’“" dw (33) 


Though a seemingly very slight change, the effect of the extra wo is 
quite important. We can bring (33) into the same form as the integral 
(15) if we introduce the new variable 


=w-— wo, dy = dw 


and adjust the limits accordingly 


o=—, y=-(%+ wo) 
@ == +%, URZ +(2. — wo) 
This leads with? -— 4 = rto 
AV j +/(R— wo) 1% 
d,(d) = — in. | — eu dj 34 
d,(t) ee (jy) (34) 


The integrand is now identical with that in (15), but the limits are 
unsymmetrical, being shifted along the imaginary axis by —jwo- 
Comparing with the path of integration in Fig. 4.6 we observe this 
simple shift quite strikingly. Assuming 0. > wo, l.e., the carrier 
within the transmission band of the filter, nothing changes in principle 
from our previous procedure and, indeed, we can utilize all the results 
from the d-c case with appropriate slight modifications. We can 
again use (16), except for the finite limit values which are now differ- 
ent. This means that only (20) and (21) will change in argument and 
we can readily write the expression -corresponding to (22), here in 
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complex notation, namely 


Dt) AV inor en + Cie — wo)r — ; + SÜD. — wo)T 
275 2 


- Ci. + wo) — Ks + SÜD. + or) (35) 


Because of the unsymmetry of the limits, the cosine integral terms do 
not cancel, and the sine integral terms cannot be combined. We 
actually have 


I 1 1 j 
5,() = AVertt-io (& Fe ciy) (36) 
2 Dr Dr 


where 
y=-(%.- ww) - iu), Y’= (+ wo) - da) 


Comparing (36) with the step response (22), we see that within the 
large parentheses the first two terms are quite similar in both cases, 
and if we let «„— 0 we obtain exactly the large parentheses in (22). 
The step voltage amplitude V, in (22) corresponds here to the applied 
alternating voltage Ve’“' in complex notation and with the same time 
delay that characterizes the indicial response. As a matter of fact, 
we can readily interpret the terms within the large parentheses as 
the envelope of the carrier frequency wave, giving amplitude and phase 
variation for the transient state. Introducing 


1: SLEeN 
nl (Sy Siy) 
2 Dr 


ı (37) 
g2(t) = 5: (Cry — Ciy') 
TM 
and also 
ee 92) 
g1(E) 


we can write (36) in accordance with (2.100) 


v,(0) = AVm VI) + 99°) sin lot -t) ty tn] (38) 


This clearly exhibits the amplitude variation which is also shown in 
Fig. 4.11 for the special case wo = 30.. Again we might compare 
this with the response to a step voltage shown in Fig. 4.8. We observe 
a slightly longer build-up time for the a-c case and a definite lack of 
symmetry with respect to the ordinate at x = 0. The closer wo lies 
to ®., the stronger will be this unsymmetry. 
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In plotting Fig. 4.11 we had to compute gz(t) from (37) for very 
small values of x where the cosine integral increases beyond all limits. 
We can take from Jahnke-Emde, op. cit., p. 3, the approximation 


Garn y® ri (39) 
where In y = 0.5772 is Euler’s constant. Since we have, for wo = $9,, 
y' = 3x2 and y’’ = ?x, we can approximate 


il 3 il 1 
).= <= \(li<ı - Ü- = — 
g2(t) = I cite) 5, n 3 2 <<] 


The major effect of ga(t) is actually found near x = 0, as we should 
also expect from the graph of Ci(x) in Fig. 4.7. 


172 


FıG. 4.11. Envelope of response of ideal low-pass filter to a suddenly applied 
carrier of constant amplitude and of frequency w = 2%. 


The phase angle n is by its definition variable with time, so that it 
constitutes an apparent frequency variation. We can compute this 
from the derivative of the argument 


d dn 
— [wo(t —t - . 
Fra atYtn] ot 
again in terms of the two functions gı(t) and ga(t). 

We might also consider a band-pass filter with the characteristics 
given in Fig. 4.12. The analytic expressions for the filter character- 
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isties are identical with those given for the low-pass filter except that 
the frequency range is now defined by wı <w < wg. Accordingly, 
if we apply a single frequency carrier wave defined as in (32) and with 


h(w) = constant 


Fig. 4.12. Ideal band-pass filter characteristic. Pass band Aw = wa — wı, center 
frequency &. = 3(wı + w2). 


wı < wo < wa, we obtain in complex notation for the response 


ö,.() = E | Acmiet I —_ et da (40) 
2r Joı jo — wo) 
where the pole » = wo is located on the path of integration. We can 
again introduce the variable y = » — wo as in (33) and obtain now 
the limits 
= wı, y=01- = -(w -wı) <O 
w=w, y zn —-w>0 


With r = t — it, we obtain now 


7 +5(w2 — wo) 
0 = oe | eva) (a1) 
27] -Ia-a) I%Y 

which is quite similar to (34), and we could write the final response in 
the same form as (36) with the modifications dietated by the different 
limits. 

Considerable simplification can be obtained if the carrier frequency 
wo coincides with the center frequency w. of the transmission band in 
Fig. 4.12, i.e., if we have 


wo = w. = z(wı + wo) 
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In this case we can also write, using Au = wa — wı as the symbol for 
bandwidth, 
A A 
a -m= +7) -@w- 0) = -7 


We have here then symmetrical limits for the integral, i.e., we obtain 
identically the integral form (15), so that we can write down the result 
at once from (24) as 


d,(t) = AVeıttte E + - Si (= (tt - »)| (42) 


The envelope of the a-c response for this so-called symmetrical operation 
of the band-pass filter is thus dentical with the step response of the 
low-pass filter, if we replace the cutoff frequency 0. of the low-pass 
filter by the half bandwidth (Aw)/2 of the band-pass filter. It is 
rather natural that this should be so because we could assume that 
wo = 0, the zero carrier frequency, lies in the center of the low-pass 
filter band, extending this to — 2. <w< + Q.in accordance with the 
Fourier transform concept. We can therefore use Fig. 4.8 with all 
positive values directly as the envelope of the symmetrical band-pass 
filter response. 

For unsymmetrical operation we might rewrite the limits in the 
following manner 


a -w=-ut<-w=<- (wo — we.) 


A A 
—- (wo — wı) a a 


We observe that these limits correspond to the limits in (34) if we again 
replace . of the low-pass filter by (Aw)/2 of the band-pass filter and 
introduce the relative carrier frequency (wo — w.) referred to the center 
frequency of the band-pass filter instead of the absolute carrier fre- 
quency wo. With these substitutions we can take the solution of (41) 
as identical in form with (36). Moreover, we find the identical enve- 
lope as given in Fig. 4.11 for the special case of the carrier frequency 
being in the center of the right-half pass band, or wo = w. + [(Aw)/4]. 
The interchange between low-pass and band-pass response character- 
istics is summarized in Table 4.1 which can be extended as a general 
correspondence. - 
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TABLE 4.1 
CORRESPONDENCE OF RESPONSE ÜHARACTERISTICS 


Ideal Low-Pass Filter Ideal Band-Pass Filter 


Band —- 2. <o<+ wı <w< we 
Bandwidth 2, Aw = w — wı 
Center frequency @=0 @. = 3(w + wı) 
Relative carrier fre- 
quency wo [OT 
Variable x as in Ro 
Fig. 4.11 2. — ta) Ss (t — tı) 
1: Aw 
yın (36) (8, == wo) (t = ta) ©, — (wo = we.) (t = la) 
= (we — wo)(t — La) 
£ A 
y'" in (36) KO N) =; I 
= [oo — (-R)](E — La) = (op — wı)(t — ta) 
Special case of Fig. Q 
4.11 tes = + 


It is still of interest to evaluate the response of the ideal band-pass 
filter to a carrier frequency located outside the pass band, either 
@p < wı Or wo > wa. The integrals (40) and (41) remain unchanged 
in form; however, since either  — 0 > Oand vı — wo > dorw — wı 
> 0 and wo — wa > 0, the path of integration lies either wholly above 
the origin along the imaginary axis of the p-plane in Fig. 4.6 or wholly 
below the origin. This means that the pole jy = 0 in (41) lies out- 
side the path, the path itself is regular, and we can perform the inte- 
gration directly. Suppose we choose the first alternative wo < wı. 
We can then write the integral in (41) 


In I |: 

I(wı — wo) = I(wı — wo) = (we — wo) 

These integrals have been evaluated in (20), so that we can write the 
complete response 


5 () Be AV er (-ci ’ IE Mm I ‚ Ci „ N, SR 
r 2mj ıy J 2 IDIY ar u eg) 2 er Siy 
(43) 


I 


ST 
AVe [Sy — Sy) + jlCiy! — Ci] 


where 
y = (vi = w)(i — a), y" = (wg — w)(t — ta) 


Sec. 4.4] Deviations From Ideal Characteristies 183 


The envelope is thus readily computed with the help of tables or of 
Fig. 4.7. 

If the bandwidth Aw is small and the carrier wo not close to the pass 
band, then integration (34) can be simplified by replacing in good 
approximation 

yzw—-w byy. = w.— w 


which is constant. Thus, integral (34) with the limits just stated for 
(43) gives 
1 " (w— wo > 
ge e’vr dy = - 
Ye Jwı—wo IYeT 


ei@aeo)r = eier) 


which we can also write by introducing 


in the form 

I@P A 

—_ ee) in — 7 

Yet 2 
The complete response is now, observing that the exponential factor 
in front of integral (34) cancels 
AV „u, in [(A0)/2] (E -ta) Aw 
Zu d 
27) [(Aw)/2] (E — la) we — wo 


öl) = (44) 
The narrow-band filter responds to a frequency outside the pass band 
by oscillating at center frequency w., with an amplitude variation 
given by (1/x) sin x, building up to a maximum and then decreasing 
again. The envelope frequency is (Aw)/2 which is the difference 
frequency between the center and edge of the band, a very low fre- 
quency. The response itself is proportional to the band width but 
decreases with the distance of the carrier frequency from the center 
frequency. 

Many other applications could easily be given but they would follow 
the same method of treatment, so they are reserved for the problems 
at the end of the chapter. 


4.4 Deviations From Ideal Characteristies 


The ideal characteristics assume constant amplitude and linear 
phase shift as functions of frequency as shown in Fig. 4.3 for the low- 
pass and in Fig. 4.12 for the band-pass filter, respectively. Though 
valuable for the study of systems and their appropriate components, 
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the response caleulations have shown that other characteristics might 
lead to better performance depending upon the specific requirements 
on the system and the type of information it is designed to handle. It 
is therefore desirable to examine deviations from the so-called ideal 
characteristics and to compute their effeets upon the network output. 


Amplitude 
characteristics 


Phase 
characteristics 


Fig. 4.13. Monotonic deviations from the ideal network characteristies a, a of 
the low-pass filter. Any combination of a, b, or c of amplitude with any a, b, or c 
of phase characteristie is feasible. 


Several different approaches are possible, each entailing certain 
analytical difhculties. 


We might first assume the ideal linear phase shift ®(») = wta com- 
bined with an amplitude characteristie given by 


2 
ya (i + m en) (45) 


where m is the measure of the maximum rise or decrease of amplitude 
at the edge of the band. Figure 4.13 illustrates this assumption with 
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curve a for phase and either b or c for amplitude for a low-pass filter. 
We introduce the parabolic shape because h(w) is an even function in 
w. The response to a step voltage input is given by (14) if we insert 
the frequency dependent factor to A from (45), or by 


1 +8 w? e GoN 
d=— Alı+ miete _ gjat 4 
v,(t) al ( tmon)e De do (46) 


° c 


This can be resolved into two integrals by separating the terms in the 
parenthesis, the first integral being identical with (14) and therefore 
having the result given in (25). The second integral has the form 


MA 


which gives upon integration by parts, calling » = x, e” do = dy 


1 3 B 
== VoA jr (D.e? Der 000 =) ERS, 
T 


Ne 
j2r 92.” (jr)? 


Upon collecting terms this becomes 


(eier > 2) 


1 ] or 
+VoA u I Ze cos 0) = +VoA Ma) 
a Der Der 7 
where 
far 
92) = ” = Fe cos 2) x = lt — 1a) (47) 


is plotted in Fig. 4.14. This function is odd in &. The complete 
response (46) thus becomes 


a) 


Av, ae) & ol) (48) 


where @(x) is defined in (25) and plotted in Fig. 4.8. The second part 
depends on the measure m. For the value m = 0.2 we have plotted 
the total result (48) for both signs in Fig. 4.15. Clearly, a rising ampli- 
tude characteristic results in shorter build-up time—indicated by the 
straight lines—but also brings an increase in overshoot as comparison 
with Fig. 4.8 demonstrates. On the other hand, a decreasing ampli- 
tude characteristic results in appreciably longer build-up time but 
causes less overshoot. 

If we apply the impulse VoT'So(t) to these same network character- 
istics, we have to solve integral (30) whereby the amplitude A is 
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EX), 8%) 
0.6 


-0.6 
Fig. 4.14. The functions g(x) from (47) and go(x) from (50). 


1.4 


3 4 5 
2.t-)=x nn 


Fig. 4.15. Response to unit step of system with (a) rising amplitude character- 
istic, (b) falling amplitude characterstic. The phase shift is ideally linear. 
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replaced by (45), or 


1 165 2 
£ = — A + 322, —jutg Jwt 
vr(t) a (' tm >) e VoTe’” dw 
Again we can split this integral by separating the terms in the paren- 
thesis. The first part is identical with (29), the second part can be 
evaluated by integration by parts similar to (46a) except that we need 
two such processes in tandem to reduce the factor » to a constant. 
The final result becomes 


2. fs 
Ze = + mg.) (49) 
T T 


where 
sin & 


0) = ga), = Rl- 1 (50) 
and g(x) is the same function given in (47). The result, (49), is simply 
interpreted. We have the original response for the ideally flat char- 
acteristic as given in (29) and in appearance quite similar to the pulse 
response pietured in Fig. 4.10. Superimposed is the given function 
g0(x) from Fig. 4.14 which either adds or subtracts from Fig. 4.10 with 
their lines of symmetry coinciding. The rising amplitude character- 
istic (45) with the positive sign leads now to a sharpening of the 
impulse response, i.e., steeper rise, narrower base, and higher amplitude 
which are all desirable features for pulse response! The decreasing 
amplitude characteristic (45), with the negative sign, results in the 
opposite changes, i.e., lowers the amplitude and broadens the base of 
the response. 

We might examine the impulse response for the combination of the 
ideally flat amplitude characteristic a in Fig. 4.13 with either b or c 
of the phase characteristics. Immediately, we are confronted with 
severe analytical difhieulties. The phase characteristic should be an 
odd function so we might multiply the ideal $(») = wty by the same 
factor as the amplitude in (45). However, this would lead to w° in the 
exponent of the phase characteristic and we can see no hope for 
solving the resultant integrals in closed form. We might try as a 
somewhat simpler expression 


2 
Io) za Em @) N) (51) 


where we need to change the sign of the deviation term in order to 
assure odd symmetry in. Formulation (51) describes curve b of the 
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phase characteristie in Fig. 4.13; if we interchange the signs we obtain 
curvec. Introducing (51) into (30) which gives the impulse response 
for the ideal characteristics, we see that we need to write two integrals 


1 De { 2 f 
v.() = N A exp =; (a +m = VoTe’“ do 


0 2 
en | A exp E er m = VoTe! da (52) 
Dr — De De ö 


Replaeing » by —w in the second integral makes all exponents conju- 
gate imaginary to those in the first integral and permits the same limits 
so that we can contract the integrand into 


% 2 
2 Avon | cos (cu tb) — m) dw (52a) 
T 0 2. 

It is entirely impossible here to separate the response of the ideal, 
linear phase characteristic from that of the deviation term. This is 
rather important because it illustrates the much greater involvement 
of the phase effect, a fact that has only been stressed recently.* To 
bring integral (52a) into a standard form, we need to complete the 
square in the argument of the cosine, where we can disregard the 
negative sign since the cosine is insensitive to the change of sign 


2. - ti) |? 2. — W)\° 
| = (5 
| 9. 2 Vm 2 Vm > 

where 
& Ü.t 6) 
ug = = 53q 
2Vm 2Vm wo 
The quantity x is directly proportional to time and we have used it 


consistently in the graphs of the functions of interest. With the new 
variable u, integral (52a) takes the form 


La EEE h 3 
U,lt) = 3 AVoT LE cos (u” — uo) du (54) 


Actually, the standard functions which can be used here are the 
Fresnel integrals defined byf 


*M. J. DiToro, “Phase and Amplitude Distortion in Linear Networks,” Proc. 
I.R.E., 36, 24-36 (1948); also doctoral dissertation, Polytechnie Institute of 
Brooklyn, June 1946. 

T Jahnke-Emde, op. cit., pp. 34-37. 
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1 ? cos y 
C(z) — 38 = == 
2 2 iz ve DvzE | Vy ay 


du (85) 


If we introduce 


the complex integral becomes 


u —35u2 u _ Tu u 
C(u) — 5S(u) - [ = nudu = |, ee? M= |, j"du (56) 


Using this identity in (55) and separating real and imaginary parts, we 
have the equivalent standard definitions 


= du = Br 2 dı 7 

C(u) in cos (Eu ) u N: cos u” du (57) 
u 5 V 

S(u) = |, sin (@ ) du = NE |, sin u? du (57) 


The tables in Jahnke and Emde contain values of both standard 
definitions (55) and (57). We can expand the cosine in (54) and 
identify the integrals of the variable u from (57), keeping account of 
the factor r/2 in the integrand, so that 


2 va [elion-n)se@in)lon 


[Eon n)rslBe)lun] m 


A similar result is given in Küpfmüller,4!° p. 82, where, however, the 
upper limit in (52a) is chosen as ®, so that we need to substitute 
u— x» and therefore 


c GB (Vm - m) > C(®) 


Ss („2 (Vm — u) > S(®) 


= VoT 


Il 


KON 


No 
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The wave shape of the response is indicated in Fig. 4.16. As 
evident from (58), the principal periodieity is contributed by cos u 
and sin uo-, both of which exhibit quadratically increasing frequency. 
We recognize some similarity with Fig. 4.10 but the build-up is acceler- 
ated and the deviation of the phase characteristie from linearity causes 
high frequency osecillations of relatively low amplitude except in direct 
proximity to the main pulse. 
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Fig. 4.16. Impulse response of system with flat amplitude characteristie a and 
phase characteristie b of Fig. 4.13. 


We can now readily see that more general cases of combined ampli- 
tude and phase deviations from the ideal characteristics become very 
involved. A number of special tractable cases are carried through in 
Küpfmüller,%!° chapter IV, and in nonmathematical form in Cherry,A® 
section 5. 

We should, of course, refer here again to the method* of “paired 
echos,’” briefly discussed in section 2.7. Suppose we consider a low- 
pass filter with the general network characteristie 


Alwye?O) = A(w) cos B(w) — JA(w) sin P(w) (59) 


* H. Wheeler, “The Interpretation of Amplitude and Phase Distortion in Terms 
of Paired Echos,’” Proc. I.R.E., 27, 359-384 (1939). Also Cherry,4? pp. 296-302. 
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We can develop this characteristic into a complex Fourier series as 
discussed in Vol. I, section 6.2, taking the total frequency band 28. 
as the fundamental period. This will give for a finite number of terms 


+N 
Als) OR: (60) 
n=-N 
where the coefhicients are found by 
au a 
ARE a on 


We have stressed that A(w) must be an even function of », and ®(w) 
an odd function, so that the coefficients C„’ will definitely be real. To 
establish closer relationship with the previously treated ideal char- 
acteristics, we might change this expansion slightly by segregating the 
linear phase 


(Ave *'a) Alo) (@) er? @) 
Ao 


where A®(w) is the deviation from the linear phase characteristic and 
must again be an odd function of w. Expanding the factor outside the 
parenthesis as in (60), we obtain 


+N 
Alv)e??@ — Age ta 2 eo (62) 
n=-N 
where the ('„ are determined in analogous manner to (61). 
The response to any applied source function v,(t) with Fourier trans- 
form $v,(t) is now given by 


Av 02 . NS me i 
vo.) = 5 N ei > (0= :) Fv,(t)e” dw (63) 
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n=-N 


For the actual evaluation we need to specify v,(t) because of the finite 
frequency limits of theintegral. If we had complete Fourier transform 
integration, we could write the response directly as in (2.123). Sup- 
pose we take a step source function Vol, with Fourier transform 
Vo/jw; then (63) can be rewritten 
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where the integral is’exactly the same as (15), except that we have here 
n 
ee (64a) 


We can therefore take the answer from (25) 


RT en 
v(t 2 1 Eh 
nz = 2 CH ( 7 r Si) (65) 
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The result is in very simple form, easy to interpret. For n = 0 we 
obtain a term identical with (25) in every respect; we have essentially 
the response of the ideal low-pass filter as shown in Fig. 4.8. For each 
positive and negative n we obtain, respectively, an advanced and a 
delayed “echo” with time spacing +[(mn)/Q.] with respect to the 
originaln = 0, and with amplitude CO \„ and C_, defined by the Fourier 
analysis of the network characteristie itself. The designation as a 
method of “paired echos’” is now quite obvious. If series (62) is 
quickly convergent, this method is quite instructive and useful, par- 
tieularly if it is referred to the ideal characteristics because the devia- 
tions are then the obvious causes of the echos. 

We could, of course, use this method to study the effect of some peri- 
odic ripple superimposed upon the amplitude or phase characteristic. 


4.5 Relations Between Network Characteristics 


We have accepted in the foregoing discussions the nonphysical 
behavior of the abstract network with idealized characteristics because 
we could gain rather broad relations for the transient response of 
systems which are valuable in themselves. We suspected at the time 
that this nonphysical behavior must be caused by an inadmissable 
simultaneous choice of amplitude and phase characteristies. Actu- 
ally, the close interrelation of network functions and the theory of 
functions of a complex variable, brought to light by the increasing 
use of the Laplace transform method, should call for a critical examina- 
tion of the analytical properties of physically realizable networks. 
The first extensive study was published by M. Bayard* and many 
additional relations were deduced by Bode,®? chapters 13 and 14. 

We might start from the fact that any regular driving point imped- 
ance Z(p) of a passive linear network cannot have poles in the right 


* M. Bayard, “Relations Between the Real and Imaginary Parts of Impedances 
and Determination of Impedances when one of these Parts is given” [French], 
Revue gen. elec., 37T, 659-664 (1935). 
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half of the p-plane. If there are poles along the imaginary axis of jo, 
ineluding the possibility of poles at p = 0 and at p = j», we will 
remove these from Z(p) so that we can concentrate on 


Zu) = 2p) — (a +4 > =) (66) 
p m 

a function completely regular in the entire right-half p-plane. Two- 

terminal networks described by impedance functions of the type Zo(p) 

have been called minimum reactance networks by Bode,B? chapters 

7.8 and 9.3. Obviously, we can consider an admittance function Y(p) 

in the same manner and arrive then at a minimum susceptance network. 

Because the function Zo(p) is regular in the entire right-half p-plane 

and on its boundaries, we can write it in terms of the complex variable 
p=5+jw 

Z(& + jo) = R(d,w) + 3X (8,0) (67) 

with the Cauchy-Riemann relations satisfied everywhere except at 
singularities 

oR 9X OR 9X 
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For ö6— 0, we have the conventional a-c impedance function 
Z(e) = Rlo) + 3X) (68) 


where R(w) is the resistance and X (w) the reactance function in the 
conventional sense. 

If we now have given R(w), 1.e., the real part of the impedance 
function is prescribed, we can evaluate the complex impedance func- 
tion and thus the reactance part by simple application of relations 
known from the theory of functions of a complex variable. First of 
all, we can construct to R(w) the generalized function R(ö,w) as the 
real part of an analytic function by invoking two-dimensional potential 
theory. Because of the Cauchy-Riemann equations (67a), R(ö,w0) and 
X (6,0) satisfy the Laplace differential equations 
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as second differentiations of (67a) demonstrate. This clearly means 
that both R(d,w) and X (8,0) are so-called harmonic functions, and 
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since they constitute real and imaginary parts of the same analytic 
function Z(p) they are called conjugate functions.* To solve for the 
potential within a regular region if it is known everywhere on the 
boundary is the classical problem of Dirichlet. In two dimensions 
this solution is an application of Cauchy’s integral theorem, given in 
Appendix (5.18) and illustrated in Fig. A-5.5. 

The simplest classical solution for the real potential problem has 
been developed by Poissonf for the cirele. If the potential ® is known 
along the circle of radius a in the z-plane of Fig. 4.17 as a function of 
the angle #’ counted along this circle, ®($’), then at any point Z with 


Fig. 4.17. Relation of regular impedance function to potentialtheory. Conformal 
mapping of interior of eirele ae’® in z-plane upon right half of p-plane. 


polar coordinates pe’? the potential value ®(p,$) is found by Poisson’s 


integral 
| en, En 
AP! om Jo a2 — 2ap cos (We (®) de (70) 


The complex analytical potential 


P(@) = 8(p,6) + 320,9) 


of which ® is the real part, can also be found directly from ®($’) for the 
circle by the integral developed by Schwarzft 


Del ae 7 
en 
2r Jo ae” —z ne 1 
* E. Weber, Electromagnetic Fields: Theory and Application, Vol. I, Mapping of 
Fields, chapter 7, particularly pp. 279-282, Wiley, New York, 1950. 
T Ibid., pp. 362-365. 
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This we can translate at once into our impedance function with com- 
plex variable z, if the real part is known along the circle ae’®, namely 


2m 1638 
ze = |, EEE R6) a6 = Rkp6) +3%00) (72) 

Actually, we would like to know Z(p) in the complex p-plane with 
R(6,») given along the imaginary axis as R(w). This can readily be 
obtained if we map the eircle ae’® from the z-plane conformally into 
the imaginary axis jo of the p-plane such that the points 1, 2, 3’, 3’, 4 
correspond to each other as shown in Fig. 4.17. Progressing along the 
circle in the z-plane in the mathematically positive sense, the area 
mapped is on the left and this corresponds in the p-plane to the right 
half ö > 0. The mapping function is 


0.—2 p-b 
p=b ) en 73 
p BEE Ir (73) 
If we insert the coordinates of the cirele, z = ae’”, we find 
. sin &’ ‚ 
lien ne (74) 
and the correspondence 
9-0 A p= 
' < ie 2; 
N = BE 5 e er, p = tb 
6' — 1, ei == =} Da= +j% 


We can now introduce z from (73) into the integral (72) observing 
that for p = a we have 


ac” = Dr 
jo’ +b 
and therefore 
3% VE: hi 
je’’ do ERZESSE, 
or with e’* from the preceding 
2b 
a an is ds! 
db (b? ak w'?) @ 


We have used w to designate again. the values along the boundary, 
. . . ch’ 
j.e., the imaginary axis, because it corresponds to the eircle ae’” along 
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which R($’) is given. To avoid confusion, we shall use from now on 
wo = X asindicated in Fig. 4.17. Thus, integral (72) transforms, after 
taking the limits from —r to + rather than from 0 to 2r, into 


a eV, 2b 
Z(p) = Ir 5 Ta RA) +») HIEr; AA (75) 


The new limits should actually be +% to — © but the negative sign 
from d&’ permits interchange into the conventional direction of inte- 
gration. We can still rationalize the first denominator and actually 
separate (75) into two integrals 


a 
ze) = - Im Zee RO an 


ai 1(b? — pP?) 

ae Vene 
At this point it is important to recall that for any realizable impedance 
function (68), R(w) must be an even function and X(w) an odd func- 
tion of ». This physical restrietion for network functions very con- 
veniently drops the second integral in (76) because it has an odd 
integrand in X as is quite obvious by the extra factor X. We thus 
arrıve at the very simple relation 


+% 
Z(p) = 2 | = = N: RA) ax 2) 


where we utilized the fact that the integrand was an even function 
and adjusted the lower limit. This gives now the complete complex 
frequency impedance function in terms of the known real part along the 
real frequency axis (imaginary axis jo in the p-plane). 

Upon writing p = ö + jw and separating real and imaginary parts, 
we obtain from (77) in accordance with (67) the functions R(d,») and 
X (8,0). If in the latter we let ö&— 0, we obtain at once-—or also 
directly from (77) 


X(o) = - ı en RA) dX (78) 


which again is a simple expression. The only disadvantage of this 

form is the fact that for A = » the integrand becomes infinite. To 
adjust this, we observe that 

I ML Luna ö Er 

0 Nekebnre x we 
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This integrand still becomes infinite as X = +w, but we can evaluate, 
disregarding the constant factor 1/2w 


I 


The first and last terms in the brackets combine to 


2w + € 
2w — € 
so that In (—1) cancels and the limit e— 0 leads to (79). 
We utilize this by introdueing this integrand into (78) with the 


factor »R(w) which does not participate in the integration so that we 
get 


In(-1D) + In 


BR 
X(o),= | + 1RO) — R(o)] d (80) 


which now remains finite atX = +w. This is one of the fundamental 
relations connecting real and imaginary parts of the realizable network 
function. We have shown this in detail for the impedance function, 
but obviously the same holds for admittance functions with appropri- 
ate substitutions. 

The reverse relationship, namely finding R(w) for a given X (wo), can 
proceed quite similarly. We can start from the fact that X (d,w) is a 
potential function in view of (69), thus can be evaluated like (70) 
within the circle ae’” from its values along the circular periphery. 
We can at once construct a complex potential function (71) and thus 
a complex impedance function like (72), but now its real value must 
be the reactance function. This we can achieve if we multiply (67) 
Da 
so that we must identify here P = —-jZ. We now have, if we go 
directly to (76) 


Den 
AD 2 I 9 +X X) dA 
+2 +» 1b? — p2) 
Ze N DEN) 
At this point we need to recall that the reactance function of any 
realizable network must be an odd function of w, or X as we call the 


variable. This physical restrietion now drops the first integral in (81) 
because of the symmetrical limits. Being left with the second integral, 


Xa)A (8) 
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we can cancel j and write the identity in the numerator 
b? ad p? en (b? +92?) Br (p? LA) 


which permits separation into the simpler integrals 


I NER 
zo) = -, I mar arena 8) 
This is the exact Be of (77) and gives the complete complex 
frequency impedance function in terms of the known imaginary part 
along the real frequency axis (imaginary axis jo in the p-plane). We 
observe that the second part is actually independent of p and there- 
fore of w. We must identify this with the d-e resistance value 


A 


Dee X(A) dA (83) 


Is 
Z(0) = R(0) = 3 
T 
given here explieitly in terms of the prescribed reactance function. 
This leads finally, if we take into account the symmetry of the inte- 
grand, to 


DNS 
Z(p) = R(0) — = I us ——, XA)aA (84) 


Introdueing p = d + jw and Nee real and imaginary parts, 
we obtain from (84) R(ö,0) and X(ö,w). If in the former we let 
ö— 0 we obtain at once, also directly from (84) 


R(a) = R(0) — | TE) ar (85) 


If we like, we may again use (79) to amplify the integrand so that we 
avoid the infinity atX = w 


R(o) = R(0) — 


21 AX(X) — ZA. (86) 


I ne 


which is a form derived differently by Bayard, loc. cit., and Bode.®B? 
The close relationship between realizable network functions and 
electrostatic potential theory emphasized in this derivation has been 
utilized in the elecetrolytie tank in the design of networks with desirable 
frequency characteristies.* 


*E. C. Cherry, “Application of the Eleetrolytie Tank Techniques to Network 
Synthesis,” Proc. Symp. on Modern Network Synthesis, Polytechnie Institute of 
Brooklyn, New York, 1952. Also H. A. Wheeler, “The Potential Analogue 
Applied to the Syrien of Stagger-Tuned Filters,” I.R.E. Trans., Circuit Theory, 
CT-2, No. 1, 86-96 (1955). 
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If Z(p) represents a transfer impedance, then our requirements of 
regularity in the entire right-half p-plane specify a so-called minimum 
phase network, Bode,B? section 7.8, but the relations between real and 
imaginary parts would be the same as given in (80) and (86). Of 
course, we could substitute the appropriate admittance function. 
Frequently we use, however, amplitude and phase functions and for 
this purpose we study not Z(p) itself but its logarithm, e.g., in the 
notation of Bode,#? p. 230 

ee en 
1O)E—E N  —— w JD(w 
2 VRıR; 
(87) 
= In ann + vo) 
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where Zr is the transfer impedance and Rı and Rz the terminating 
resistances, A(w») the attenuation function, and B(w) = Y(w) the phase 
funetion if we write Zr in polar form. We have chosen in (3) as 
transfer function 


H(jo) = |H(je)|e?@ 
so that with h(«) = |H(jo)| 
In H(jo) = In h(w) — j&(w) (88) 


which will make the phase delay a positive angle; this convention is 
most frequently found in dealing with the transient response of net- 
works, e.g., Cherry,?? p. 84, Guillemin,4® p. 475, Küpfmüller,4!° p. 33. 
Because 


In) _ np) = Ina) 
g9(p) 
we must require in this case that there be no zeros in the right-half 
plane since they become singularities and thus violate the original 
assumption of regularity of the complex function. 
With the notation in (88) we may adapt at once relation (80) express- 
ing the imaginary part or phase function in terms of the real part or 


amplitude function 


[) ' ! 
ae = |, NER (89) 
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and conversely, (85) 


In h(o) = In h(0) + - [ = 2 ERIK. (90) 
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If we prefer the amplified expressions to remove, at least formally, the 
indeterminateness of the ann at‘ = w, we have for (80) 


8a) = - — zu 2 N - on (91) 
and for (86) 
In h(&) — In h(0) = - Re een (92) 


4.6 Approximations to Distortionless Transmission 


We have established that there exist unique relations between the 
real and imaginary parts of complex network functions regular in the 
entire right-half p-plane. These network functions can be imped- 
ances, admittances, transfer functions, or their logarithms. When we 
introduced idealized network functions we decidedly assumed regular 
forms but we selected both amplitude and phase functions, thus 
violating the relations deduced. We might now inquire first as to 
what we should have assumed, and second, in what direction we would 
need to modify the characteristics to obtain nearly ideal responses. 
Unfortunately, there can be no positive answer to the second ques- 
tion, because signal characteristics and network performance are 
interdependent. 

The idealized low-pass filter had the characteristies 


h(o) = A, &(w) = wta, - . <o<+t% 


as shown in Fig. 4.3. Let us retain the flat amplitude characteristie 
and find the compatible phase characteristice which would lead to a 
realizable impedance function. We might use (89) direetly which 
gives here 


do) = — = (In A) |, Fe (93) 


The integral must be evaluated with due regard to what we said in 
connection with (79), i.e., we evaluate 


un are Is = m el. 
+e 2w De En @ 
because the contributions at all limits except Q. cancel out. We thus 
have for » < ., inverting the logarithmand 


2. + w 
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dw) = - (In A) In 8.0 (94) 
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For small values of »& we can approximate 


ss (w/%.) Y w w 
een (o/9.) z 2 (1 u n = 0. 
and therefore 
2 w 
®(o) = - (In A) — <<, (95) 
T Wr 


We have linear phase shift at low frequencies as we had assumed in 
the idealized characteristic, and we can even determine the compatible 
delay time {, as the slope from (95) 

2 


TMNEc 


= In A (95a) 
The smaller 2. and the larger A, the longer will be the delay time. 
As we approach the edge of the band, however, ®(w) increases to a 
logarithmice infinity which is characteristic for any discontinuity in the 
assumed attenuation characteristic. This demonstrates a wide dis- 
crepancy between Fig. 4.3 and the compatible phase values. 

We had disregarded the phase characteristic beyond » = 2. in Fig. 
4.3. Actually, (93) is presumably valid for any w, so that for » > ©. 
we obtain 


o+ 9 


W Tec 
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where the integrand is regular for allO <A < 2. so that the integral 
can easily be evaluated. Outside the pass band, then, the phase func- 
tion continues, declining logarithmically from the infinite value at 
o = Q. to zero as w—> ©. Obviously, however, if we let .— », 
the ideal characteristics become mutually compatible because we can 
make the assumption of (95) for any finite value of ». The time delay 
becomes very small as (95a) indicates. Thus, the wider the trans- 
mission band, the closer we approach distortionless transmission, which 
is natural. A good illustration is the degree of resolution between two 
closely spaced pulses as a function of the bandwidth of an idealized 
low-pass filter. * 

Actually, the frequency spectra for the pulse group, Fig. 1.2, given 
in Figs. 1.5a and b and for the pulse group, Fig. 1.6, given in Fig. 1.9 
indicate fairly clearly that the major contribution and the character- 


* W._L. Sullivan, “Analysis of Systems with Known Transmission-Frequeney 
Characteristics by Fourier Integrals,’’ Elec. Eng., 61, 248-256 (1942), 
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istie differences in amplitude appear to be concentrated in the band 
f<1/T, where T is the duration of the pulse, whereas the major 
contributions to the phase characteristics appear to extend further but 
depend strongly upon the signal shape. The importance of the phase 
function for the distortionless transmission has been particularly recog- 
nized* in connection with pulse-type signals where transient response 
becomes very important. Selecting a narrow transmission band for 
economic reasons, it then becomes important to shape the amplitude 
characteristicf and to select a pulse form which has narrowly limited 
frequeney spectra such as the Gauss error function type.! 

If, on the other hand, we start from a linear phase characteristic 
over the band as in Fig. 4.3, we find for the amplitude characteristic 
with (90) and @(X) = Ata 


h(o) 2 in x2 
In et 3 NEN 


We can expand the numerator to (A? — ») + w”, separate along the 
parenthesis into two integrals and observe again the singularity at 
\ = » as before. We have as the result 


h(w) 2 w 2. + w 
l Ko 2 aul1- 5m re) EN: (97) 


If we approximate for » « Q, as in (94), we find a nearly parabolie 
change of the attenuation 


h(w) 2 | N 
Nee — (| — 
2,0) en a 2, WEEN? 


demonstrating that h(w) is an even functioninw. Asw— Q., we have 
again a logarithmic infinity of the attenuation function, actually with 
negative sign as (97) indieates. For » > 0. we can integrate directly 
as in (96) because 0 <A < Q., so that 


h(w) 2 w <F 2. 
no) -Zanlı- mt ) a) >; (98) 
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*M. J. DiToro, “Phase and Amplitude Distortion in Linear Networks,” Proc. 
I.R.E., 36, 24-36 (1948). 

7 H. Nyquist, ““Certain Topies in Telegraph Transmission Theory,” Trans. 
AIEE, 47, 617-644 (1928). 

{ E. D. Sunde, “Theoretical Fundamentals of Pulse Transmission,” Bell System 
Tech. J., 33, 721-788, 987-1010 (1954). A. W. Norton, Jr., and H. E. Vaughan, 
“Transmission of Digital Information over Telephone Cirecuits,” Ibid., 34, 511-528 
(1955). u 
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Outside the pass band the attenuation function decreases from the 
edge of the band, but reaches again large values as »— x. As we 
let 0.— © we see from (97) that we approach constant amplitude 
values because the logarithmie term vanishes. To keep the product 
R.ta constant, we also find again that the delay time must decrease. 

Obviously, a large variety of simple shapes of either the real part 
or the imaginary part (amplitude or phase) of network functions can 
be assumed and a systematie study made of the compatible conjugate 
part* as, e.g., in Bode,®? chapter XV. Considerable insight into sys- 
tem behavior is thus obtained. Surely, we must avoid sharp discon- 
tinuities in either network characteristic because a logarithmie singu- 
larity is produced in the conjugate characteristic. 

As another general approach, we might use a Fourier series repre- 
sentation of the transfer function as we used in (62) for the method of 
“paired echos” and determine the coeflicients C'„ so as to give the most 
desirable transient response for a given signal. Suppose we choose a 
step voltage Vo!, and select for simplieity of demonstration 


alc -—a)+ «00: ®) 
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(99) 
(w) = wta 
1.e., ideally linear phase characteristice with a drooping amplitude 


characteristic where « is a parameter to be so selected that we get 
minimum overshoot. To use the results (65) directly we rewrite 


Ay ac eo Se er “.’%) 


giving in comparison with (62) the coefficient values 
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This permits at once the composition of the total response (65), namely 


v,(t) Eee BEN ON ar a RE 
es + = Sur), 6, Beatmt, tr, Se m) 


The constant terms combine to the value 3, independent of «, and 
x is defined by x = 0.(t — ta) as in (25). We have already empha- 
sized in section 4.4 and illustrated in Fig. 4.15 that less overshoot 


* T, Murakami and M. S. Corrington, “Relation between Amplitude and Phase 
in Electrical Networks,” RCA Rev., 9, 602-631 (1948). 
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brings a longer build-up time so that a proper compromise must be 
selected. A detailed discussion of this example and of others is 
given in Küpfmüller,A!° chapter IV; of particular value is the sum- 
mary, pp. 113-116, in the form of illustrative graphs. Obviously, if 
we take more terms in the Fourier series for A(w), we have more 
adjustable parameters available and thus can satisfy more stringent 
conditions. Having determined the desired A(w), we then need to 
synthesize the network. 

Attempts have therefore been made either to catalogue some typical 
transient responses, e.g., to unit step, of a large variety of simple net- 
works in terms of characteristie parameters,* or to provide charts for 
this purpose,f or to analyze a given transient response directly in 
terms of standard response curves, e.g., that given in (29), which can 
be readily associated with typical spectrum functions.! 

A direet method of approximation$ takes the ideal analytic transfer 
function (10) in the notation of the complex frequency domain 


Ho(p) = Ave ?'a 


where A is the constant amplitude and {4 the constant time shift, and 
expands into the Taylor series 


Ho(p) = All - pa + pi? — pad + - - )) (100) 


The transfer function of any lumped-parameter network with linear, 
bilateral elements is rational in p and also can be expanded into a 
Taylor series about p = 0, giving 
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H = == = N 
(p) D(p) Yr ) N (101) 
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Comparing coeflicients of like powers of p in (100) and (101), a series 
of equations can be established which involve the branch elements of 
the network 


A 
in = Be Be (102) 


*H.E. Kallman, R. E. Spencer, and ©. P. Singer, “Transient Response,” Proc. 
I.R.E., 33, 169-195 (1945). 

TA. V. Bedford and G. L. Fredendall, “Analysis, Synthesis, and Evaluation of 
the Transient Response of Television Apparatus,” Proc. I.R.E., 30, 440-457 (1942). 

}H. A. Samulon, “Speetrum Analysis of Transient Response Curves,” Proc. 
I.R.E., 39, 175-186 (1951). 

$ N. Marcuvitz, “Distortionless Correetion of Networks,” M.E.E. Thesis 
Polytechnic Institute of Brooklyn, New York, 1941. 
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The selection of the elements so as to satisfy (102) will tend to achieve 
distortionless correction of H(p). Because even powers of p in (100) 
eontribute to the real part of H(jw) and odd powers of p to its imagi- 
nary part, we can infer that satisfying (102) successively forn = 0, 1,2 
means alternation between amplitude and phase correction. 


is(t) im 
—— L —— 


© 0, R vl) 


Fig. 4.18. Low-pass filter section as amplifier interstage network. 


To take a simple example, we select the interstage low-pass filter 
section, Fig. 4.18. The transfer impedance is given by 


VD) _ R 
1,02) 1 E= Rp(Cı + C>) - p’LCı + p®RLCiC% 


Introducing the simplifying notation 


Zr(p) = 


L Cı 


= oR(C Cr), Aero 00 D.=- 
Gall HC) R’(Cı + C)) 0, +05 


we can write the denominator 
Beat AR ABl .B)g: 
and obtain by long-hand division the expansion 
Zr(p) =Rll-a+(1l- AB)g’ —- (1 - AB- AB’)gd’ +: ] (108) 
In order to compare this term by term with (100), we introduce there 


la 
t = n ET EZ FE rn, 
Prsane u8e,) 


We thus have by comparison of (103) and (100) the relations 
AuzsRr va=1, AB=4 Abm} 


ag 


or also specifically in terms of the parameters 
A=R, ta = R(Cı + Ca) = 3RCa 
B= Cı = 202 
A= L = 3R’(Cı + Cr) = 2R’C; 


Du 


I 


los 
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If we compare this with the example given in Kallman,* Fig. 13, we 
find agreement except for the value Z which is chosen there slightly 
differently, namely as L = 2R?Cz. The transient performance of 
this network is quite satisfactory and is in fact better than that of the 
so-called shunt-peaking coil stage. Obviously, with more complicated 
networks more parameters would be available to permit higher order 
approximation to the ideal case. 

The highest order approximation to the ideal transfer function 
(10) has been obtained with the so-called delay lines. Actually, the 
infinitely long simple low-pass wave filter treated in section 3.7 has 
an ideally flat amplitude characteristic and a phase function nearly 
linear over at least half the pass band, as shown in Fig. 3.6. Obvi- 
ously, for higher frequencies the condensors and coils will mutually 
interact through field linkages and the analysis becomes much more 
complex, though the mutual inductance effects appear to be ben- 
eficial for the performance. The more recent use of helical lines 
leads into a combination of Jumped parameters and transmission-line 
representation.$ 


PROBLEMS 


4.1 Evaluate the response of an ideal low-pass filter with the characteristies 
in Fig. 4.3 to a sawtooth pulse voltage v;(t) = Vt/T, 0 <t <T. Follow the 
method in section 4.2. 

4.2 Assume a narrow-band ideal filter with hA(») = 1 for »; <w < wo, with 
@2 — wı = Aw, a small number, and with ®(w) = wta in the same range as shown 
in Fig. 4.12. Apply an impulse voltage M,„So(t) and find the response. 

4.3 Apply a step voltage to the narrow-band ideal filter of problem 4.2 and 
find the response. Discuss the dependence of the response upon the center fre- 
quency of the filter. 

4.4 Two square-wave voltage pulses, each of duration T and spaced an interval 
T apart, are applied to the low-pass filter in Fig. 4.3. Find the response for various 
values of cutoff frequency Q.. Discuss the resolution of the two pulses as a 
function of 2... 

4.5 Apply to the low-pass filter with the characteristics in Fig. 4.3 a sine wave 
voltage Im (Ve’="') with wo > ©, i.e., outside the pass band. (a) Show that 
the integration for the inverse Fourier transform can be carried through directly. 


OD DeTA: 

1H. Pender and K. Mellwain, Blectrical Engineers’ Handbook, Electric Com- 
munication and Electronics, 4th edition, ‘Delay Lines,’ section 9.20 by H. A. 
Wheeler, Wiley, New York, 1950. 

+M. J.E. Golay, “The Ideal Low-Pass Filter in the Form of a Dispersionless 
Lag Line,” Proc. I.R.E., 34, 138P-144P (1946). 

$ M. J. DiToro, “General Transmission Theory of Distributed Helical Delay 
Lines with Bridging Capaeitance,” IRE Convention Record, Circuit Theory, Part 5, 
64-70 (1953). 


Ch. 4] Problems 207 


(b) Relate the response to the distance of wo from the pass band. (c) Compare 
the response with (35) and (38). 

4.6 Evaluate the response to a step voltage V„! of an ideal low-pass filter 
with the characteristies shown in Fig. 4.190. Assume w = #0, and compare the 
result with Fig. 4.8. 


dw) = wig 
h(w) k(w) h(w) = A 
0 w De 0 


Re w 22 
(a) (b) (c) 


Fig. 4.19. Modified ideal low-pass filter characteristics. (a) Finite amplitude 
transition to cutoff; (b) cosine amplitude characteristie; (c) constant amplitude 
but nonideal phase shift. 


4.7 Evaluate the response to a step voltage V„I of a low-pass filter with the 
characteristic shown in Fig. 4.195. The amplitude function is defined as h(w) = 
A cos (rw)/(20.); the phase shift is assumed to be zero. Compare the result 
with Fig. 4.8. 

4.8 Evaluate the response to a sinusoidal voltage V„ sin wot of a low-pass 
filter with the idealized amplitude characteristie in Fig. 4.195 (see problem 4.7). 
(a) Choose wo < 9%, i.e., in the pass band. (b) Choose wo > 9, 1.e., outside 
the pass band. 

4.9 Add to the amplitude characteristic in Fig. 4.19b a linear phase shift 
for  < 2. as in Fig. 4.3. (a) Find the response to a step voltage. (b) Compare 
with the solution to problem 4.7. (c) Compare with Fig. 4.8. 

4.10 A low-pass filter with an ideal constant amplitude characteristic might 
have a phase shift as shown in Fig. 4.19c defined by &(w) = ota for » < w, and 
(wo) = wLsforw <w< 0.. (a) Apply a step voltage V„! and find the response. 
(b) Compare with Fig. 4.8. 

4.11 Take the ideal low-pass filter characteristic of Fig. 4.3 and add to the 
amplitude only a ripple term for » < @., so that h(») = A + Aı cos (2rw/.). 
(a) Find the response to a step voltage V„I. (b) Compare the response with 
Fig. 4.8. (c) Discuss the result as function of Aı. (d) Draw comparison with 
real filter characteristic, Fig. 4.5. 

4.12 Take the ideal low-pass filter characteristic of Fig. 4.3 and add to the 
phase characteristic only a ripple for » < 9. so that &(w) = wia + a sin 2rw/N.. 
(a) Find the response to a step voltage V„I. (b) Compare the response with 
Fig. 4.8. (c) Discuss the result as a function of a. 

4.13 Combine the amplitude and phase ripples of problems 4.11 and 4.12 and 
find the response for a step voltage. (a) Compare the response with the previous 
results. 

4.14 In problem 4.11 the amplitude ripple was selected to cover the positive 
half bandwidth with one wavelength. Take a ripple of shorter oscillation 
cos (2rnw/Q.) and (a) find the response to a step voltage; (b) discuss the response 
as a function of the order n. 
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4.15 In problem 4.12 the phase ripple was selected to cover the positive half 
bandwidth with one wavelength. Take a ripple of shorter oscillation sin (27nw/.) 
and (a) find the response to a step voltage; (b) discuss the response as a function 
of the order n. 

4.16 Combine the amplitude characteristic from Fig. 4.19a with the phase 
characteristic from Fig. 4.19c. (a) Find the response to a step voltage. (b) Com- 
pare with the previous results. 

4.17 Evaluate the compatible phase shift characteristie for the amplitude 
function in Fig. 4.19a. 

4.18 Evaluate the compatible amplitude characteristic for the phase shift 
characteristie in Fig. 4.19e. 

4.19 If aripple is superimposed upon the amplitude function as in problem 4.11, 
find the compatible phase shift deviation. This assumes that we have given the 
compatible phase shift characteristic for the given basic amplitude characteristic. 


a ACTIVE FOURPOLES 


Amplifying devices can be conceived as “active” fourpoles possess- 
ing an internal energy source which is controlled by the signals applied 
at either one or both terminal pairs. We differentiate the internal 
energy source as belonging integrally to the fourpole from the energy 
sources, usually twopoles, which apply the signals. This differentia- 
tion is important to maintain the concept of the passive fourpole as 
we had defined it in Chapter 2 and to make the active fourpole a com- 
plete unit in itself. The most obvious examples of active fourpoles 
are, of course, electron tubes such as triodes, tetrodes, pentodes, and 
the transistors; but electromechanical amplifiers, mechanical and 
hydraulic feed-back control devices or servomechanisms, and many 
others should also be so considered. 

In order to narrow the field to manageable proportions and to stay 
within the scope of this book, we shall treat only linear active fourpoles 
which permit the application of all the methods of analysis that we 
have studied for linear passive systems. This will restriet the scope 
severely in so far as many interesting and new phenomena are caused 
by nonlinear characteristics. But a large variety of important tran- 
sient problems are still left that can at least be closely approximated 
by linear analysis. In the case of electron tubes we shall therefore 
consider only the relations between the small signal voltages and cur- 
rents, assuming that sufficient steady biasing voltages and currents 
are applied to permit the assumption of linear relations throughout. 

Again, as in the passive fourpole sections, we shall use the Laplace 
transform method throughout to obtain our final solutions, though 
we shall occasionally formulate problems in terms of ordinary differ- 
ential equations to permit the continuation with any of the other 


methods. 


5.1 Electron Tubes as Active Fourpoles 


Among the electron tubes, the triode is the simplest physical struc- 
ture constituting an active fourpole. Fig. 5.1a shows the conventional 
arrangement of the three electrodes, each spatially separated from the 
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other, carried to four terminal posts. We have disregarded the bias- 
ing direct voltage, making grid G@ normally negative, the d-c high- 
voltage normally applied with the polarity shown to plate (anode) P 
so as to attract the electron current from cathode K, and also the d-c 
energy source connected to cathode K to heat it so that it emits elec- 
trons. A signal voltage v, applied at the grid-cathode terminal pair 
will modulate the eleetron eurrent i, flowing from cathode to plate; 
as electron current its conventionally positive sign is actually from 
plate to cathode, so that our choice of the direetion of i, in conformity 


Cop Ü 
—- 


(d) (a) 


Fig. 5.1. Conventional triode: (a) basic physical structure; (b) equivalent eir- 
euit with internal voltage source; (c) equivalent circuit with internal eurrent 
source; (d) same as (c) but disregarding all capacitances at very low frequencies. 


with the general fourpole convention is actually in opposition to phys- 
ical fact. We must retain it, however, to be consistent, and we shall 
find negative values for the output voltage v, as well as the current 
ti», which is in keeping with the usually expected “phase reversal” of 
the signal as it passes through an amplifier stage. [With the opposite 
choice of output current, see section 2.1, its direction would appear 
consistent with physical fact; however, in the fourpole equations the 
authors of the references on p. 53 must write (—i,) anyway in order 
to preserve unique expressions for the fourpole parameters.] 

To represent the triode in the form of an equivalent eircuit* we can 


* First done by H. W. Nichols, “The Audion as a Circuit Element,” Phys. 
Rev. (2), 13, 404-414 (1919). Extensive early review in R. W. King, “Thermionie 
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choose either the mesh or the node point of view. For the former 
we deduce directly from Fig. 5.1a the circuit elements in Fig. 5.15, 
where the obvious interelectrode capacitances form an unsymmetrical 
passive II-section, and where the modulated elecetron stream as internal 
energy Source is represented as the voltage source wo, with internal 
resistance r,, the plate resistance. This assumes, of course, simul- 
taneity of electron flow modulation throughout the entire tube, i.e., 
we disregard transit time effects; it is therefore restrieted to frequen- 
cies below which electron inertia effects become noticeable.* The 
amplification factor u can be computed with considerable accuraey 
from the geometry of the tube; the plate resistance r, is usually found 
by measurement. The polarity of this internal voltage source must 
be from plate to cathode in accordance with the physical principles. 

If we choose, as definitely more advantageous, the nodal analysis of 
vacuum-tube circuits, then Fig. 5.lc shows the equivalent internal 
eurrent source /o with shunt admittance g, = 1/r,. The value of 
the current is related to the active voltage by the relations 


rpIo = wg, Io = gphVg = Imdg (1) 


where g„ is usually called the iransconductance of the triode. The 
passive II-section of the capacitances remains the same, of course. 

For very low frequencies it is convenient and permissible to suppress 
the capacitances which have very small valuesinany case. The equiv- 
alent circuit simplifies then to Fig. 5.1d, which is, indeed, described 
completely by the active element, the current source with shunt admit- 
tance g,. Here we have a purely resistive active fourpole and we 
can write directly for the time functions 


in) = Toll) — gpVl), vd = Volt) (2) 


If we use (1), then this gives a relation between input and output 
quantities 


Ip = —Imdg — IpVp, u) (3) 


from which we can easily obtain the fourpole parameters. 
Introducing the standard fourpole notation, in which 


2, = 21, Vg EU Ip = 3, Up — 10) (4) 


Vacuum Tubes,” Bell System Tech. J., 2, 31-100 (1923). See also any modern 
textbook on electronics or radio engineering. 

* F, B. Llewellyn, Hlectron Inertia Effects, Cambridge University Press, England, 
1943; W. R. Ferris, “Input Resistance of Vacuum Tubes as Ultra-high-frequeney 
Amplifiers,’”’ Proc. I.R.E., 24, 82-107 (1936). 
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we can write (3) in matrix form 


Bel 


and thus state the standard parameter representation of the ideal 
triode at low frequencies 


= -1Y/n, 8R=-YUm © =D=0 (5) 


This is obviously a nonbilateral network; in fact, we cannot invert 
the parameter matrix; we cannot solve for is, va in terms of the input 
values i,, vı. Such a matrix is called a singular matrix. We also 
observe that its determinant 


AD — RC = 0 (6) 


whereas for the passive fourpole we had unity value for the determinant 
as demonstrated in (2.19). 

If we apply the nodal analysis to the complete equivalent circuit of 
the triode in Fig. 5.1c, we have for the two node pairs at P and G, 
respectively 


dv 
= Io tip + gp%p + Wer 
R (7) 

5: vg 
ı -+ Oor ct 


ig 


The linking current ?’ can be expressed in terms of the node-pair 
voltage difference 


d 

= (Ch dt (dg — dp) (8) 
and can of course be eliminated from (7). Wethus have two equations 
for the four related quantities v,, i,, %p, ip, and if we can define the 
terminal conditions at each terminal pair the system can be solved 
readily for any applied signal voltage v, by whichever method we please 
to choose. 

For the general fourpole parameter representation, we must, how- 
ever, choose either steady-state a-c conditions so that the indicated 
derivative operations can be carried out in general form, or use opera- 
tional or transform methods in order to convert the system of differen- 
tial equations in (7) into an algebraic system. The latter is preferable 
because we can use it for steady state as well, if wereplacep = jw. In 
Laplace transform notation we can now rewrite (7) as follows, if we 
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make the assumption of a de-energized initial state and also replace 
v by (8) 


PCgp(Vg — Vp) = 9mVa + In + (9 + PCzr)Vp 
Ig = PC +. Cr)Va — PCgpV» 


Let us introduce again for the Laplace transforms the standard indices 


(9) 


Vv,=Vı I, = Ih; V,=V;, I„ = Is 


as in (4) so that we have the standard fourpole notation, and let us 
solve (9) for these two pairs of terminal quantities. We find, repeating 
the standard terminology first 


rl -le s/lz 5 


that 
E 4 nn 1 | (11) 
Ce Dirrioe YLYpYo — YPCor Yo 
where 
Yp = 9 + PlCyo + Cor) 
Y, = PlCgp + Cor) (12) 


Yy= —ugp + PÜyo 


The quantities Y, and Y, have simple physical significance; they are 
the sum of all admittance elements joining at nodes P and G respec- 
tively, whereas y is significant for the active fransadmittance between 
grid and plate. If we let all the capacitances go to zero, we recover 
at once the simplified matrix with elements (5). This interpretation 
will permit quick generalization if we desire to combine some external 
eireuit elements with the tube parameters in order to simplify expres- 
sions. Thus, we could account for any grid-input resistance R, placed 
between grid and cathode by adding @, = 1/R,into Y,in (12); or for 
any load impedance Z;(p) by adding Yı(p) = 1/Zı(p) into Y,. 
The determinant of the general fourpole parameters is here 


© (6 
Bge N. EN, (13) 
Y PCya — HIp 


neither unity nor zero; we shall designateit byn. If we disregard the 
grid-plate capacitance, we again obtain zero, as in (6); it should be 
observed that it is the link between grid and plate which decisively 
affeets the value of this determinant. If we let the tube be cold, so 
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that only the passive II-section of capacitances remains and a = 0, 
then (13) reduces to unity as it should for passive circuits. 

We can reiterate the nonbilateral nature of the triode by expressing 
the current-voltage relations in terms of the impedance matrix as in 
(2.14) for the passive fourpole, and, as there, taking the output current 
with negative sign by solving directly for the voltages in terms of the 
currents we get from (9) 


En] nme, Ellen] 0 


The terms of the admittance matrix are the numerators of the imped- 
ances Z11(p), Zıa(p), Zeı(p), and Zas(p), respectively. Itisinteresting 
to note that the difference 


Zıe(p) — Zaı(P) = u9p = Im (15) 


is exactly the active transconductance of the triode, going to zero if 
a = 0, i.e., if the tube is taken cold. We also observe by comparison 
with (2.195) that 


=, (15a) 


i.e., that the nonbilateral nature of the active fourpole is directly 
responsible for n # 1. Perhaps we should note here that the active 
fourpole is always nonreciprocal or nonbilateral, whereas the reverse 
need not be true. The gyrator is a passive nonbilateral element with 
n = —las demonstrated in (2.19e). 

The treatment of the triode by means of matrices was first reported * 
in 1930, but only recently, and then only in the simpler cases, has the 
use of matrix notation become more widespreadf though by far not as 
frequent as the great convenience and possibility of systematic treat- 
ment would indicate. Perhaps a contributing factor is the loss of the 
physical concepts in the forest of mathematical developments. 


*A. ©. Bartlett, “Multi-stage Valve Amplifier,’ Phil. Mag. (7), 10, 734-738 
(1930). F. Strecker and K. Feldtkeller, “Theory of Low Frequency Amplifier 
Chains’ [German], Arch. Elektrotech., 24, 425-468 (1930). See also Feldtkeller,A® 
p. 150. 

1W. R. Abbott, “Analysis of Four-Terminal Networks Containing Vacuum 
Tubes,” Mise. Paper 46-204, AIEE, Sept. 1946; J. S. Brown and F. D. Bennett, 
“The Application of Matrices to Vacuum-Tube Cireuits,”’ Proc. I.R.E., 36, 844-852 
(1948); H. Epstein, “Solution of Transients in Active Four-Terminal Networks,” 
J. Franklin Inst., 251, 607-616 (1951); H. Hsu, ‘On Transformations of Linear 
Active Networks with Applications at Ultra-High Frequencies,” Proc. I.R.E., 
41, 59-67 (1953). 
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The equivalent active fourpole for the pentode is very easily obtained. 
Fig. 5.2a shows the physical structure of the pentode with control grid 
G,, normally carrying the input signal, shielded by screen grid G, and 
suppressor grid G; from plate P. This leads to (almost) complete 
independence of the plate current i, from the plate voltage v,, since the 
capacitance C',,» = 0; in turn, (13) shows that the determinant of the 
fourpole parameters vanishes in this case. The circuit of Fig. 5.25 is 
practielly identical with Fig. 5.1c with the omission of C,,, so that we 


Fig. 5.2. Conventional pentode: (a) basie physical structure; (b) equivalent 
circuit for node analysis. 


can take all the above forms for the conventional triode and duplicate 
them here. We have 


Y, = 9% + PC 
Y, = Plgr (16) 


USE ZH lm 
and correspondingly 


G@ ® In 1 
Ei 
EC=D Pentode Im Y, Y, } g 


Although the definition of Y, in (16) and its representation in Fig. 
5.2b indicates it as capacitive reactance between plate and cathode, we 
must define it to include the capacitance between plate and suppressor 
grid G3 which normally is at ground potential and usually connected 
directly to the cathode. The actual value of C',. will therefore be 
considerably larger than in triodes. 

Last, we shall consider the grounded-plate triode or “cathode 
follower”’ with the basie physical arrangement shown in Fig. 5.3a. 
Obviously the electron current must still go from cathode to plate, or, 
in conventional notation, the current source must have polarity from 
plate to cathode so that /» in Fig. 5.3b now is oppositely direeted with 
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respect to the output voltage v, so that no “phase reversal’”’ is to be 
expected as in the conventional triode. Indeed, this is one of the 
characteristics of the cathode follower tube when used in an amplifier 
circuit (see section 5.2). It is important to recall that we are dealing 
only with the time variable components of currents and voltages and 
are disregarding completely the comparatively much larger d-e com- 
ponents; yet, the plate must carry the normal positive d-c potential 
difference against the cathode to attract the electrons and the grid will 
be properly biased with respect to the cathode in order to assure ade- 
quate control action by the signal voltage. Actually, the effective 


(a) 


Fig. 5.3. “Cathode follower’’ connection or ‘“grounded-plate’” triode: (a) 
physical arrangement; (b) equivalent circuit for node analysis. 


grid voltage as far as (1), the basic active element relation is concern- 
ed, v, is now the voltage between nodes G and K in Fig. 5.3b. Apply- 
ing the nodal analysis to the complete circuit, as we did in (7) for the 
conventional triode, gives 


e : dv 
© = lo Er sts Cor, 

(18 
? ” dvı 
I =aı + Con =, 


The linking current can again be expressed in terms of the node-pair 
voltage difference 


} d 
ze Cgk dt (v1 — vs) (19) 
and we also have from (1) with the grid voltage as already stated 


Io = Imlg = Im(vı oe vs) (20) 


Eliminating both /o and ?’ from (18), we obtain two differential equa- 
tions for the four related quantities vı, 71, da, ia, and if we define the 
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terminal conditions at each terminal pair the system can be solved 
readily for any applied voltage by any one of the available methods of 
analysis. 

Again, we prefer to use the Laplace transform method as permitting 
the most general utilization. Assuming the de-energized initial state— 
any initial charges and currents can be treated independently by the 
superposition principle—we can rewrite (18) with the substitutions 
(19) and (20) in Laplace transforms as follows 


PCor(Vı— V2) = 19 (Vı - V2) + Ia + (9 + 2Czı)V2 
Iı = pClgr(Vı — V2) + PCoVı 


Solving for the two pairs of terminal quantities in the standard form 
(10), we find here, similar to (11) 


Sg ee 
Ce Diesen lol, DC 
where now 
Y.:. = ut+D)p+ P(Oxs + Cr) 
Y,= P(lOgr Sr Ep) (22) 
Yy-= uYIp = PCor 


The quantities Y, and Y, have relatively the same physical significance 
as for the conventional triode; they represent the sum total of all 
admittance elements joining at nodes K and @ of Fig. 5.35; y is signifi- 
cant for the active transadmittance between grid and cathode. Again, 
this will permit quick generalization if we desire to combine external 
eircuit elements with the tube parameters for specific applications. 
Thus, we can account for any input impedance Z, paralleling CO,» by 
simply adding Y; = 1/Z; into Y,. If we do this and simultaneously 
let all capacitances go to zero, (21) simplifies to 


a 
[9 Im 

rl 1 
pZi ImLi 


the form given in Brown-Bennett* as (7c). 
The determinant of the general fourpole parameters is here again 


AD — RC = = = (23) 


* Op. cit., Proc. I.R.E., p. 846. 
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going to zero if we disregard the grid-cathode capacitance, and becom- 
ing unity if we take the tube as cold so that u — 0. 

It should be obvious now how we can apply the matrix method to 
obtain the characteristic active fourpole parameters of any tube with 
any physical arrangement, as, e.g., the grounded-grid triode, for which 


(b) 


Fig. 5.4. Grounded-grid triode: (a) physical arrangement; (b) equivalent cir- 
ceuit for node analysis. 


Fig. 5.4b gives the equivalent circuit. Without carrying through the 
detail, the active fourpole parameters are found as 


BEER E: | 
Ce Diarcra YLYpYr — Ygp + PCoR) Yr 
where now 
Y» = 9» + PlCor + Co) 
Ye = (u + 1)9p + PlCrp + One) (25) 
y= (+1) + PCyk 


5.2 Transients in Simple Amplifiers 


Although the performance of amplifiers has been generally studied 
for steady-state a-c signals, the transient analysis has not kept pace, 
primarily because of the considerable complexity of the relations with 
which we are confronted if we do not employ a systematie approach. 
We have observed that all the tube matrices are of the form 


8 3 _ 1fa ‚| 96 
C D Tube > Y ad — yn d ( 


where y, a, and d are admittances and can be taken from the respective 
detail forms for each particular tube arrangement, and n is the value 
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of the determinant as in (13) 
AD-RC=y 


and can also be read off the individual matrices; n = 1 for u = 0, 
i.e., for the cold tube which reduces to a passive network. 

If the tube is connected to a passive network which from the node- 
pair point of view can be interpreted as the load admittance Y, what- 
ever its actual composition, we can take it as the cascade connection 
of an active and passive fourpole as shown schematically in Fig. 5.5 
with the over-all terminal quantities V,, /; for the input, and V,I, 


Fig. 5.5. Cascade connection of active fourpole (electron tube) and passive 
fourpole. 


for the output. The over-all parameters are obtained by matrix 
multiplication 


v)_fe @ 1 ) es 
eek Diimspel Frhr a ds 


Nr, il > 
ed meld 


Here we used (26) for the tube matrix and (2.22) for the load admit- 
tance without any restrietive assumptions. If we cascade several 
identical stages of amplification, we need only multiply the total 
matrix by itself a number of times equal to the number of stages. 
Generally we are interested in the output voltage only, assuming the 
input impedance to the succeeding fourpole as infinitely high. Should 
this not be warranted, then Y, could incorporate this additional input 
impedance. 

For the single stage of amplification then, with Y, as load admit- 
tance, the output voltage V, is to be considered as the open-circuit 
voltage so that /, = 0. For this condition (27) gives as the relatio ı 
between input and output voltages the very simple form 


| 7) 


VoR 
AUS r ee 
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or also 


Peran, 
ae 28) 


For steady-state a-c signals the voltage symbols should be those of the 
phasors and the admittances are the normal a-c values with p = jw. 
For example, the conventional triode has from (11) and (12) 


a=Y,= + rlCzo + Cor), Y= —UIp + PCyo 


so that the voltage amplification in complex form follows as a function 
of frequency 
2 —ugIp + I@Cpg 


a : 29 
V; Ip + jw(Cyo + 073) Fr = 


If the load is a resistance R, = 1/Gr, and if we disregard all the inter- 
electrode capacitances of the triode at low frequencies, we obtain 
Vo — Im 
SF ee 5 30 
16 Ip —E GL ( ) 


and finally, if the load admittance G, is negligibly small compared 
with 9, = 1/r,, (30) reduces to the negative amplification factor —u 
in accordance with the phase reversal in the conventional pure resis- 
tive amplifier stage. 

If we desire the transient response to a step voltage V„! applied at 
the input terminals of the de-energized amplifier, we must take (28) 
as the relation between the Laplace transforms of input and output 
voltages. For the input step voltage we have V,(p) = V„/p, and if 
we assume the load to be resistive, Y; = Gr, then (28) gives for the 
output voltage transform 


y, BENDE.e. ! BAR N ® 
Een) = 


where = 9, +Gı and (, = Cyr + Cys are the total conduct- 
ance and total capacitance respectively, at the plate node P, as indi- 
cated in Fig. 5.6. Let us define the damping coefficients (inverse 
time constants) 


G Ip te Gı Im 
öo= — , 6’ = 
C, Co ze Cor Cpo er 
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then (31) can be written 


Co D 6 
Velp)san nee Vin 
C, pp +5) 
and either by expansion into partial fractions and use of Table 1.3 or 
by the use of the expansion theorem, line 12 of Table 1.4, we find as 
the inverse Laplace transform 


Im Cpg Im =) 
nee EERT al, AL 
vo(t) | Ei, ). Ver (33) 


At time 2 = 0 the voltage rises abruptly to the value (Cy,/CH)V m, 
usually a small fraction of the step amplitude V„ and then decreases 


Fig. 5.6. Conventional triode with resistance load and applied step voltage: 
(a) physical arrangement; (b) equivalent circuit for node analysis. 


exponentially to the final negative value (phase reversal) 


Im KIp 
ee 
G 9p+ Gr 


For applications it is important to consider the time constant of the 
exponential approach to steady state because it will define the resolu- 
tion of individual pulses of rectangular shape. This time constant is 


18 BE CHL 


Ti 
ö 9% + Gr 


To make it small requires small interelectrode capacitances and large 
values of plate and load conductances. Since the former are of the 
order of 10”!% to 10”! farad, and the plate conductance of the order 
of 10”* mho, the time constant will generally be of the order of 0.1 to 
1 mierosecond. Any additional resistive or capacitive circuit elements 
added at plate node P will increase this time constant. 
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Actual improvement of the build-up time can be secured by the 
addition of an inductance so as to produce oscillatory response without, 
however, letting the oscillation predominate. An amplifier with such 
a circuit is frequently referred to as a compensated amplifier, and the 
arrangements of inductance in shunt as in Fig. 5.7a, or in series, as in 


C T RE £ + } 


(a) 


Fig. 5.7. Passive coupling circuits for ee (a) shunt-peaked compensa- 
tion; (b) series-peaked compensation, (c) capacitive coupling. 


Fig. 5.7b, shunt-peaked and series-peaked compensation, respectively.* 


The load admittance of the shunt-peaked circuit is given by 


1 u p? a" ö’'p = 20 
R-+pL p+ 8" 


Yı=pC+ 


with 5” = R/L, 00° = 1/LC. Let us choose here a pentode amplifier; 
then (16) and (17) define the tube parameters. Introducing these 
and 1/L into (28) leads to 


Va —ImlD Ste I) 
?p (pP +5’) + Pla) + Ep: 20 nr 20°) 
where we have again assumed a step voltage V „I! applied at the input 


terminals. If we take the factor (C + C'yr) = C', outside the denom- 
inator, we can write it 


Volp) = (34) 


p? ae (5 = ö’')p ai (v3 ie “ 00.) 
C, 


with 5° = 95/C,. The roots of this denominator are easily found. 
It will, however, simplify matters considerably if we also assume the 


* See excellent oscillograms of response in G. B. Hoadley and W. A. Lynch, 
“Transients in Coupling Circuits,”” Communications, 22, 32-38 (June); 22-28 
(July 1943). 
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two damping coeffieients ö’ and ö”’ to be equal, namely 


R g 
=== —=$ 35 
because now the roots are 
i (& 1 
DISS= nn) + 8, MV 2 (35a) 


GONE 


Applying the expansion theorem, line 12 from Table 1.4, we find for 
the final solution 


Pr hen R ö —5t 
v.() = eV ( BE (DE + »)) (36) 


= 


| 
= 
© 
BD 

| 


We can simplify this further by introdueing 
ee LE a 
Nele saNn 


where the last form follows from (35). This gives now 


ö R = 
vorn, R+n 
where A is used for abbreviation. Thus, (36) becomes 


öt 


v() = —-uVmÄ (i _ Tr cos (DE + »)) (36a) 
with 


5=0/09, d=tan!Q, cod= VA 


We see that v,(0) = 0, which we could have ascertained directly from 
(34) in accordance with line 1b of Table 1.4 

lm pV.p) =0 =1(0%) 

PT. no 
For the value Q@ = 0.5 Fig. 5.8 shows the actual response to the step 
voltage. For convenience, the scale of negative values has been 
plotted upwards and we used 


=x tan®=05, Öö=--=- Mm, VA = 0.8944 


& 
Q 
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Obviously, the response shows only a slight overshoot and rather 
rapid rise. The actual rate of rise is defined essentially by the fre- 
quency 0/2r since one quarter period will be the approximate time 
for cos N to decrease to zero value. Obviously, the damping coefli- 
cient ö must be large enough to prevent noticeable oseillations. Other 
circuits have been proposed and various criteria for the evaluation of 
the transient performance have been set, particularly for amplifiers 
used in television systems. ”* 


0 0.5 1 1.5 2 2.5 3 
Fig. 5.83. Response of shunt-peaked compensated amplifier to step voltage. 


So far we have considered illustrations of loads that can be defined 
as admittances so that the very simple relation (28) was valid. If we 
place a general passive fourpole at the output terminals of the tube 
as in Fig. 5.5, then instead of (27) we have to form the more general 
matrix product 


(z-Ie m B A (37) 


Introducing the tube matrix from (26) and designating the parameters 
of the load with the subscript Z, we can carry through the multiplica- 
tion readily enough. However, we may again take the output ter- 


*R. C. Palmer and L. Mautner, “A New Figure of Merit for the Transient 
Response of Video Amplifiers,” Proc. I.R.E., 37, 1073-1077 (1949). P. R. Aigrain 
and E. M. Williams, “Design of Optimum Transient Response Amplifiers,’’ Ibid., 
873-879. 
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minal pair as open-circuited so that /, = 0, and we deduce from (37) 
the simpler form 


Vin) = (a0, + 0) 2 


or similar to (28), but more general 


Y 


V.(p) = ee V:(p) (38) 


Depending upon the structure of the passive fourpole, this can readily 
be interpreted for steady-state a-c signals or for the evaluation of 
transients. 

Let us apply it to the same triode as in Fig. 5.6@ but terminated 
into the symmetrical II-section of Fig. 5.7c. With the aid of (2.24) 
we find 


ep Gz, e,=0(2+%) 
pCı 


We take .aand yasabove; for the step voltage V „I! applied to the input 
terminals we have the Laplace transform V„/p. Thus, it follows 
from (38) 


- Yon PCLle 0m 0090) 


39 
? (+ PC,)Gr + pCı) + Gr(Gıi + 2pC:) = 


Using the same time constants as in (32), leaving Gr, to stand for the 
first shunt eonductance in the II-section, we can rewrite (39) in the 
better form 


Cps Pro) 
V.(p) ie Es p? L 2ap ze y? m 
with 
2a =dö5+ö, +8",  Y = dr 
and 
öoL = Gi, = GL 
Cı 08 


The inverse Laplace transform can again be found either by partial 
fraction expansion or by application of the expansion theorem from 
Table 1.4. The roots of the denominator are 


u er + Vo? = y? 
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and will always be real as examination of «® and y” demonstrates. 
We thus obtain the final solution 


24 Vom Ca EV 2 Pıt 
ul 2Vor!— 7? - 7? 62 en: : % 
- (a —- 8 + Va? — y’)e?] (40) 


Obviously, the time constant of the second exponential is very short 


1 1 
een — 
; pad uva 


and its amplitude is by far the larger. The response will therefore 
be a very quick decrease to a rather low level and then a slow further 
decrease to zero value eventually. If the unit step is indicative of a 
discharge pulse, we can take T, as the measure of the possible repe- 
tition rate. 

Numerous other examples could as easily be treated with the usual 
major difhieulty residing in the evaluation of the natural modes of 
response. Asa final illustration consider a very simple example of a 
cathode follower (grounded-plate triode) to which a linearly increasing 
voltage v;(t) = (t/T)V is applied. As an amplifier for television pur- 
poses it might be terminated into an admittance Yı = (Gr + pCı) 
as shown in Fig. 5.9a. The active fourpole parameters for the tube 
itself are given in (21) and (22) and the response or output voltage 
transform has been derived in (28). If we disregard all interelectrode 
capacitances, the special values of the needed tube parameters are 


a=Yı= (m AP U)g2, Y= UI» = Im 


The transform of the applied voltage is from Table 1.3 


Lv; x et " 
V; = = 
T- Tp? 
so that (28) takes the explieit form 
Im R 


V.(p) = (41) 


wel), EG ROT 
Introducing the damping coefheient 5 = (1/Cr)[(x + 1)g9» + Gr], we 
get the simple form and solution 

ER mV. ei 1 = SL +6—]1 


la) = 8 = 
ee, 5? 
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For very small values of time we can expand the exponential function 


> (82)? 
= 1-84 — — 
e + 2 
so that 
ge 
vo(t) = Fr, 55 st <1ı 
L 


whereas after a very long time we can assume e”°' — 0, so that 
Im t Cr V 
v() = ( w= 2 > 1 
(“+ 1), +G: \T “+D,+G6G;T 


The total response is as shown in Fig. 5.9c; the output voltage 
increases first parabolically and then becomes a true replica of the 


(c) 


Fig. 5.9. Response of cathode follower to linearly rising voltage: (a) physical 
arrangement; (b) equivalent circuit; (c) time response. 

applied voltage, but “‘delayed’” by the time r = 1/ö; we might inter- 

pret this also as a “loss of voltage’’ in so far as only a fixed total time 

is allowed for the build-up.* 


5.3 Transients in Amplifier Chains 


If the input signal is weak, several stages of amplification might be 
necessary to provide a sufhiciently strong output signal. The ampli- 


*B. Y. Mills, “Transient Response of Cathode Followers in Video Cireuits,” 
Proc. I.R.E., 37, 631-633 (1949). 
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fication obtainable in any one stage will depend upon the circuit. 
However, it is readily demonstrated that the product of useful band- 
width and either power gain or voltage or current amplification factors 
remains fairly fixed. We can illustrate this, e.g., for the simple triode 
amplifier with resistive load. The complex voltage amplification is 
given by (29) as 


V. ee ET JoCpg 
V; (9p + Gr) + JolCpa + Cor) 


The amplification factor at » = 0 is the same as given by (30) 


eye, 
9% + Gr 


which is the largest value of (43). The definition of “amplitude 
bandwidth” is rather arbitrary. We might choose here that value 
® = w. at which the absolute value of (43) is one-half of the amplifica- 
tion factor at » = 0), or 

ER Bl Dans 


+ w20? = 4@ (44) 


A,(0) = 


where we abbreviated 


G=9+G:i, C= Ct Opr (44a) 
This leads to 
R gm? G? 


ee 3 


gm2C? — 4020,27 0 


and thus to the product value “amplification X bandwidth’” 


Moe Go _ E v3 


which is elearly independent of theload. For wide-band amplification 
we would thus have to accept less amplification per stage. 

Since the definition of “bandwidth’’ is rather loose, many different 
proposals have been made. A simple definition has been proposed by 
W. W. Hansen* 


== EN be |A 2 d 
Ne A,2(0) Ö ‚(@)| w (45) 


*W. W. Hansen, “Transient Response of Wide-Band Amplifiers,”’ Proc. Nat. 
Electronie Conf., 1, 544-553, (1944), 
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which expresses the bandwidth in terms of the mean square of the 
absolute amplification factor. If the integral of (45) can be evaluated, 
the result is generally not much different from the value obtained by 
the previous method. Actually, the infinite integral with (43) for A, 
does not exist. If we arbitrarily disregard in the numerator joy, 
we have for (45) 


za, _r6 
NE dl 


which compares with v3 G/C just given. 
As already indicated in connection with (27), the cascade connection 
of several identical amplifier stages simply raises the over-all single 


®, O ©, 
ee en eg, 
Pentode 1 Coupling 
network 1 
lst stage 2nd stage 


Fig. 5.10. Chain of pentode amplifiers with capacitive coupling networks. 


stage matrix (27), or in more general cases (37), to the power N 
identical with the number of stages. Let us choose first the simpler 
arrangement of N stages of pentode amplifiers with capacitive coupling 
of the type shown in Fig. 5.7c so that the chain in Fig. 5.10 results. 
To simplify matters, we have disregarded the tube capacitances, 
assuming appropriately low frequency operation. We can express the 
admittance of the coupling network by 

GpC G + 2pC 


G+2C G+p2C 
For the pentode we take the matrix from (16) and (17) with O,r = 


Cor = 0 

Eu K | 

Im 0 0 
so that for the complete amplifier stage we have in accordance with 
(27) 


ee 


(46) 


230 Active Fourpoles [Ch. 5 


Ba on 


Since the pentode provides complete current isolation between stages, 
the voltage transfer ratio per stage is simply 


Valor! Im 


V.(P) an = %+t Yı 


where V,(p) is the Laplace transform of the input voltage and V,+1ı(P) 
that of the output voltage of the stage numbered qg. For N stages we 
thus have 


(48) 


VntılP) _ Sn VOR v( Im ie 
ee = 


This demonstrates the phase reversal, giving a negative sign if N is an 
odd number, and still permits any general coupling admittance Y,. 

If we now introduce the specific value of the coupling admittance 
(46) into (48), we can write for the voltage amplification of a single 
stage in parametric form 

In i+pT 1 


A,(p) = - = 
Be ee (50) 


where 
C Go te 2G 
T= = =1 Sal 50 
G P+G 2 »+6 _ 
which shows at once for p— 0 
Im 
A,(0) = — (51) 


p+tG 


as in (30) for a simple resistive load. Because y > 1, we expect that 
the bandwidth must decrease as the number of stages increases. For 
numerical calculations we could let p = jw in (50) and obtain the 
complex voltage amplification for any number of stages as 


1+3jwT r 
1 + joyT 
To find the transient response we need to specify in (49) the applied 


voltage vı(t) = v,ı as a time function. Let us assume a simple step 
voltage, v,ı = V„1; then we need to evaluate with (50) and (51) 


A, = EKOINN 


_ e-if N ie +pT ) 
vn+ılt) = £7 [A,(0)] nn ee: (52) 
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Rather than try the general evaluation, which is feasible but involved, 
we shall obtain the inverse Laplace transform for the specific numbers 
N =1, 2, and 3 by means of Table 1.3. For this purpose we shall 
rewrite the basic form of the last factor 


Ip = — 1)pT 
Yyp Be (53) 
120% Pro 
with 
u 
oz ) ö=yT (53a) 


Restrieting ourselves to the last part in (52), since V„[A,(0)]Y is a 
constant that we can consider as a scale factor, we find for 


1 il 
N =|1: leer )=1-0% 
p 21.60 


il 1 e p 
ee! ( = 2 ) Or ER —5t 
- = : +a & BE il Dae 
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ri 1 p PD 
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öt)? 
Be ) et 


= 1 - (3a — 3a? + ade! — a3 — 2a)öte! — : 


We observe the increasing number of terms as N increases, and the 
deterioration of the actual response as illustrated in Fig. 5.11. The 
increase in build-up time is, of course, a natural consequence of the 
decrease in bandwidth referred to previously. For the numerical cal- 
eulations of the curves in Fig. 5.11 we had assumed y = 2 which corre- 
sponds to 9» KG in (50a). 

Obviously, we can evaluate the transient solution of any chain of 
amplifier stages in similar fashion finding our limitation only in the 
complexity of the matrix of interstage networks Y, in (47). For higher 
frequencies we also need to take into account the tube capacıtances 
which will fill in the other elements of matrix (47) and make the final 
results more difhieult to obtain. In such cases definite terminations 
need to be specified as well in order to make the response functions 
meaningful. 

Rather than give other examples of this procedure, we might gener- 
alize the treatment of the amplifier chain as an active fourpole line in 
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the same manner as we had formulated the theory of the passive four- 
pole line in section 3.1. If we select the g’th stage as indicated in 
Fig. 5.12 comprising the tube and the passive coupling network per 


Un+1() 


0=ödt — 


Fig. 5.11. Response of amplifier chain of Fig. 5.10 to unit step voltage for N = 1, 
2, 3 complete stages with y = 2. 


Ig-1 Ig Ig+1 


| 
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Fig. 5.12. The active fourpole line with aD — ®e = n. 


stage as in Fig. 5.10, we have the identical general relations as in (3.1) 
V.(P) = QVg+ı(P) + RIg+ı(P) 
I,(p) = EVarılp) + DIg+ı(p) 


with the different relation 


(54) 


AD-BeC=n (55) 


We can take these standard parameters @, ®, EC, D from (37) if we 
replace indices and o by qgand (g + 1), respectively. Allthe V(p) 
and /(p) are, of course, Laplace transforms of the respective time 
functions. Proceeding as in section 3.1, we can combine with (54) 
the current expression 


Ia-ı(p) = eV,(p) + DI,(p) 
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and eliminate in the first line of (54) V,(p) and V,+ı(p). This gives 
Tg-ı(p) — (@ + D)Ia(p) + nIarı(p) = 0 (56) 


Similarly we can get the voltage difference equation 
Vg-1(P) - (@+D)Ve(p) + nVarı(p) = 0 (57) 


In both cases we used the active parameter relation (55) which, of 
course, also holds for nonbilateral fourpole lines in general, whether 
active or passive. We can use (56) and (57) for a gyrator line if we 
put n = —1l as discussed in section 2.2. The only, and apparently 
minor, difference between the active and passive fourpole lines is the 
coefhicient to /,+ı(p) in (56). Thus, the mode of solutions will be as 
shown in section 3.1. 

We might therefore assume the general solution of (56) in the form 
e?" with T anondimensional quantity, determined by the characteristic 
equation 


e!'- (a+D)+pxe =0 (58) 
which we obtain directly from (56), replacing /,(p) by e?" and corre- 


spondingly replacing the other current transforms. Solving (58) for 
e" as a quadratic equation, we obtain 


(e")ı,. = 


‚ie +D) + V(@ + D)? - A] (59) 

or also 

(@+D) + [(@ + D)’ — 4n]* 
2n 


Tı2 = In (60) 
with the upper sign referring to index 1. We can also establish the 
relations 


mg et 1 


n 


ne? = e 


which are significantly different from (3.9) but reduce to it forn = 1. 
The corresponding general solution for the current transform becomes 
now, if we use l = TTı as in section 3.1 


Iz(p) = Mine)” + W(e')** (61) 
and for the voltage transform in analogy to (3.12) 


Va(p) = M’(ge')”* - We) ** (62) 
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where now the active iterative impedances are defined by 


M m-D_ > Ne) | 
Ay, ae 2 2 


Wie A @a-D ca) | 
A em ee ee ü 2 2 


We can therefore study the active fourpole line in exactly analogous 
manner to the passive fourpole line. Let us apply this to the pentode 
amplifier chain of Fig. 5.10 for which (47) gives the parameters so that 
we haven = 0. (47) gives further for the iterative impedances 


(63) 


Za =; 92 


(64) 


ZH = = 
2 7er0 0 


The result for Ze» is obtained if we go back to the complete matrix of 
the pentode in (17) and use it in combination with (27). Asisobvious, 
we have no current transmission in the forward direction which explains 


Zcı = ©. For the infinite chain we use in (62) only the first term 
in analogy to the passive fourpole line and observe from (59) 


(me'), =Aa+DG (65) 


This leads at once to the identical result established in (49) if we take 
the ratio of the respective voltage transforms. 

For the complete chain of N like active fourpoles we can construct 
the over-all matrix as indicated in (3.2) and (3.3), namely 


Vı(p) = QıVnzı(p) + Bılnzı(p) 


(66) 
Iı(p) = CıVnyı(p) + DriIn+ı(p) 


where we used the indices in conformity with Fig. 5.12. The over-all 
matrix is defined in terms of the individual stage matrix by 


= ®r N 


CH Dr 


|e® 
ee 


We can evaluate the line matrix elements by introdueing in (66) the 
corresponding expressions (61) and (62) and compare independently 
all terms multiplied by M and by W since these integration constants 
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are, indeed, independent. The final result* can be written in the form 


Gr ®r ” EIERN Zeilne') 1 a. Zoe ade 
Cre Dr TRETEN 
2m T\XN—1 OEM 
e [(ne‘) e ] (67) 


Zement Zuen 


which permits verification of all the previous results as well as reduction 
to the passive fourpole line parameters for n = 1. 


9.4 Transistors as Active Fourpoles 


For completeness, we must briefly treat transistors as recent addi- 
tions to the list of active circuit elements. Fig. 5.13a indicates the 
more conventional p-n-p junction type or the point-contact type 
transistor. Eis the so-called emitter electrode furnishing the positive 
“hole’”’ current :,., B is the base of normally low resistance and con- 
ventionally grounded, C the collecetor electrode with negative potential 
applied so as to draw the (amplified) collector current 2. in the direction 
indicated. 

We have actually disregarded in the figure the biasing d-c emitter 
voltage maintaining the polarity of the emitter asshown, as well as the 
biasing d-c collector voltage. A signal voltage v,; applied at the emitter 
terminal pair will modulate the “hole” current ?, and directly affect 
the colleetor current :, flowing into a load. 

As a semiconductor solid, the transistor exhibits primarily a resistive 
circuit pattern so that the equivalent circuit as a fourpole is the simple 
one shown in Fig. 5.13b with the internal current source delivering a 
current ai,, proportional to the emitter current. The proportionality 
factor a could be computed from the actual diffusion processes of holes 
and electrons or obtained directly by measurement of the current 
amplification factor as outlined later. If we desire, we can represent 
the active energy source also as an internal voltage source with source 
impedance (resistance) r„ as in Fig. 5.13c. This series voltage v,, 
supporting the current t., is controlled by the emitter current, so that 
its value is given by 

Usa Inte = r.(at.) (68) 


where the last term refers to the current source in Fig. 5.13b which 


* Similar results, though apparently with n missing in some places, are given in 
Brown and Bennett, loc. cit. 
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causes the equivalent voltage drop across the collector resistance r.. 
From (68) we take as definition 
Dale (68a) 
Te 
We need to observe here that in the physical arrangement the 
collector signal voltage v. is directed like a “voltage drop” in any 
passive load and thus agrees with the convention of our fourpole 


le r. 72 [70 
—— =—— 
+ / + 

mie 
ve] ry lv. 


(c) 


Fig. 5.13. The grounded-base transistor (a) and its equivalent circuit (b) with 
internal current source, (c) with internal voltage source. 


notation in Figs. 5.13b and c where the direction indicates that it acts 
like a source voltage upon any network connected in cascade. We will 
therefore not expect the phase reversal that we found in electron tubes, 
section 5.1. Actually, it will be advantageous to think of the transistor 
primarily as a current amplification device through direet conductive 
action, whereas the electron tube could be considered as primarily a 
voltage amplification device. The latter becomes most impressively 
demonstrated in the pentode amplifier chain, Fig. 5.10. 

Since the equivalent circuit of the transistor appears as a resistive 
T, we might most readily apply the mesh analysis. Writing the Kirch- 
hoff equations for the equivalent circuit in Fig. 5.13c with 7, and ti. as 
mesh currents 

v. = belt, u r)) > Tery 


(69) 
Lerm — de Gerd a re) — %erd 
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We use £.r,„, as the driving voltage in the direction of the mesh current 
(voltage source) and v. as the generated output terminal voltage.* As 
fourpole we want to express the input pair v., i, in terms of the output 
pair v., io. The second line gives directly 

de n+tre 


co om Im 3. Mr "m = Do 


and using this in the first line, we obtain 


Le un > EEE „) L 


Tut Tm 


(71) 


We can replace by (68a) r„ by ar. and thus write the standard param- 
eter matrix for the transistor with grounded base 


B | 1 F +r. ren +r) + (1 - a)rire 
Tr,gb 


SE) nn 1 u | un 


which is purely real. This matrix is again asymmetrical and its 
determinant has the simple value 
ry 
AD —- RC = —— = (73) 
rar 
which will generally be very small since the base resistance is very small 
compared with ar.. Ina formal way, (73) compares very closely with 
(13) for the conventional triode which we shall note again later on. 
From (70) we find the short-circeuit current amplification factor 


_ fe _nHttm _ ar lro/re) _ 
(Ads = ).. ler TEEN) 0“ 


Since generally the base resistance r, X r., we can approximate this 
amplification factor by the current source parameter a. This permits 
ready experimental determination of this important parameter as indi- 
cated in the foregoing. 

Earlier attempts to draw analogies between transistors and electron 
tubes have not been particularly successful because of the difference 
in basie physical characteristies. As pointed out, the transistor 
behaves as a current amplifying device. Let us now construct the 
dual to the equivalent eireuit in Fig. 5.13c by the method explained in 
detail in Vol. I, section 3. We select in the center of the two meshes 


* M.J.E. Golay, “The Equivalent Circuit of the Transistor,’ Proc. I.R.E., 40, 
360 (1952). - 
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in Fig. 5.14a points A and B which become nodes in the dual network, 
Fig. 5.14b, and we add the external point D which becomes the com- 
mon reference node in the dual. With the normalization factor r?, 
we have then the following relations between corresponding quantities 
in the dual networks: 


Te = T°ge ri = vı 
Te = 1% rig' = va 
ro = r?gp ris = Vs 


This permits us to carry through numerical caleulations in either of 
the dual networks and to transfer these to the other. Now, if we look 


(a) 


Fig. 5.14. Construction of the dual network (b) to the equivalent circuit (a) 
of the transistor. 


at Fig. 5.14b and compare with the equivalent circuit of the conven- 
tional triode, Fig. 5.1d, we find a close analogy. For the junction 
transistor we can assume that both r. and r, are small compared with 
r., so that also g. and 9, will be small compared with g.. This makes 
the analogy so close that we can consider* the triode at low frequencies, 
i.e., with neglect of the capacitances, the approximate dual of the junc- 
tion Transistor! 

Indeed, if we let g. = 9 = 0 in Fig. 5.145, it becomes identical with 
either Fig. 5.1d or with the pentode equivalent circuit which we used 
in Fig. 5.10. This suggests looking at the fourpole parameters. Thus, 
if we let for the junction transistor r, = r, = 0, then we have instead 
of (72) the simpler matrix 


N | u Be a 


*R.L. Wallace, Jr., and G. Raisbeck, ‘Duality as a Guide in Transistor Design,” 
Bell System Tech. J., 30, 381-417 (1951). 
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in contrast to the singular pentode matrix from (17), letting there 


Cpk 0 
1 K - 2: Bi Be) 
N) 0 0 


which we used in (47). The similarity clearly suggests a dual relation- 
ship between g, of the pentode and r. of the transistor, as well as of 
(—„), the voltage amplification factor of the pentode (basically open 
eircuit) and the short-eireuit current amplification factor of a transistor. 
We also see the phase reversal of the single-stage tube amplifier in the 
negative sign of u. Finally, we observe that the simplified transistor 
matrix has reduced to the elements defining input current, whereas 
the simplified pentode matrix (or triode matrix) has reduced to the 
elements defining the input voltage, bearing out the suggested basic 
characterization of these two types of active elements. 

The fact that a dual relationship exists between tubes and transistors 
can be used as a guide in circuit design for amplifier, oscillator, modu- 
lator, and detector operation. Rather than combine the transistor 
with the identical circuits used for electron tubes, we must combine 
them with the duals of these.* 

As with the triode, the transistor can be used in different circuit 
arrangements such as grounded-emitter and grounded-collector con- 
figurations. Rather extensive treatmentsf have been given of these 
as well as of multistage amplifier eireuits with different coupling net- 
works. These combinations can be readily handled for steady-state 
calculations in the same manner as the tube circuits and with the 
same ease if we use the matrix notation given in the foregoing and its 
appropriate modifications. 

For higher frequencies, the equivalent circuit of the transistor must 
be modified to account for the capacitive effect of the barrier layer near 
the collector. A simple modification is the introduction of a capaci- 
tance (C'. across the collector equivalent resistance r. and the voltage 
source as shown in Fig. 5.15. If we designate the parallel combination 
of collector resistance and capacitance as collector impedance Z.(p) 
in parametric form 


r 


[4 75 
1 + r.C.p 103) 


Z.(p) = 


* Wallace and Raisbeck, loc. cit. Also G. Raisbeck, ‘Transistor Circuit De- 
sign,” Electronics, 24, 128-132, 134 (1951). _ 
IR. F. Shea, Principles of Transistor Circuits, Wiley, New York, 1953. 
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then the voltage source will deliver in Laplace transform notation 


V,(p) = a(p)Ze(p)Ie(P) (76) 


in anology to the low frequency value (68). The factor a(p) had been 
identified as the short-eireuit current amplification factor in (74). 


Ce 


Fig. 5.15. The equivalent circuit of the grounded-base transistor for higher 
frequencies. 


For higher frequencies, a(p) must portray the time constant of the 
diffusion process and a delay which can be combined by defining* 


ao 
Kessel 
Ie-219 


The delay time r as well as the time constant T. could be computed 
from a solution of the diffusion process, but they are generally deter- 
mined from measurements. 

The Kirchhoff equations (69) must now be written in terms of the 
Laplace transforms, namely 


Velp) = (re + ro)Ielp) — role(p) 
Vs(p) — Velo) = (rn + Ze)Iekp) — role(p) 
The fourpole parameters for the grounded-base transistor become now, 
proceeding as in (70) and (71) 
E | a B re tn 42) EU 052 (79) 
CD ade ru 9 2% 


These parameters are therefore a rather obvious and simple extension 
from the low frequency case. We also can verify that the equivalent 
of (74) holds if we take the second line of (78) and introduce V,(p) 
from (76), namely 


a(p) = 2 (77) 


(78) 


* Principles of Transistor Circuits, op. cit., p. 382. 


Sec. 5.4] Transistors as Active Fourpoles 241 


a aZe + ro 
Ic(p) /v.=o Zetr 


To select a simple demonstration for the transient response, let us 
take the idealized transistor as the dual of the pentode and cascade it 
with a lossless parallel tuned eircuit as coupling network as shown in 
Fig. 5.16. The complete parameter matrix for the amplifier stage is 


A;(p)v.=o = ( — alp) 


er een) 


Transistor 1 Coupling network 1 


lst stage 
Fig. 5.16. Transistor amplifier as dual of pentode with parallel tuned eircuit as 


coupling network. 


given in terms of Laplace transforms by the product of the transistor 
matrix (79) for r, = r» = 0 and the matrix of the passive fourpole 


Iı(p) a ie pc 1+p’Lc T,(p) 
For the current transform ratio, since Va(p) = 0 because of the short- 


eircuit input to stage 2, we need only the lower right-hand term of the 
matrix product and that is 


Iı(p) 1 pL 2 ) 
er 1 196; 
T.(p) ap) & a 


If we introduce (75) and (77), and specify the input current as the step 
function /„I with the Laplace transform /„/p, we obtain for the 
output current transform 


ande"? 1 IR 


ERST 


Is(p) = (81) 


L 
PL +p +1" 
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where C* = (, + C. The inversion into time functions is rather 
straightforward since we can readily apply the residue theorem or 
expansion theorem. The exponential factor e”’? indicates a time 
delay which we can take care of by line 2 of Table 1.4. We thus have 
as the complete solution for the current step response 


U 
(WT.)e Te 
1 DT KOT 


io(t) = QAolm 1 


Qoe sin (Mt +’ — e”) 


_ 17 >.0. (82) 
20 VL 9 VAa- IT) 00T): 
where we used the abbreviations 
1 et 
ee ne 
9 = 1 tan eo’ = be 
" TLc* ern 


N 
DEZE Se) velen 
2% 


The first term gives the amplified current step delayed by time r as the 
ideal low frequency response. The second term portrays the effect 
of the high frequency collector capacity and diffusion time constant 
interacting with the coupling network parameters. The last term is 
the direct effect of the parallel resonant circuit. Because we dis- 
regarded the normal coil losses, we must expect oscillations damped 
only by the collector resistance. With appropriate damping, however, 
e.g., adding resistance R in series with Z, this term can assist in counter- 
acting the second term and in improving the transient response. 

Extension to multistage amplifiers of various configurations is self- 
evident. Similarly, we could use the relations deduced for the general 
active fourpole line in (61) and (62), as well as in (67). 


5.5 Feedback Amplifiers 


So far we have considered only cascade connections of networks 
in detail. If active and passive networks are connected in series or in 
parallel, or in any combination of series-parallel, the output and input 
signals become interrelated by ‘feedback.’ We shall consider here 
only the principles of feedback systems as far as they present special 
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illustrations of linear transient analysis and we shall not-delve into the 
detailed characteristics of feedback systems, their analysis and design. 
Section B of Appendix 3 gives a list of treatises and textbooks which 
may be consulted for such details. 

Let us first consider the simple schematic arrangement of Fig. 5.17 
where the so-called forward active network or amplifier N has the 
over-all input and output voltage-current pair Laplace transforms 
V;(p), Ii(p) and V.(p), /s(p). The feedback network F, generally 
assumed to be a passive network, is presumably connected with its 
input terminal pair to the output terminals of N, whereas its output 
terminal pair is interconnected at the input terminal pair of N, thus 


Fig. 5.17. Schematic series-parallel type of feedback system; N forward active 
network or amplifier, # feedback network. 


completing a “feedback loop.’ In Fig. 5.17 network F is connected in 
parallel at 2’2”, whereas it is connected in series at the input of N, 
constituting a series-parallel interconnection of the two networks. 

According to the elementary feedback theory, e.g., Bode,P? p. 32, 
we can argue in this example in the following manner: without the 
feedback loop, the original amplifier N will exhibit a voltage amplifica- 
tion ratio A,°(p) which in general is computed as the ratio 


2 er 
V.(p)/ o 


the index O indicating no feedback. Obviously, as pointed out in 
section 5.2, particularly (29), if we put p = jw, we obtain the complex 
amplification ratio and at very low frequencies it reduces for the triode 
to the real d-ce amplification factor (—„) so that BodeP? has used this 
designation u for any condition of operation. The passive network 
F might be characterized by a general transfer function ß(p), so that 
the output voltage of F can be written 


B(p)V.(p) = Vi’(p) (84) 


A,'(p) = ( (83) 
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Again, for steady-state a-c analysis A(jw) will be the conventional a-c 
transfer function of F. If we assume for this simplified theory that 
the interconnection of the two networks in series parallel does not 
affect their isolated characteristics A,’ and ß, then we can state that 
the combined input voltage to N must remain related to the output 
voltage as in (83), and we can write 


[N:(p) + Vi’(p)]Ay'(p) = Vo(p) 


Because of (84), we can rearrange the terms and obtain 


Ar 0 
ine BA, Mol En 
the classical feedback relation.* Though this simple relation portrays 
rather graphically the basic relationships, the underlying simplifying 
assumptions are not always warranted. The rigorous solution of the 
circuit problem will generally give a rather different form, but we can, 
with some imagination, often reduce it to the simplicity of (85). 

As a simple concrete example, take the voltage feedback circuit of 
Fig. 5.18a. Applying the simple feedback theory, we determine the 
amplification ratio for the triode with impedance load Z,, disregarding 
entirely the feedback connections as in Fig. 5.18c. From (29) we can 
deduce, suppressing the capacitances 


%: (85) 


4 Va, 
A %p) a KIp > [2 
r 9» + Yılp) a 
The feedback circuit takes the fraction 8 = Rı/(Rı + R2) of the 
output voltage and applies it in series at the input terminals. Thus, 
we can write down at once for the voltage ratio with feedback from (85) 


V.(P) u Zu2} = —uZı 
Yo NZ er Be 2) Ze Zn 


indicating in general a lower amplification ratio, as one would expect 
with negative feedback which generally tends to stabilize the amplifier. 

Let us now carry through the rigorous analysıs by means of the 
equivalent fourpole interconnection indicated in Fig. 5.185. The 
simplified fourpole parameters of the triode with terminal pairs 3’3’ 
and 4’4’”’ are given by (5), to wit 


BE > it E =) ” 
CIEDr LO ser 

*H. 8. Black, “Stabilized Feedback Amplifiers,”’ Bell System Tech. J., 13, 
1-18 (1934); also in Elec. Eng., 53, 114-120 (1934). 


(86) 
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(a) 


(c) 


Fig. 5.18. Single triode amplifier with voltage feedback. (a) Actual circuit; 
(b) series-parallel connection of corresponding active and passive networks; (c) 
triode without feedback circuit. 
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The feedback eircuit is the cascade connection of conductance G, and 
resistance Ra, and the combination matrix is 


170 I ae u oe 
& xl ol amsılele a), & 
To find the over-all parameters of the series-parallel combination 


of two fourpoles, we need to introduce specific designations for the 
voltage-current pairs. Suppose we use as in Fig. 5.185 


a In 116 2 2 
= le aux [2 “ 
for the active network, and 
7,7 a @ ® 12% 
7 -le sl,“ [2 eo 
for the passive feedback network. The interconnection demands the 


relations 
V;=Vı-V/ V,=V,=V; 


I, = 1 =.JIı I,=I, - I; 


If we therefore take the first lines of (89) and (90) in expanded form 
and subtract them, we obtain with recognition of (91) 


V;= Vı - Vi’ = QxnVa + Bnla — QrV3' — @rly' 
= (Ay — QAr)Vo + @nla — @rl;' 
We then can write the second lines of (89) and (90) 
I; = Iı = EV: + DvIa = CrV. + Dvla 
I; = Iı' = ErVy + Drly' = ECrVo + Drlr’ 


(91) 


This permits direct evaluation of /, and Is’ in terms of I; and V, 
so that 


Dr —- Dy CxnDr — ErDn 


I, =I-I! = ; 
DFDN DrDn 


o 


We obtain now the final forms 


®n — Br)(Cn — © 
V;= (ca — Qr) + (Gr z)©n n) 8 
Dr — Dy 
®BNnDrF — RBrDn 
Io 
wer (92) 
CnDr — Cr 
De NOrF CrDN v DNDF N 


Dr — Dn Tan, 
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which define the over-all parameters of the series-parallel combination 


a 
SI: 


in terms of the individual parameters of the isolated networks. 

If we apply this now to the over-all feedback loop we need only 
use the first relation of (92) with the further condition that V, = 1.Z,, 
so that 


V 
v — Qs.p 12 + Bs-p zZ, 
The voltage amplification ratio thus becomes for the feedback amplifier 


123 Zı 


A,=—= 
7; Z ı@s-p = Bs-p 


(93) 


Computing the parameters with the aid of (92) and the values from 
(87) and (88), we get 
_GılRr = nm) ee a 

—u(GıRo nl) 


and therefore 
=u2 


An = 
7, 7204 B2le = Voir] 


This looks quite similar to (86), except that instead of ßu in the last 
term of the denominator in (86) we have here 


(94) 


which is the correction to the feedback factor required by the inter- 
action of the simultaneous presence of the two networks. In this 
elementary case we can readily compare the results of simple and 
rigorous treatments, but it is not so easy in more complicated systems. 
However, where accuracy is required it is necessary to carry through 
the more complete analysis, particularly for the transient performance. 

We can now study the transient response of this feedback eireuit, 
say, for a step voltage V„! applied toit. To specify the load imped- 
ance simply, take Z,; = (pC)”', a pure capacitance. This gives with 
(94) 

14 Vn 1 


Vs — Al, = u 
@ p "T pp + VaT) 


248 Active Fourpoles [Ch. 5 


where we introduced 


AIV 


r 
Tre 7,6 el >) 0 
Rı 
The value of « could conceivably be chosen positive or negative 


depending upon the choice of Rı. The inverse Laplace transform is 


Fig. 5.19. Response of voltage feedback amplifier to step voltage for three values 
ofa = 1 + Blu — (r»/Rı)), namely « = +1,0, -1. 


found readily in line 5, Table 1.3, and gives for « > 0 
vo(t) 2 | = 0) a>o 


the usual build-up of a voltage across a capacitance in the negative 
direction because of the phase reversal in the triode. For « = 0, we 
need to return to (94) in order to see the effect and we find 


u 1 
m = 
(p) Ta; 
so that 


vo(t) = ee a=0 


= 
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which we would certainly not consider a desirable and stable response. 
If then @« < 0, we can return to the first form, define « = -|al, so 
as to set in evidence the negative real value of «, and find 


vo(t) = \@|uVm(ı — e\elr, a<o 


Figure 5.19 shows the three types of response graphically. We shall 
discuss the problem of stability in the next section. 

As another and different example, we might choose shunt feedback, 
as in Fig. 5.20, demonstrating the value of the systematie matrix 
notation and illustrating some more difhicult aspects of the elementary 
theory of feedback. Let us first apply the appropriately modified 


r 


Fig. 5.20. Local shunt feedback or parallel combination of active and passive 
networks. 


elementary feedback theory. Having essentially current feedback, we 
shall deal with current relations. We assume that without feedback 
we have determined the current amplification ratio 


A;’(p) = I) (95) 
0 


Iı(p) 


similar to (83) in the voltage feedback case. The fraction /3’ of the 
output current /z which is fed back we might designate in Laplace 
transform as 


Iy(p) = (DI), Tip) = Bip)Iekp) 


and correspondingly the fraction that comes back into the input 
terminals. In our case y = ß, but this need not always be the case. 
The actual evaluation of either y or ß is generally very diffieult, because 
it requires the complete solution of the current distribution in the 
networks. i 
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The input current can be written, also in Laplace transforms, for 
the general case 


Ip) = Iı - I’ = [A,°(p) — B(p)]1I2(p) 


and we also have 
bp) =1.-1l!=L- nl: 


Thus, the over-all current amplification ratio with feedback becomes 
no le (96) 


which has a structure quite similar to (85). 

The rigorous solution is obtained best by constructing the over-all 
fourpole parameters for the parallel combination of the active network 
N, for which we have the cascading three fourpoles 


|=[. R ai! all 07 21.72 
E een „/|o 0 E+Frc7 1] "I 
and the passive feedback network F, in our case a simple resistance 
V!’ er \ ®© 112% 
7 ]=Io lx[2 
The terminal conditions in this case as we read from Fig. 5.20 are 
V!’ =Vı=V; V’=V,=d% 
(97) 
I; =Iı - I I, = Iz - Ir 


Though similar, they are significantly different from (91). As there, 
we might use the subscripts N and F and employ general parameter 
notation to make the results usable in all instances. We have 


V; = AyV> + ®nla = @rV > SE ®rly' — Vi = Vı 
Iı = e&xVr + DvIa 
I = ErVa + Drlp 


I 


Combining with relations (97) we can finally express 


An®r + @r®n ®NB®rF 


V; = Kot eu 
®n + ®r er ®n t ®r 
I; = (ex u) 2 Or or = 12 2 
®n + ®r 


Dx®r + BndDr 
®n + ®r 
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from which we read the parameters of the parallel combination 


le >| 
CHDune 


Returning to our special case, we compute the parameters of the 
N network by normal matrix multiplication, keeping the matrices in 
the order of appearance and abbreviating@ + pC = Y 


re 
e Du BIS LET 100 
Combining these now with the parameters for the F network as needed 
for (98), we can construct the complete matrix for the parallel network. 
However, to find the current amplification ratio (96) we need not go 
through all that. Since a current ratio is required we must specify 
a termination, say a resistance load Ra across the output terminals, so 
that V, = Ral.. Then the second relation in (98) permits us at once 
to write 

I; > eV =. DRS > (Cparr2 fr Dale 
and we have 


Il De il 
Ir Cyarß2 + Dpar 


(99) 


For any other load Z, we just need to replace Ra by Zı. Carrying 
through the indicated combinations for C,,, and Dyar, we can simplify 
to the final form 


I.(p) = 1 — ugpr 
KO N 


If on the other hand we formulate A; from the N network param- 
eters in analogy to (99), namely 


(100) 


1 p — Up _ Z#9p 
CnRe +D2n Y(l+Rs(Y + 9)) in 


A;'(p) = 


we can write (100) formally similar to (96) 


1 
Al _— 
Be Dean (prY*) (100a) 
u 


el=1+Rl2Y +9) +rY* 
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In order to reduce (100a) somewhat celoser to the form of (96) we would 
need to let rY* — © in the numerator and define 


B(p) = RapY* 


which is a rather involved relation as we would expect from the greater 
complexity of the network. 

We observe that (100) would easily permit us to solve for the 
transient response because the denominator is only quadratic in 2. 
Since only positive coefhicients occur in this quadratic, we conclude 
that the response can only lead to roots with negative real parts and 
thus to an absolute stable performance. We also can check (100) 
readily if we let the capacitances vanish so that Y— @ and solve for 
the current and voltage values directly from the Fig. 5.20. 


Fig. 5.21. Series combination of active and passive networks of series feedback. 


For completeness we might also give the combination parameters 
for series feedback, or series combination of an active and a passive 
network as shown in Fig. 5.21 


Gel nee 
er DD, . No, 


+ @rCn (Bn + Br)(Cxn + Cr) + (Dx — Dr)(@r — Qx) 
EnCr Der + DrEn 


(101) 
The elementary feedback theory leads with the definitions 
ehrt ivevı Fo 
V=Vı:+V’=(1+yYVa 
to the voltage amplification ratio 
V.(p) Ar 
: — en) (102) 


V:(p) p; 4 ArB 
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which is quite similar to (96) for the current amplification ratio in 
shunt feedback and could be considered its dual. 


5.6 Stability of Active Networks 


In dealing with finite purely passive networks we had emphasized 
that they were inherently stable, i.e., that all modes of the free response 
of actual physical networks had positive damping coeflicients, that loss- 
less networks might sustain continuous oscillations, but that no passive 
network, if left to itself, would build its response to indefinite magni- 
tude. The general proof would proceed from the nature of a network 
function, either impedance, admittance, or transfer function, and 
demonstrate that any of these can be represented as the fraction of two 
Hurwitz polynomials in p; that a Hurwitz polynomial is one with all 
real coeflicients and with its zeros lying in the left-half p-plane. 

In active networks, because of the presence of an internal energy 
source, it becomes very important to establish criteria for the stability 
of the system in terms of the network parameters. The earliest gen- 
eral criterion was deduced by E. J. Routh, and reiterated on a different 
basıs by Hurwitz. A rather detailed account is given in Guillemin ;* 
here only a brief account is given for practical applications. 

It appears obvious that as long as we deal with rational Laplace 
transforms in our solution of these network problems, the stability of 
the solution can be judged by the presence or absence of poles of the 
Laplace transform in the right-half p-plane. The difhiculty is encount- 
ered in establishing this fact without carrying through a complete 
solution of the problem. Suppose we have given a higher order 
characteristic equation, as, e.g. 


aop" + ap"! +asp"? +: +29’ + a_ıP + an = 0 (103) 
In accordance with Routhf we arrange the coefhicients in two rows 


ag dag qa4 46 
a a3 Q5 a7 


*E, A. Guillemin, The Mathematics of Circwit Analysis, chapter VI, article 26, 
Wiley, New York, 1949. See also F. E. Bothwell, “Nyquist Diagrams and the 
Routh-Hurwitz Stability Criterion,’’ Proc. I.R.E., 38, 1345-1348 (1950) where 
an excellent historical survey is given. 

+ E. J. Routh, Dynamics of a System of Rigid Bodies, 3rd edition, p. 170, Mac- 
millan, London, 1877. See also Gardner-Barnes,P® p. 197; R. E. Doherty and 
E. G. Keller, Mathematics of Modern Engineering, p. 129, Wiley, New York, 1936; 
A. Porter, An Introduction to Servomechanisms, p. 48, Methuen’s Monographs, 
Wiley, New York, 1950; and Truxal,®!? pp. 231, 267. 
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and form products of a, successively with each upper member and 
subtract the products of ao successively with each lower member so 
that we get the new coefhcients 


1 


bı = — (aıd2 — QoG3) 
aı 
1 
b, = — (a1as — 0045) (104) 
a 
1 
b; = — (a1as = 007) Ge re 
aı 


Now form two new lines of coeflicients, repeating the second line of the 
original set and adding below it the new set 


qaı a3 A5 47 
bı ba b; bi 


and proceed exactly as before, i.e., form new coeflicients by forming 
products of bı successively with each upper member and subtract the 
products of a, successively with each lower member 


1 
ie (bıaz3 — aıb>) 
1 


1 
CO (bı1a; En aıb3) El 
bı 


This needs to be carried on until no further coefficients can be formed, 
because the rows have shrunk to one term each. 

A necessary and suflicient condition that no roots with positive real 
parts exist is the fact that all terms in the first column of these coefhi- 
cients have positive sign. Actually, the number of times the sign of 
the coefficients in the first column changes gives the number of roots 
with positive real parts. Since only the change of sign is of signifi- 
cance, one can always divide through the whole row of coefficients by a 
suitable positive number to keep the coeflicients in the neighborhood 
of unity. 

As an example let us take the fifth-order equation 


(p +4)(p? - 4p + 6)(pP? - p+5) = p? — p! + 5p° + 34p? — 74p 
+120=0 
Arranging the coeflicients as required, we have 


1 5) —74 
N! 34 120 
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We form the new coefficients 

bı = +39, b, = +46 
so that we now have, after dividing the b eoefficients by 39 


—— 34 120 
el 1.18 


The new coeflicients are 
cı = 35.18, ca = 120 
If we divide again by 35.18, we now are left with 


1 1.18 
1 3.42 


so that the only one new coeflicient is possible 


dı = —2.24 
This leads to the triplet of numbers 
‚ 3.42 
—1 


so that the very last coefhicient will be +3.42. _Repeating the coefh- 
cients of the first column only, we now have 


Fre 1 1349 


This indicates four changes of sign, which is in accordance with our 
original assumption. 

This method gives only the occeurrence of a positive real part of a 
root but it gives it correctly whether the root is real or complex. In 
order to get the actual root values, one can use any one of the methods 
briefly described in Appendix 3 of Vol. 1. 

Should any term in the first column be zero, then the method will 
not be applicable, as is obvious from the law of formation of coefficients 
in (104). In such a case one might either assume a small but finite 
value instead of zero for the coefficient, though the sign might be 
uncertain, or introduce a change of variable by settingp = q ' which 
inverts the series of coeflicients and transforms the root values into 
their reciprocals. 

The condition of stability that the rational Laplace transform have 
no pole in the right-half p-plane can be formulated a little differently.* 


* H. Nyquist, “Regeneration Theory,” Bell System Tech. J., 11, 126-147 (1932). 
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Let us define the general transfer funetion of a network with a single 
feedback loop as 


A(p) 
1 — A(p)ß(p) 


where A(p) might be the voltage or current amplification factor and 
ß(p) the transfer function of the feedback network. The function 
T(p) will in general be a rational function as long as we employ only 
lumped-parameter networks. An extension to transmission lines is, 
of course, quite simple. We see readily that in the form of (105) the 
function T(p) has poles for all values p. which make A(p)ß(p) = 1. 


T(p) = (105) 


Im M(jwo) 


Re M(jw) 


Fig. 5.22. Conformal mapping of imaginary axis of p-plane, p = jo, into w-plane, 
w = A(p)ß(p); Nyquist criterion. 


If these poles are all in the left-half p-plane, we consider T(p) the trans- 
form of a stable network. 

We can, however, conformally map the left-half p-plane into the 
w-plane where the new complex variable is a function of p 


w= A(p)ß(p) = M(p) 


The imaginary axis p = jo will thus transform into a contour w(jw) 
in the w-plane as shown in Fig. 5.22. As we let » vary from — » to 
+ © in the p-plane, we keep the left-half p-plane Re p < O to the left. 
If the image of this contour p = jw in the w-plane lies entirely ‘to the 
right’ of w = 1, then we have assurance that the “mapped region” 
which is to the left of the contour w(jw) contains the point w = 1. 
This means in turn that all the p« values which make A(p.)ß(p.) = 1 
belong into the mapped region, i.e., lie in the left-half p-plane. We 
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therefore need only plot the contour w(jw) and observe its circulation 
with respect to the point w = 1; if the contour, progressing from 
o= —- x t0w= +9», does not encirele w = 1 then the system is 
stable. Thus, we need not carry through the mapping process in 
detail, which might be quite troublesome. 

Obviously this method can be extended to any type of functional 
relation, irrational and transcendental, if the precautions discussed 
in the later chapters on transmission lines are taken. 

It should be pointed out that we have written (105) with the con- 
ventional negative sign in the denominator, as is customary in feedback 
amplifier theory. If we had chosen a positive sign as in (102), then the 
eritical point would have to be taken asw = —landnotw = +1 but 
the argument remains the same. This difference of sign is often 
apparent between authors dealing with feedback amplifier problems 
and those dealing with automatic feedback control systems and servo 
systems. The references in Appendix 3, section B, need therefore be 
examined for their point of view when problems of stability are being 
discussed. 


PROBLEMS 


5.1 Find the output voltage of the triode amplifier in Fig. 5.6, replacing Gr by 
the parallel combination of capacitance C', and load Gr and applying step voltage 
V„1 to the input. For numerical computation assume Cr/Gr = 10”? sec and 
disregard the interelectrode capacitances of the tube. 

5.2 The pentode of Fig. 5.2 is connected to the series-peaked interstage network 
of Fig. 5.7b. Find the output voltage for a square-wave voltage pulse applied 
to the input. Select @ = R=! /L/C = 0.5 and all other quantities as for 36a. 

5.3 Carry through the analysis of the two-stage resistance-coupled amplifier 
(Fig. 31 in Arguimbau,* p. 159) for a square-wave voltage pulse applied to the 
input. 

5.4 Carry through the analysis of the two-stage triode amplifier employing 
a series-peaked coupling network and having simple resistive load at the output. 
Apply a step voltage V„! at the input. Simplify the result by disregarding the 
interelectrode capacitances. 

5.5 Evaluate the output voltage for the preceding problem for a single sawtooth 
voltage pulse. Disregard the interelectrode capacitances of the tubes. 

5.6 Find the output of a two-stage triode amplifier with shunt-peaked inter- 
stage coupling and resistive load in the output. Apply to the input a square-wave 
voltage pulse. 

5.7 The pentode of Fig. 5.2 is connected to a single section of a low-pass filter. 
Find the output voltage if a step voltage V„I is applied at the input. 

5.3 A cascade of three stages of pentode amplifiers has two identical interstage 
series-peaked coupling networks and a resistive load in the output. Find the 
output voltage if a square-wave voltage pulse is applied at the input. 


*L. B. Arguimbau, Vacuum-Tube Circuits, Wiley, New York, 1948. 
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5.9 In the same arrangement as in problem 5.8 assume that the two series- 
peaked interstage networks have Q = 0.8 and Q = 0.63, respectively. Find the 
output voltage if a square-wave pulse is applied at the input. 

5.10 In the same arrangement as in problem 5.8 take as interstage coupling 
networks two identical capacitive sections as in Fig. 5.6c. Find the output voltage 
for a linearly rising input voltage. 

5.11 A two-stage pentode amplifier has a band-pass filter of the type shown 
in Fig. 5.23 as coupling network. With a resistive load in the output, find the 
response to a step voltage applied at the input. 


M 


Fig. 5.23. Band-pass filter as coupling network for two-stage amplifier. 


5.12 Extend the solution of problem 5.8 to N complete stages. Use the active 
fourpole line concept. 

5.13 Construct the transistor dual to (a) the cathode follower circuit; (b) the 
grounded-grid triode. 

5.14 Take the idealized transistor equivalent circuit of Fig. 5.16 with the 
capacitive coupling network of Fig. 5.7c. Apply a square-wave current pulse and 
find the output current. 

5.15 Use the complete equivalent circuit, Fig. 5.15, for the transistor and 
combine it with the capacitive coupling network, Fig. 5.7c. (a) Apply a square- 
wave current pulse and find the output current. (b) Compare with the solution 
in the previous problem. 

5.16 A chain of three transistor amplifiers uses two identical coupling networks 
as shown in Fig. 5.16. The output is terminated into a resistance Rı. Apply a 
unit step current at the input and find the response of the chain. 

5.17 Construct a simple dual to the triode amplifier with coupling network, 
Fig. 5.7a, and interpret it as a transistor amplifier eireuit. 

5.18 Apply a sinusoidal voltage V„ sin ot to the feedback amplifier in Fig. 5.18 
and find the output voltage. 

5.19 Replace in the simple feedback circuit of Fig. 5.18 the shunt conductance 
Gı by a shunt capacitance ©. Apply a step voltage V„! at the input and find the 
output voltage. Check the stability limits of the circuit. 

5.20 In the feedback circuit in Fig. 5.20 omit the capacitances in the forward 
section of the network but add to the feedback resistance r a shunt capacitance (C. 
Find the response for a step voltage V„/ applied at the input terminals. 


Transmission Lines 


The propagation of signals along a uniform conductor of relatively 
small cross section and very great length was initially studied in con- 
nection with telegraphy by W. Thomson* (Lord Kelvin) who only 
considered resistance and capacitance for a single conductor and thus 
did not establish true propagation effects. Kirchhofff took into 
account the inductance, but also treated only a single conductor; he 
established a velocity of propagation close to that of light, but did not 
carry the investigations further. It was left for Heavisidef to apply 
Maxwell’s theory to guided propagation along wires and to formulate 
the concept of “distortionless transmission ;”” however, even Heaviside 
considered only the principal wave and did not realize the full com- 
plexity of the electromagnetic field propagation along wires.. The 
first complete solution for two parallel wires was given by Mie$ who 
solved the free equations within as well as outside the round solid con- 
ductors and established the existence of an infinity of transmission 
modes. Of course, it is not necessary, and we have no intention here, 
to present the complete solution of guided wave transmission|| in order 


* W. Thomson, “On the Theory of the Electric Telegraph,’’ Math. Phys. Papers, 
2, 61; reported in Proc. Roy. Soc., May 1855, and published in Phil. Mag. (4), 11, 
146-160 (1856). 

1 G. Kirchhoff, “On the Motion of Eleetrieity in Wires’’ [German], Pogg. Ann., 
100, 193-217 (1857). 

t ©. Heaviside, Blectromagnetic Theory; Vol. I, 1893, Vol. II, 1899; reprinted by 
Dover Publications, New York, 1950. 

$G. Mie, “Electric Waves on Two Parallel Wires’ [German], Ann. Physik, 2, 
201-249 (1900). For further references see E. Weber, “Historical Notes on 
Microwaves,” Proc. Symposium on Modern Advances in Microwave Techniques, 
Polytechnie Institute of Brooklyn (1954). 

|| For a rigorous theory of transmission lines based upon electromagnetic field 
distributions, see R. W. King, Transmission Line Theory, McGraw-Hill, New 
York, 1955. 
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to solve the transmission-line problems of engineering importance in 
signal transmission. It is necessary, however, to understand clearly 
the rigorous background in order to appreciate the inherent limita- 
tions—along with the unparalleled elegance of the conventional trans- 
mission-line theory based upon the original telegrapher’s equation, as 
the basic partial differential equation has been frequently called in 
mathematical treatises. 

To be sure, the theory of the wave equation as well as the equation of 
diffusion of heat had been well developed at the time of the inception of 
telegraphy. The real complexity of the electrical propagation effects, 
however, could not be comprehended without the full benefit of Max- 
well’s field theory. It is therefore imperative to include a critical study 
of the iransmission-line concept before entering upon the treatment of 
power and signal transmission with their respective demands upon line 
performance. 


6 “ LOSSLESS AND DISTORTIONLESS 
TRANSMISSION LINES 


In order to proceed from the simple to the more involved, we will, 
after establishing the transmission-line concept, first concentrate upon 
lossless and distortionless transmission lines which in their ideal forms 
are the ideal objectives of power and communication transmission, 
respectively. Certainly, power stations intend to transmit their 
electric power to the consumer with a minimum of loss, being most 
concerned with efficiency of the transmission. Certainly also, com- 
munication systems try to convey the information with a minimum of 
distortion, being most concerned with the fidelity of the transmission, 
even at the expense of high power loss necessitating repeater stations 
to restore a suflicient power level. 

Though admittedly neither of the two objectives is completely met, 
the study of these two ideal transmission-line types will give the basic 
aspects with sufficient accuracy to warrant a detailed treatment. 


6.1 The Transmission-Line Concept 


We can approach the conventional formulation of transmission-line 
problems from two different backgrounds: we can either extrapolate 
from the lumped-fourpole line to elements extended in space, or we can 
start from the field concept in three-dimensional space and reduce it 
to the treatment of wave propagation in one dimension only. In both 
transitions we shall arrive at the same final result but with different 
insight into the real meaning of the conventional theory. 

Let us start with the derivation of the smooth line equation from the 
fourpole line relations, which we treated in section 3.1. The process 
is quite similar to the transition from a system of vibrating individual 
mass points to the vibrating string.* We established the difference 
equation for three successive section entrance currents in their Laplace 
transform notations in (3.5) 

* Lord Rayleigh, Theory of Sound, chapter VI; Dover Publications, New York, 
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T,-ı(P) — (@ + D)Ig(p) + Ierı($p) = 0 (1) 


whereby the general parameters for a symmetrical T-section are 
defined as 


ae A Ba ee 


with Y the shunt and Z the series element of the ladder network. 
Applying this to a two-wire transmission line, we can select a short 


Il 1 
ei rn + pl,)Ax 
(8 + pc) Ax 
| 
| | (r, + pl,)Ax 
* Ax ——e Ax >| 


Fig. 6.1. Transition from fourpole line to smooth transmission line. 


element Ax as in Fig. 6.1 and conceive of it as asymmetrical T-section 
with the elements 


Y_= (g + pe) Az, Z=(r-+pl) Ax 


r, I, g, c being respectively the resistance, inductance, leakance, and 
capacitance per unit length of the line. If we differentiate the two 
conductors by numbers 1 and 2, thenr=r,+r,!=I, + Is, the 
total resistance and inductance of go and return paths. We need for 
(1) the coefhicient 


(@+D) = 211 +(g+ Ppe)(r + pl)(Ar)?] 


We had defined /, as the transform of the current entering section q 
so that we now define its equivalent as /,(p), the transform of the 
current at the distance x from the sending end of the line and entering 
the element Ar. By Taylor’s series expansion, if we assume for the 
transmission currents continuity in x and therefore the same for their 
transforms, we can write for /,+ı(p) the equivalent terms 


ol, a7. Axt 2 
ER A De (An) Pa 


0x Do 2) 
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so that (1) becomes, combining first and last terms by (2) 
2 


1 
21.) + AN)? = 21 + + Do) + DD AR 1L.) = 0 


or, finally, since 2/,(p) cancel and (Ax)? can be omitted 


9°I,(p) 
dx? 


=(r+pl)(g + 2e)I:(p) (3) 


a second-order differential equation in x for the current transform, 
which obviously must be a function of both x and p, the latter behaving 
as a parameter substituting for time. Of course, we could have started 
with the time relations underlying (1), but the direct use of the Laplace 
transforms is certainly more convenient. To recognize both the con- 
tinuous variable and the parameter p in the Laplace transform, we 
shall write it from now on /(z,p). 

For the voltage transform V(x,p) we can find the identical differen- 
tial equation (3) if we start from the difference equation (3.7); alter- 
nately, we can express it in terms of the current transform, if we note 
that the shunt element carries the difference of successive section cur- 
rents, so that 


ah 


IV (ep) = 1.09) Er TERN) =. el 


or also 
{6} 
(g + pe)Va,p) = — Ip) (4) 
Conversely, we see that the current /(x,p) can be related to the 
difference of the successive node-pair voltage transforms, namely 


P7 


0 


or 


(r + PD) Ia,p) = - 2 Va) () 


We must recall that the difference equations of the fourpole line were 
derived for de-energized initial conditions, and this holds equally for 
(4) and (5), as well as (3). In addition, (4) and (5), coming by transi- 
tion from the Jumped-circuit realm, are subject to the same limitations 
pointed out in establishing the circuit concept in Vol. I section 1.1, 
namely: it is assumed that the eleetromagnetic fields associated with 
currents and potentials at any one point are established instantane- 
ously throughout space, and that radiation effects are therefore dis- 
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regarded, even though the establishment of current and voltage along 
the line proceeds with the appropriate velocity of propagation. This 
means, in turn, that the fields can only be considered reasonably well 
defined near the transmission-line wires and are not even approxi- 
mately correct at large lateral distances from them. To be a little 
more quantitative, Guillemin,4® Vol. II, pp. 12-24, has attempted a 
semirigorous establishment of the nature of this approximation for 
steady-state conditions. For transient conditions, we cannot accept 
much of this justification. 

Now let us briefly desceribe the rigorous approach and set down the 
simplifications needed to fit in with conventional transmission-line 
theory. Fortunately, time has passed since the early concern about 
the accuracy of the transmission-line concept was voiced and the 
advent of wave-guide theory has made us familiar with many ideas 
then thought to be rather abstract. Assume at first a parallel plate 
transmission system, rather than a two-wire transmission line, as 
indicated in Fig. 6.2. The source of energy is provided by the antenna 
A’A”, where the gap represents the actual source of electromagnetic 
radiation. This antenna feeds current into one of the parallel plates 
and at some distance x’ = D in Fig. 6.25 the current will have reached 
a final cross-sectional distribution in this plate which we might con- 
sider as remaining the same from there on; usually this distance D is 
several times the spacing between the plates. By symmetry, the 
returning current in the opposite plate will show the same distribution 
pattern. At some rather far distance, the current will be utilized in a 
load, but we shall not discuss this in detail because it will be quite 
similar in principle to the situation at the “sending end.” 

The actual field distribution within the conductor plates as well as 
in the space between them can be found only by a rigorous solution of 
Maxwell’s field equations satisfying all the specified boundary condi- 
tions. Asin the much simpler classical circuit analysis, the first step 
is a search for all possible “modes’” of solution; that means partial 
solutions which satisfy the simplest boundary conditions and represent 
waves propagating (or exponentially decaying) in the x-direction. 
There are three types of such solutions, all called plane waves: (1) A 
completely transverse mode, i.e., electric and magnetic field vectors 
Iying entirely in a plane normal to the two plates; this is the principal 
mode, with a field distribution as indicated in Fig. 6.2c. (2) An infinity 
of modes with the magnetic field vector completely transverse, but 
with the electric field vector having in addition to the transverse a 
slight longitudinal component in the propagation direction x; these are 
the transverse magnetic (TM) modes. (3) An infinity of modes with 
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2 u(x,t) 


Fig. 6.2. Parallel plate transmission system. (a) Physical arrangement, (b) 
lateral view, (c) longitudinal view at x > 0 with approximate principal mode field 
pattern, 
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the electric field vector completely transverse, but with the magnetic 
field vector having in addition to the transverse a slight longitudinal 
component; these are the transverse electric (TE) modes. 

The propagation characteristics of these various modes differ widely. 
The principal mode propagates with the velocity of light and with no 
attenuation;its electric field vector is normal to the metallic boundaries 
and cannot produce any losses. The TM and TE modes, on the other 
hand, propagate with velocities which depend on the geometry and 
the order number of the mode; these modes are generally attenuated 
at rates which normally increase with the order number. 

If the conductors had infinite conductivity and the dielectrice no 
losses, the “uniform” field section x > 0 would behave exactly like 
an ideal high-pass filter. The prineipal mode and certain comple- 
mentary modes would propagate without attenuation; all other com- 
plementary modes would not propagate atall. The finite conductivity 
of the conductors will not affeet the principal mode but will add 
attenuation to all the complementary modes; the electric field com- 
ponents in the propagation direction of the TM modes must be con- 
tinuous on the metal surface and their sum corresponds there to the 
surface current density multiplied by the resistivity of the metal. All 
the higher TM modes as well as all of the TE modes attenuate very 
rapidly, and for all practical purposes exist only within the region 
x < D, close to the ‘‘source’’ region. They have a great variety of 
field distribution patterns and by proper superposition can be made to 
match the complicated field pattern in a plane x’ > O near the antenna. 
The evaluation of the required amplitudes, akin to the Fourier series 
analysis in many respects, is a rather tedious task. 

We also observe that the principal mode has a Poynting vector 
entirely parallel to the transmission plates; it carries its energy without 
loss from the input plane of the “uniform” field section at x = O to the 
corresponding output plane at the load end; it cannot account for any 
lateral radiation from the transmission system. The propagating TM 
modes, on the other hand, because of their longitudinal electric field 
components, possess a lateral component of their Poynting vectors, 
but directed into the conducting plates; they account for the loss of 
energy (attenuation) by dissipation within the conductors but do not 
radiate energy into space. It must remain, then, for the modes 
existing in the “source” region to account for any radiation of energy 
into space.* Indeed, if we examine the field distribution close to the 

*J. R. Carson, “The Guided and Radiated Energy in Wire Transmission,’ 


Trans. AIEE, 43, 908 (1924); ‘“Wire Transmission Theory,” Bell System Tech. J., 
7, 268-280 (1928). 
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antenna simulating the power source, we find magnetic field lines 
closed in horizontal planes which lead to a Poynting vector in a radial 
direction as indicated in Fig. 6.2a. 

It is now obvious that the genuine prineipal mode of the rigorous 
theory cannot possibly describe the actual propagation of waves along 
dissipative conductors. Rather than complicate matters by the 
intricate mode structure of the rigorous theory, we introduce a quasi- 
principal mode or principal wave composed of the rigorous principal 
mode with slight longitudinal eleetrie and magnetic field components 
to account for the losses in the guiding conductors and the separating 
dielectric. The advantages of this compromise are quite evident: we 
can compute the transverse electric and magnetic field components 
exactly as in the principle mode, i.e., as rigorous solutions of two- 
dimensional potential problems assuming the conductors to be ideally 
or infinitely conductive; we add an electrie longitudinal component 
exactly identical with the tangential electric field on the surface of the 
eonductor and determined by its conductivity and the local eurrent 
density; and we add a slight magnetic longitudinal component to 
account for the transverse leakage current. This principal wave is 
now quasi-plane or quasi-transverse; it is attenuated along the parallel 
conductor system at a rate defined by the geometry and material of 
the conductors and dielectrics, and its associated Poynting vector has 
one component in the direction of energy transmission and another 
component normal to the conductor surfaces to account for the dissipa- 
tion. Obviously, the assumptions made cover only the electric wave 
propagation in the uniform part of transmission lines, far enough from 
their terminals to permit substitution of this simplified pieture. For 
the study of power transmission or signal propagation along wires, 
this procedure has given satisfactory results in most practical trans- 
mission systems which are constructed with reasonable efficiency; the 
fact remains, however, that this manner of describing the propagation 
phenomenon is only approximate and certainly completely invalid 
near the ends of the transmission system. 


6.2 The General Transmission-Line Equations 


A number of attempts have been made, starting with the field 
equations, to deduce the transmission-line equations* as first-order 
approximations for guided wave propagation. These involve, how- 


*J. R. Carson, “Electromagnetic Theory and the Foundations of Electric 
Circuit Theory,” Bell System Tech. J., 6, 1-17 (1927); L. A. Pipes, “An Operational 
Treatment of Electromagnetic Waves Along Wires,” J. Appl. Phys., 12, 800-810 
(1941). 
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ever, complicated integrals in order to approximate the circuit con- 
cepts of inductance, capacitance, ete. We shall instead take full 
advantage of the discussion of the preceding paragraph. For lossless 
conductors, ideal dielectrie, and infinitely long line, we know that the 
principal transmission mode is the only existing one (since we can 
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Fig. 6.3. Parallel wire transmission line with prineipal mode field. (a) Cross- 
sectional view, Kı, Ka kernels of magnetic field; (b) top view. 


certainly be far enough from the source and load ends) so that electrie 
and magnetic field vectors lie entirely within planes normal to the 
transmission wires which we might assume to be of ceircular eross section 
as shown in Fig. 6.3. 

Maxwell’s field equations in integral form are, from Vol. I 
Appendix 2 


’ 
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IP 
og 


PE.ds= - 


ENT 
PH.ds-1+7} 


(6) 
where the line integrals of the electric field strength E and the magne- 
tizing force H are to be extended over closed paths; ®,, is the total 
magnetic flux through the one, W, the total dielectrie flux through the 
other closed path or loop (each counted positive if, looking in the 
direction of its flow, the line integral appears clockwise); and / is the 
conduction current penetrating the magnetic loop. 

Let us select the path for the electric line integral in the plane 
through the axes of the conductors as marked a, b, c, d in Fig. 6.3b. 
Since the conductors are ideal and have infinite conductivity, their 
surfaces in any one cross section will have definite “potentials,” say 
®, and ds, so that from electrostaties, with © — ®, = v, the voltage 


b 
1) 
j! E; ds = (®ı = Pp)244x = Dy4Az = dr rc = Ax 


if we immediately apply Taylor’s expansion to approximate the 
voltage value atx + Ar. The paths bc and da cannot give any contri- 
bution because the electric field vector is normal to the wire surfaces. 
The last section of the path gives 


Fr. ds = (& —- ,), = -% 


The total value of the closed line integral is now 


0 
[0]7 


BB.ds = an = dm = (hai, 

where we defined the magnetic flux in terms of the local average per 
unit length l,i, with I, the external inductance per unit length. Because 
of the infinite conductivity, the current will flow entirely in the surface 
of the wire and no internal magnetic field will exist. We thus have 
as final relation, putting in evidence time and space variables 


d 0, 
za) = en ah) (7) 


The path for the magnetic line integral in (6) is perhaps best selected 
in the center plane between the conductor marked A, B, C, Din 
Fig. 6.3. Since no conductance current penetrates the loop, we are 
only concerned with the dielectric flux. Again, the horizontal section 
BC and DA will not contribute, because the magnetic field vector lies 
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completely within a cross-sectional plane. We can do no better than 


just write 
B D 3 [° 
| M.ds+ | H.ds=2 | (DEAD AS 
A c oLJD 


where we approximate the dielectric flux by the integral of the flux 
density D, at x over the path length DC and multiply by Ax to get 
the area of the loop. Here it is that we must make one of the impor- 
tant concessions. If the path AB is extended to infinity, then the 
integral can be considered the equivalent of any closed line integral 
along a magnetic field line, say Sı in Fig. 6.3a, and the value would be 
—12+4z, that for the correspondingly extended integral along C'D would 
be +z,, and the total dielectrie flux would equal the charge g, Ax on 
the length Ax of conductor 1 from which the dielectrice flux emanates. 
Because of the electrostatic character of the dielectric field, we can 
also use q, = cv, with c the capacitance per unit length. We may thus 
write 
di [0] {0} 
P Hyd = — Fra = — +, (eA2v) 

from which we deduce, again indicating clearly time and space vari- 
ables 


d 
ER U) = —c 5, v(z,t) (8) 


This second line equation is strietly valid only near the conductors, 
because only there can we relate the magnetic line integral to total 
current; far from the conductors we could only do this if we were to 
assume infinite velocity of propagation so that we could disregard 
any phase difference between the field close to and far from the con- 
ductors. This, of course, is identical with disregarding radiation 
effects! 

We now have the pair of transmission-line equations (7) and (8) 
for the ideal conductors with ideal dielectric. If there are slight 
losses, we can make the following amendments, in keeping with the 
concept of the quasi-principal mode as defined in the previous section: 
(1) We admit in the line integral of the electric field veetor slight 
longitudinal contributions which in terms of voltage change (9v/dx) 
mean the resistive drop ri in both conductors, r = rı + ra if the 
conductors have individually different resistances per unit length. 
(2) Since the current now distributes over the conductor cross sections, 
we extend the line integral of the electric field veetors to a’b’c’d’ asin 
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Fig. 6.3b, which are located on the kernel line* along which the mag- 
netic field vanishes so as to include the entire magnetic linkage; we 
thus change /, appropriately to !. (3) We admit in the line integral 
of the magnetic field vector slight longitudinal eontributions which in 
terms of current change (di/dx) mean the leakage loss of current gv 
from conductor 1 to conductor 2. 

The amended transmission line equations are now 


d \ or 
> Er v(z,t) r2.%,t) — — ix, 


(9) 


a 9 
es ER (2,8) gu(z,t) + c Er v(z,t) 


and these show definite relationship to the transform equations (4) 
and (5). We observe that the amendments really come from the 


(66) U lx+Ax 


Fig. 6.4. Kirchhoff’s eireuit equations applied to the transmission line. 


conductor medium. We retain outside in the dieleetric the transverse 
nature of the field distribution, so that the capacitance and external 
inductance values are still the static values found from potential 
theory and we admit small discerepancies in the boundary values of the 
tangential field components on the conductor surfaces. 

There is still another way, also a compromise, for deducing the 
transmission-line equations, frequently chosen in textbooks as the 
most plausible one. It uses directly the Kirchhoff equations for short 
elemental lengths of the conductors which are assumed of very small 
cross sections so that one can avoid subsidiary integrations. Referring 
to Fig. 6.4 we apply Kirchhoff’s first law, that the sum of all active 
electromotive forces around a closed loop be equal to the resistive drop. 
For our purpose here we choose to call the line voltages v, and vz4ar 


*E. Weber, Electromagnetic Fields, Vol. I—-Mapping of Fields, p. 154, Wiley, 
New York, 1950. 
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‘“impressed eleetromotive forces’” since they are, indeed, maintained 
by the energy source. Going in the celockwise direction around the 
shaded rectangle we have then 

OD 


ur (10) 


(rı a ro)lav — El ar U, — 
with the last term representing the electromotive force of self-induc- 
tion. Taking the Taylor series approximations 


x \ Ir ov; 
Go = ut Fr Ar, Vrrsz = Vet a Ax 


the average value of the current over element A is, e.g. 
: 10. j : 
Iav = 2 (iz + Ve) Er eg (11) 


As we let Ar — 0, the second term can be discarded unless the rate 
of change of current is enormous. The magnetic flux in the elemental 
rectangle will be with (11) 


Sun LACH, = 1A 
where 2 is the total inductance per unit length. Introducing all the 
pertinent expressions, (10) reduces to 


Or Od; 
er l — zz — 
el (12) 


which is at once the first line of (9). Since the Kirchhoff equations 
are based on the circuit concept, we have obviously included all the 
pertinent restrictions but have cast aside any indications of these so 
that we seem to have given a logical and rigorous derivation of this 
transmission-line equation. It is for this reason that we have devoted 
considerable space to emphasizing the limitations of the conventional 
theory. 

The second law of Kirchhoff states that the sum total of all eurrents 
at any Junction must be zero. If we take the element Ar as a current 
Junction (eventually Ar — 0), we can read off Fig. 6.4 directly 


il; = Io+ax Filet dog (13) 


Actually, the currents i. and :, are uniformly distributed along the 
conductor and are defined by 


. og 1) e 
DO EBEN ’ %g = I Ar Vır 
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with c and g again designating capaeitance and leakage per unit length. 
The average value of the voltage can be taken as v, in analogous man- 
ner to (11) and we make the same assumption about (9v/dt). Thus, 
(13) becomes 


(14) 


which is the second line of (9). 

Combining (12) and (14), e.g., by differentiating (12) with respeet 
to x, substituting (14) for (oi)/(9x), and taking for (9%,)/(dx dt) 
again (14) after differentiating it with respect to time, we obtain the 
telegrapher’s equation for the voltage 

o°v, 9° 


x gV, 
a le Fr +(lg-+ cr) er + rgv, (15) 


If there are no losses, this reduces to the ideal wave equation 


9°V, 9°Vz 
see, 
0x ot 


(16) 


which had been established very early for the displacement of a 
vibrating string* and treated by d’Alembert (1747), Fourier (1807), 
and Cauchy (1823), each by different methods. 


6.3 The General Solution; Distortionless Line Concept 


The classical method of solution proceeds from the telegrapher’s 
equation (15), which, in fact, is a wave equation amended to account 
for the losses. It represents a partial differential equation with con- 
stant coefficients in two variables, the time i which has infinite range 
of variability and the space coordinate x which might either have an 
infinite or finite range of variability. It has become customary to 
designate the specific values which the solution has to satisfy as = 0 
as initial conditions and the specific values it has to satisfy at one or 
both ends of its physical extension as boundary conditions. All the 
lumped-network problems involved time only and belong to the class 
of initial-value problems; the fourpole line, although involving only 
time as a continuous variable, led to the distinetion of sending and 
receiving ends and therefore was properly a forerunner to the trans- 
mission-line problem, which belongs distinctly to the group of boundary- 


* A, G. Webster, Partial Differential Equations of Mathematical Physics, G. E. 
Stechert, New York, 1933; R. V. Churchill, Fourier Series and Boundary Value 
Problems, p. 21, MeGraw-Hill, New York, 1941. 
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value problems, particularly to the one-dimensional boundary value 
problems, because of the single space variable. 

As the most general type of wave equation with constant coeflicients, 
the telegrapher’s equation has been the object of much thorough 
examination as to possible kinds of solutions, existence and con- 
vergence of solutions, and compatibility of boundary conditions. 
The ceritical examination from the mathematical point of view is found 
in many of the texts dealing with partial differential equations of 
mathematical physies. Perhaps one of the most searching is by 
Courant and Hilbert;* a very comprehensive treatise is by Bateman.f 

We are concerned here less with the general mathematical details 
and more with the application of the Laplace transform method since 
it presents unusual advantages over any other method of solution and 
is particularly valuable for engineering applications. It should be 
understood that the Heaviside-Jeffreys operational method also is 
generally more eflicient than the classical methods of solution; how- 
ever, many results can be established rigorously by Laplace transforms 
whereas the strietly operational approach might leave room for doubt. 
Nevertheless, credit must be given to Heaviside? for the development 
of many original contributions which have brought transmission-line 
theory much farther along than corresponding areas of problems in 
other fields of physics. 

To introduce the Laplace transform formulation, we start best with 
the space-time differential equations (9), to wit 


d j Om 

= vu) = riet) + er Üx,t) 

= a ( D) = t 9 er 
9% ı T, ) ug gu(z, ) + [& dt v(z,t) 


Here, both x and t are continuous variables.. The functions i(x,t) and 
v(x,t) must be assumed to be differentiable with respect to both vari- 
ables except perhaps at certain isolated values of the variables similar 
to the simpler time functions like unit step. 

We shall apply the transformation with respect to t as before, since 
there is no doubt as to its range of variability; in so doing we must 


*R. Courant and D. Hilbert, Methoden der Mathematischen Physik, J. Springer, 
Berlin, Vol. I, 1931; Vol. II, 1938. Also, Methods of Mathematical Physics, 
Interscience Publishers, New York, 1953. 

1H. Bateman, Partial Differential Equations of Mathematical Physics, Dover 
Publications, New York, 1944. 
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consider x as a continuous real parameter. Let us define, then 
Sin) = |, ade? dt = I(a,p) (18) 


and similarly for the voltage v(x,t). For both current and voltage 
we also need the transforms of their first partial derivatives. If 
i(z,t) possesses a continuous partial derivative with respect to x, and 
if /(x,p) is a continuous function of x, then we certainly can write 


oix,t 
 _ 


ii d 
Fr pt a en , 
5, [ er. a I(x,p) (19) 


=0+ 0% 

by simply interchanging integration and differentiation; of course, 
where either i(x,t) or I(z,p) or both possess a discontinuity with 
respect to x, we could not write (19). With x a continuous parameter 
in (18), we can readily find the transform of the time derivative by the 
use of Table 1.4, namely 

lm) 


where now :(x,0) represents the initial distribution of the current over 
the transmission line which must be known. The same relations also 
hold, of course, for the voltage and its transforms. Introducing the 
appropriate expressions into (17) leads to the system 


h (21) 
ED) — (+ D0)Vle,p) - 0) 


Actually, in spite of the partial derivative notation retained here, these 
are now two ordinary differential equations in thesingle variable x with 
p as a continuous, complex parameter and with inhomogeneous terms 
in x constituting the initial distributions of current and voltage, which 
must, indeed, be given as initial conditions of the problem. We can 
now verify that (21) is the same transform system as (4) and (5) which 
were directly obtained from the fourpole line difference equations! 
We are missing the initial functions z(2,0) and v(x,0) in (4) and (5) 
but this is natural since we had disregarded any initial energies in 
establishing them. 

To effect a final solution, we can now proceed with the system (21) 
as with any system of ordinary first-order differential equations. Let 
us briefly write just V and / for the transforms, differentiate the first 
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line with respect to x, assuming that this can be done, i.e., that the 
required derivatives actually exist, and introduce the second line; then 


d’V 


a er) mu a Var: ie, 0) — c(r + pl)v@a,0) (22) 


This must be the Laplace transform of the telegrapher’s equation (15) 
containing the initial conditions as subsidiary terms. An entirely 
similar form is obtained if we differentiate the second line of (21) and 
introduce into it the first line, namely 

d’I d h 

= HM + DOT + C7,v@0) — Ug + pe)ila,0) (23) 

Either of these two inhomogeneous, ordinary second-order differen- 

tial equations with constant coeflicients can be solved straightfor- 
wardly by the methods discussed in Vol. I section 2.5. Actually, it is 
not necessary to solve both equations, since having the solution for 
one, say (22), we can utilize the first line (21) to obtain the current 
transform solution. Let us then concentrate on (22). For con- 
venience we shall denote 


= (+) +70) = Sl @ + 9° - 03} em 


and we rewrite it by completing the square in p. The new constants 
are by comparison of the expanded forms 


1 ae ) ie a 
Se) ya zıls = — el ee 
na NE N 29) 


The basic homogeneous part of (22) is now simply 


d’V x 
FR — u nV2 (26) 


and has the exponential function of argument +nx as solution. The 
general solution is therefore 


V(z,p) = Ae"* + Be"? (27) 


The inhomogeneous terms in (22) add as particular integral 


l NT — NEN, FU x 
= le fe M (x) de — e fer M (x) dx] (28) 
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where we abbreviated 
d 
Mey. m i(2,0) — c(r + pl)v(x,0) 


From the first line of (21) we obtain for that part of the current 
transform solution corresponding to (27) 


I(z,p) = re pl 


We introduced in analogy to the fourpole line designation Z. as the 
characteristic impedance with the definition 


1 
(Ae"? — Be"?) = z (-Ae® + Ber”") (29) 


l ö 
en Ye NE +0 en 
g+t pe 
The inhomogeneous part (28) contributes then in addition the terms 
NZ. [—e fe M,(x) de — e fe M,(x) dx] + B2 (3b) 


Obviously, if we had chosen to solve (23) directly, the inhomogeneous 
part (31) would have appeared in different form but would have to 
lead to the same final result as long as the initial distribution functions 
are compatible, i.e., satisfy (9) for = 0. Asa matter of fact, from 
(9) we can take the equivalences for i = 0 


> u ov(x,t) 
7,0) = —g(x,0) — c ee ) 


d : dilz,t) 
En v(x,0) = —ri(x,0) — I (> ) 


(32) 


We observe that the solutions for the initially de-energized line as 
given by (27) and (29) have seemingly simple forms. Unfortunately, 
however, the exponent n as shown in (24) is an irrational function of p 
and, thinking of the task it is to find the inverse Laplace transform, 
this fact is not immediately inviting. If we scan the individual coefh- 
cients (25) we find u = 1/ Vle to have the physical dimension of 
velocity and we shall identify it as the finite, definite veloeity of propaga- 
tion of waves along the transmission line; u is actually independent of 
dissipation, depending only upon inductance and capacitance, much 
akin to the velocity of uniform plane electromagnetic waves in space 
for which u = 1/V eu with e the absolute dieleetrie constant and a the 
absolute permeability. j 
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The coefficient ö vanishes only fr =g= 0, i.e., if there are no 
losses; it will appropriately be identified as an attenuation constant. 
If r = g = O then o also vanishes and 


m=pVk=" (33) 


For the line without losses, the propagation function n reduces thus to 
a very simple rational form so it will be considered first. 
The only other simplification can arise when 


=Ö, e=0 (34) 


because then from (24) 


Na = 


(35) 
u 

and the propagation function again takes a simple rational form. This 
fact was recognized first by Heaviside* who defined o as the distortion 
constant, and called a line for which o = O0 a distortionless line. This 
will be the second most important special case which we shall consider 
in the next section, leaving the more intricate applications for the later 


sections. Obviously, the lossless line is also distortionless since for it 
d=co=|. 


6.4 Traveling Waves on Infinite Distortionless Lines 


Let us first consider the line with no losses, for which n = p/u. 
In the definition of the Laplace transform we have stipulated Re (p) 
> 0 in order to assure convergence of the infinite integrals. This 
means then that 


Re.(no) = "Re (pP) >0 (36) 


so that in (27) the positive exponential indicates increasing values 
with x, whereas the negative exponential means decreasing values. 
For the infinitely long line, only the second possibility represents a 
physical solution, so that from (27) and (29) 


Ta 


B & 
’ I(x,p) = 7% e c (37) 
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The characteristic impedance from (30) reduces for either the lossless, 
or the distortionless, condition to the real value 


I 
Zeo = Zea = \ =R; (38) 


which we shall call the surge resistance of the line. 

We still need to determine the integration constant B which must 
follow from the boundary conditions. As shown in Fig. 6.5 we might 
apply at the sending end a voltage vo(t) over a terminal impedance 


z,  10,n) 
ne 
In 0,p) 
Bd ——— — — — —  — — — — — —— 
7) (t) 


erg 


Fig. 6.5. Sending end termination of an infinitely long line. 


Zo(p). The condition at the sending end can then be formulated by 
conventional circuit theory in terms of the Laplace transforms 


V(0,p) = &volt) — Zo1(0,p) (39) 


where V(0,p) and /(0,p) are rather obviously the transmission-line 
transforms from (37) taken at x = 0, thus reducing to functions of p 
only, entirely compatible with the Laplace transform of the applied 
voltage which we have not yet specified. Using (37), we get from (39) 


7 
B = &ult) — ER 


or 
Ze 
B = 800 40 
ro (40) 
The integration constant will therefore be a function of p, so that it 
always must be explicitely determined before the inverse Laplace trans- 
form for current or voltage can be taken. 

As (38) shows, the characteristic impedance of the line is real. 
Dealing with a lossless line which is best approximated by a power 
transmission line, we shall certainly not want to introduce any unneces- 
sary losses in the terminal equipment, so that we might best assume 
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Zo = 0. The voltage transform is then from (37) with (40) 


V(z,p) = &vold)e " (41) 


From Table 1.4 we find the inverse transform simply as a delayed 
exact reproduction of the applied voltage 


old ( & 3) > : (42) 


The delay time r = x/u is the exact time of travel with the uniform 
velocity u = 1/ Vie. An oscillograph anywhere along the line would 
show exactly the same oscillogram as at the sending end but starting 
after an elapsed time interval r proportional to the distance from the 
sending end. The current has exactly the same form as the voltage 


RN Ir vo ( _ 2) > = (43) 


For the distortionless line we take the propagation function na 
from (35), where now again 


Re (n) = [6 + Re (p] > 0 


so that for the infinite line again only the second part of (27) and (28) 
is admissible. We now have 


A Ver a 
V(%p = Be "ue 2 I(cs;p) = Z. e "e Pu (44) 


c 


The first exponential factor signifies attenuation along the line; it is 
a factor independent of p and therefore need only be added in the 
final solution of the lossless line! We can thus accept the value of B 
from (40) and, if we again choose Zo = 0, we can even take the final 
solutions (42) and (43), add the attenuation factor, and have as a 
solution for the infinite distortionless line 


(45) 


Here the local oscillogram would again be identical with the original 
except that it has shrunk in scale because of the local scale factor 
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e?@%, If we pieture the signal moving along the line, it will look 


somewhat distorted because of the spatial attenuation. 

Assume the input signal to be a single sawtooth, of amplitude V,, 
and duration T, shown in Fig. 6.60. At x = 0 the oscillogram will 
be the original sawtooth. At xı = utı, with tı > T, the first tip of 
the sawtooth will appear at exactly tı = zı/u and will rise linearly 


At time 27T 


x=uT x=2uT 
(b) 


Fig. 6.6. Propagation of a sawtooth pulse along a distortionless line. (a) Oscillo- 
grams atxz = 0, x = ut;; (b) line distributions ati = Tandt = 2T. 


to the maximum V„e?*% = V„e”'ı within the pulse time T. We 
can draw the oscillograms everywhere along the line by indicating the 
exponential e””‘. The local attenuation factor is identical with the 
ordinate of this exponential above the local propagation time. On the 
other hand, the distribution of the pulse along the line is shown in 
Fig. 6.66. Attimei = T, the pulse has just emerged fully; its tip is at 
x = uT, its amplitude is at x = 0 and equal to V„; in between, the 
linear ordinates must be multiplied by the local attenuation factor 
e?%) so that it presents a curved rise and, of course, is mirrored as 
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compared with the oseillogram. At time 27, the tip has advanced 
to x = 2uT, the amplitude is located at x = uT (since its duration is 
T) and has value V „e °’ as we can take from the exponential in plot a. 
Again, of course, it has a curved rise, exactly proportional at each 
relative distance to the first drawn pulse. 

The solutions discussed represent traveling waves, with genuine 
propagation characteristics. Because of the distortionless propaga- 
tion, the lines satisfying o = 0 are the most interesting special case. 
Unfortunately, this condition cannot easily be realized in practice as 
the many endeavors beginning with Heaviside have shown. The 
normal case for transmission lines is actually 


r 
ge 
l c 


To approach the distortionless condition one has several possibilities, 
all of which were tried at one time or another. Obviously, decrease 
of resistance r or increase of leakage g are both economically unsound, 
though Heaviside* demonstrated the effectiveness of the latter by 
actual experiment and showed the improvement of transmission qual- 
ity. Decrease in capacitance c is very difhieult to achieve beyond the 
normal separation of transmission-line wires in air, so that the only 
really feasible way remains the increase of inductance / but with the 
stipulation that r would have to remain fixed. At Heaviside’s times 
this was well-nigh impossible; indeed, it had to wait for the develop- 
ment of the new magnetic materials like permalloy before an effective 
way of “loading” the transmission line could be found. Pupint 
proposed the first successful installation of periodically spaced lumped 
loading coıls which since that time have been used extensively on long 
cables and lines.$ A more effective method of loading for submarine 
cables is the uniform magnetic tape wrapped on the individual con- 
ductors to increase the inductance parameter.|| It should be obvious 
that the coil loading introduces actually a periodie line structure of 
lumped fourpoles alternating with transmission-line sections; this 

* Op. cit., Vol. I, pp. 53-77, 417-427. 

T See the early memorandum by G. A. Campbell in his Collected Works, pp. 9-16, 
American Telephone and Telegraph Company, New York, 1937. 

iM. I. Pupin, “Wave Transmission over Non-uniform Cables and Long Dis- 
tance Air Lines,’ Trans. AIEE, 17, 445-507 (1900). 

$0. E. Buckley, “The Loaded Submarine Telegraph Cable,” Bell System 
Tech. J., 4, 355-374 (1925); T. Shaw and W. Fondillier, “Development and 
Application of Loading for Telephone Cireuits,’”’ Trans. AIEE, 45, 268-292 (1926). 


| ©. E. Krarup, “Submarine Cables with Increased Inductance’” [German], 
Elektrotech. Z., 23, 344-346 (1902). 
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Tage 6.1 
COMPARATIVE DATA oN Transmission Lines 
Aerial 
Conmun Tine Commun. Cable 
Aerial 
Quantity Power Units 
Line ae 
Unloaded L a Unloaded | Loaded 
Resistance r 0.538 10.15 ISA 45.7 Q/mile 
Inductance / 0.00386 | 0.00366 10.2928 | 0.001 0.039 | henrys/mile 
Capacitance c 0.008 0.00837 |0.00837| 0.062 0.062 | uf/mile 
Leakance g zero 0.29 0.29 85 1.5 umho/mile 
Velocity of propa- 
gation 
u= 1/Vle 180,000 | 180,000 I|20,100 | 129,000 | 20,300 | miles/sec 
Sl 70 1386 rt 21,050 587 sec! 
ö'’ = g/2c 0 17.4 17.4 12T 12.1 |see=! 
Distortion 
constant 
e=6' — 0" 70 1368.6 |0 21,038 574.9 |sec-t 
Attenuation 
constant 
5=5 +5’ 70 1403.4 117.4 21,062 599.1 | sec! 
Assumed length 
of line sy 100 100 100 100 100 miles 
(550) /u 0.0039 0.78 0.0865 | 16.33 2.95 
An = en dso/u 0.9961 0.458 0,917 18271072 0.052 
Surge resistance 
Re = Ville 696 652 58330 |127 794 |ohms 
Inductance ratio 
2 en a very large) 80 1 1740 48.5 
ö’/6'' 
Wire gauge 0000 104 mils |104 mils| 16 16 
Spacing of two 
wires 6 feet 12 inches 12inches 


makes the mathematical treatment as a distortionless smooth line 
rather inaccurate. 

To illustrate the actual conditions as found in practice, Table 6.1 
gives comparative data on several typical lines as can be found in the 
The first column of line data is 


Electrical Engineers’ Handbook.* 


* H. Pender and W. A. Del Mar, Electrical Engineers’ Handbook, Electric Power, 
4th edition, section 14, Wiley, New York, 1949; H. Pender and K. Mellwain, 
Electrical Engineers’ Handbook, Electric Communication and Electronics, 4th edition, 
section 10, Wiley, 1950. ö 
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for a power line designed to carry 60,000 volts. In order to be efficient 
for power transmission the losses must be kept low, and the attenua- 
tion factor for a length of 100 miles actually is only 0.9961. The 
leakance is very low, generally assumed zero, so that o = d = r/(2]). 
For practical purposes, one can take this line as a lossless line since in 
100 miles current and voltage would decrease by less than 3% in 
magnitude. 

The second and third columns of line data pertain to an open-air 
communication line, unloaded and ideally loaded. The latter condi- 
tion is defined as choosing an ideal inductance large enough to reduce o 
to zero without increasing the losses in the system. We see that 
inductance and capacitance of the unloaded line have almost the same 
values as for the power line; however, resistance and leakance are 
appreciably higher. This leads to large attenuation as well as large 
distortion, giving almost ö = o. Ina length of 100 miles, the current 
and voltage amplitudes would decrease to less than half values. To 
make this an ideally distortionless line, the inductance needs to be 
increased by a factor of 80. If this is done in an ideal manner, then 
the line presents a much reduced attenuation as seen in the fact that 
over a length of 100 miles the current and voltage wave amplitudes 
decrease only to about 92% of their initial values. However, the 
loading has slowed down the wave propagation markedly and has 
increased the surge resistance of the line, causing problems of matching. 

The last two columns of line data show a communication cable 
with no loading and the same one with a practical type of loading, 
increasing the inductance only by a factor of 39 instead of 1740 
as would be required for ideal loading. The unloaded cable clearly 
demonstrates the need for attenuation correction, since in 100 miles 
the amplitudes of current and voltage waves have dwindled to insig- 
nificant values. Although the actual correction falls far short of the 
ideal requirement, it reduces the attenuation and distortion constants 
by the factor 39 and thus renders this cable better than the aerial line 
in the values of these constants; however, the losses are still quite 
high and reduce current and voltage wave amplitudes to 5% over a 
length of 100 miles. 

For practical purposes, all transmission lines appear to be best 
treated with the assumption g9/(2c) <r/(2l) so that one might take 
g=0, and ö = o, surely not distortionless! Yet the power line is 
close enough to ideal lossless conditions to be approximated to a first 
order as a lossless line, with possible subsequent correction for the 
slight losses. The loaded communication lines might be approxi- 
mated at first as distortionless and with considerable attenuation, with 
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possible subsequent correction force # 0. We shall refer back to these 
statements in several places where it will be necessary to decide upon 
practical approximations. 


6.53 Traveling Waves on Finite Lossless Lines 


Let us consider the finite line as shown in Fig. 6.7 with terminal 
impedances Z, and Z, at the sending and receiving ends, respectively. 
For simplification we will assume the initially de-energized state so that 


Fig. 6.7. Finite transmission line with terminal impedances at both ends. 


the simpler general solutions (27) and (29) apply. The boundary 
conditions at the terminals are now 


atz=0: V(0,p) = £volt) — Z01(0,P) 
atı=s: V(s,p) = Z,I1(s,p) 
where we have to introduce from (27) and (28) 


V0p) =A+B, V(s,p) = Ace” + Be” 


(46) 


1 1 y 
I(0,p) = Z. (—A + B), I(s,p) = 2. (— Ae”® 1 Be Ra) 


Thus we have again two equations (46) to determine the integration 

constants A and B. To simplify the final forms, it is desirable to 
define reflection coefhcients, e.g. 

Ze - Zo Bo LZ 

MTZ+H " + 


(47) 


which, respeetively, might be called sending end and receiving end 
current reflection coefficients, because p; = +1 if Z, = 0, for the short- 
circuited case. We obtain voltage reflection coeflicients if we inter- 
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change the characteristic line and terminal impedances; we recognize 
that this will give the negative values of the coefficients (47). 

Solving (46) for A and B and observing the definitions (47), we can 
write the final expressions for the voltage and current transforms 


7a e re — p e 7 (23) 

Van ge Er (48) 
1 —NE —n (2s—x) 

Ip) = m (49) 


Ze+Zo 1- pome”” 


which are the most general expressions and as such not readily amen- 
able to quantitative evaluation. 

Let us now return to the special cases we intend to treat in this 
section, namely the distortionless lines. For the simplest case of no 
losses, we can specify from (33) and (36) 


1 
=" Re (no) = -, Re (p) > 0 (50) 


Because (a) the real part of no will always be positive, and (b) the 
absolute values of the refleetion coefhicients must be 


Ieo| < 13, Ip.) u 


since the real parts of the impedances must have positive values in 
linear passive networks, we can deduce for the denominator in (48), 
call it (1 — w) 

lpone””*| = |w| < 1 


This permits the expansion of the denominator into the binomial series 
Dam Zelt wur 

If we order the terms as multiplied by the numerator in (48) in accord- 

ance with the increasing values of the exponents, we arrive at 


V(x,p) — Lvolt)[e”?** a pie Pu + pope PReta)/u 


2 
Ze ae Zo 

ıa pop e Pr au ie po pre PU BE -] (51) 
for the voltage transform. Similarly we can expand (49) and have for 
the current transform 


a ee nenn (52) 


Fr 


where the brackets contain the identical terms as in (51) but all with 
positive signs. The complete time solutions can be obtained by the 
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sum of the inverse Laplace transforms of all the individual terms of the 
series. It is now quite obvious that, simple as forms (51) and (52) 
may look, if all the impedances and therefore reflection coeflicients are 
functions of p, the inverse transform will very quickly become com- 
plicated. Again, in principle we have the general solutions for a host 
of possible problems, but in practical terms we will not have unlimited 
courage to utilize these. 

For the lossless line, as (38) shows, the characteristic impedance 
reduces to the surge resistance and is positive real. Let us then assume 
that 

Zuo=Zı=zKR,, pP=m=3% 


so that all the coeflicients and factors in (51) and (52) are real numbers. 
With the step voltage vo({) = V„! applied at the sending end, the first 
term of the voltage transform series in (51) gives 


vı(z,t) = 27T" an ei = Vns-ı ( = 2) (53) 
3» 3 u 
Actually this first outgoing wave from the sending end looks exactly 
like (41) and (42); it is the identical wave that we would find on the 
infinite line; surely, if there is real propagation, the existence of the 
finitely far end of the line cannot influence the initial wave emerging 
from the sending end terminals of the line. Any voltage form applied 
at the sending end would keep its exact shape and travel out with 
two-thirds of the applied amplitude. Obviously, at the time t = s/u, 
this first wave just arrives at the receiving end; mathematically, we 
have no prohibition to continue (53), but physically that part of the 
wave extending beyond x = s has no meaning for us. All we are 
really interested in is the fact that the line is now covered uniformly 
with a voltage of value 3V„ and that is all the first wave conveys. 
Had we applied a pulse of short duration, this first wave would have 
carried the entire pulse beyond the line in the time (s/u + r) where r 
is the pulse duration. We also observe that the same holds for the 
current except that the voltage amplitude need be divided by the real 
characteristie impedance, exactly as for the infinite line. 
The second term in (51), because of p, = 3, has the form 


1 1 28 = 
vo(z,t) — ug: Seren a A a ka = Vası = a 3 (54) 
3p 3 u 


In form, this looks much like (53). However, the travel time 
(2s — x)/u now decreases with increasing x! Since time is irreversible 
in physical phenomena, we must interpret the form (54) consistent with 
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increasing time and this means we must interpret (54) as a traveling 
wave from the receiving end towards the sending end, starting at the 
receiving end x = s at exactly i = s/u, the instant the initial wave 
vı(x,t) arrives! Thus va(x,t) is the first reflected voltage wave, which 
now takes over for that part of the first wave that traveled out beyond 
our interest. The sign of va is negative; it will therefore, as it travels 
back, erase just one-half of the constant voltage 3V„ which the first 
wave had laid down. The distance x decreases until it becomes zero 
at the sending end. This occurs at elapsed time t = (2s)/u, exactly 
twice the single travel time along the line as it should be. The same 
thing now happens to this wave as we let x take negative values which 
is possible mathematically: the wave travels beyond the line and that 
part has no interest for us. We now find as a combination of vı(z,t) 
and va(x,t) fort > (2s)/u a direct voltage of magnitude 3V „ along the 
line. The current wave is(x,t) can be discussed in quite a similar 
manner with one reservation: its sign is positive like ?,(x,£) so that the 
combination of these two waves results in the magnitude 


The fact that the second and all higher terms in (51) and (52) have 
no values for £ < s/u—indeed, that each successive term takes on 
finite values only at time s/u after the preceding term has taken on 
finite values— means that for each interval (ms)/u <t < [(m + 1)s]/u, 
where m is any integer, the sum of the first m terms is an exact and 
complete solution of the time-space problem! The form of the solution 
is called representation in terms of traveling waves* and this approach 
is certainly most desirable for the recognition of the temporal sequence 
of phenomena on the line, at any point along the line. We can place 
ourselves, say at the receiving end of the line, and count the amplitudes 
of the successive waves, indicating the temporal sequence by arrows 
of travel, as e.g. 


v5) = 3Vml - 344 - Ft) 


J 
1 
l 


and compute the final steady-state value as 


v(s,®©) A! = 3)(1 -- + En 81T +... )] 


2m ed 
in TR 8Vm = 3/m 


* Heaviside, op. cit., Vol. II, pp. 69-76. 
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For the eurrent we have 


; DV u | vr 
Us) == Be 


3R, Rs 


This checks the normal steady-state computation for the final voltage 
and current distribution. Of course, for larger values of time, the 
series (51) and (52) have little practical value unless the series converge 
rather rapidly. 

Perhaps it is important here to come back to some of the discussion 
in section 6.1. We have assumed here, as also indicated in Fig. 6.7, 
well-defined planes x = 0 and x = s as the junctions of the “trans- 
mission-line section” O0 < x < sand the “terminal sections” x < O0 and 
x > s where we lumped the entire electromagnetic phenomena neatly 
into impedance values Z, and Z,. It must be obvious that that is a 
crude approximation at best and we can hope to find satisfactory 
agreement between theory and experiment only for relatively long lines 
or very low frequencies. Much of the confirmation of traveling waves 
on almost lossless lines comes, of course, from power lines where we 
would expect good agreement.* 

Important other special values of the terminal resistances are 
Zı = 0, the short-cireuited line, or Z, = ®, the open-circuited line. 
Assume Z, = aR, where « < 1 might be a small number to account for 
the actual small losses of the line and take Z, = 0, the short-circuited 
case for which p;, = 1. The voltage transform (51) can now be con- 
sidered in wave pairs, each of these canceling the other to maintain 
the required zero voltage at the short-circuited receiving end. At the 
sending end, the first term will be maintained, and the successive pairs 
beyond this first term cancel in pairs upon reflection at x = 0. Onthe 
other hand, the current will increase continuously, since all the terms 
are positive. We find as the steady-state short-circuit current 


Vm 


Zr et ee Fan, 


i(0,©) = 1(s,®) 
tending to infinite values, if the series resistance goes to zero a8 one 
would expect. 

For the open-circuited case we have p, = —1, so that the voltage 
terms change sign in pairs. Here, the voltage at the receiving end 
builds up upon reflection to twice its normal value, indicating the 


* V, Bush, “Transmission Line Transients,’”’ Trans. AIEE, 42, 878-901 (1923); 
Bewley,©! chapters 3 and 4; ©. E. Magnusson, Electric T’rransients, chapter VI, 
McGraw-Hill, New York, 1926. 
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known danger of transient overvoltages on power lines if discontinuities 
of high resistance values arise. With Zo = aR, as before, the final 
receiving end voltage is the same as the applied voltage V„ because 
no steady-state current is flowing on the line. 


6.6 Traveling Waves on Finite Distortionless Lines 


As shown for the infinite distortionless line, the propagation function 
na has a real positive part, in fact larger than the lossless line, so that 
we can employ the same expansions (51) and (52) for the finite distor- 
tionless lines with losses. To take into account the attenuation, we 
need only replace p in the brackets of (5) by (p + ö) and otherwise 
accept the results from section 6.5. 

Thus, let us apply a step voltage V„! at the sending end of a finite 
distortionless line as in Fig. 6.7. We take the characteristic impedance 
from (38) again as R,, real and positive, and assume Zu = Zı = zR,, 
so that we have po = pı = 3, also as before. The first term of (51) 
will now read 


with the inverse transform of the same form as in (53) except for the 
additional factor e”?(”“) which defines the attenuation along the line. 


In turn, this result is merely a special case of the general form (45) for 
the infinite line, namely 


DV : 
v(z,8) = nn e RR ( —— 3 (55) 


As indicated in (45), any voltage form whatsoever would keep its 
precise shape as time function but would be attenuated as it traveled 
along the line. When £ = s/u, this wave (55) will travel on beyond 
our range of interest, but it has laid down along the line a voltage 
constant in time and decreasing exponentially from the sending end 
at the rate e?”“. We shall designate the total attenuation for the 
length of the line e?W = A. 


The second term in (51), because p, = 3, has the inverse transform 


2V m 2 > 2 I 
vo(z,) = — Ze Br Sr ( a 2) (56) 


U 


This signifies, as outlined in connection with (54), a reflected wave 
starting at £ = s/u and traveling from the receiving end towards the 
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sending end, but again being attenuated at the same rate as the first 
outgoing wave. This means that this returning wave does not uni- 
formly erase part of the first wave, but rather leaves more and more 
of the original wave standing as it approaches the sending end. It 
reaches the sending end at ? = (2s)/u with a magnitude 


(0 2) = lan 
u 9 


so that the total voltage along the line at time t = (2s)/u will have 
the distribution 


28 28 Zu 2 
tel) -r.Bei-jer] 


This is essentially the same form that we expect as the final steady- 
state distribution in terms of “outgoing and reflected’”’ waves, but 
taken in a different sense! The solutions (55) and (56) are the dynamic 
elements of the voltage build-up process, the actual traveling waves; 
whereas (57) is the sum of their static values, once the elapsed time 
has increased beyond the respective travel time along the line. 
The following third term of (51) reads with the added attenuation 
factor 
2Vmiı tz „te 


u = 


2 ZV. 2 
Se0033 | 27 


p 


which clearly shows the cumulative effect of the attenuation with total 
travel distance of the successive waves. In order to see the history 
of these waves and the decrease of their amplitudes better, we might 
evolve a tabular schematic which portrays the traveling wave expan- 
sions (51) and (52) for the two end points of thelinex = O0andx = s. 
At these points, the series terms in the brackets are valid for all time 
from the instant of their inception. This time instant in turn is an 
integral multiple of T = s/u, the time for one travel along the line. 
Table 6.2 actually gives this schematic for voltage and current waves. 
It can be interpreted as giving the individual wave factors in Laplace 
transform notation to the uniformly applying factors outside the 
bracket; or it can be interpreted as giving directly the factors for the 
source voltage time function, if we are dealing only with resistive 
terminal impedances. For lossless lines A = 1 throughout; for dis- 
tortionless but attenuating lines A <_ 1 is given with the line data. 
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TaAgLE 6.2 
SCHEMATIG TABULATION OF TRAVELING WAVES. EXPANSIONS (51) AND (52) 
FOR CONTINUOUSLY ACTIVE SOURCE VOLTAGE 


Series Terms for Distortionless Line at 
Time £/T where T = s/u Sending End x = 0 Receiving Endx =s 


1 +1 — 
2 > +A 
—- Fpä 
3 AAN 
+popıA? — 
4 > +popıA? 
— Fpopi?d? 
5 TA 


+popı?A* —Zn 


Note: Where double signs are shown, the upper sign holds for the voltage, 
the lower for the current. 


In the example just treated, we had only resistive terminations with 
a step voltage applied at the sending end. The total voltage at the 
sending end is now the sum of all the terms in the respective column 
of Table 6.2, each term delayed by the time indicated on the left. 
Thus 


v(0,:) = 8V/nlS_ıd) — & — HA’S_ı(t — 2T) 


Ze DASS DE 
whereas for the current we have all positive terms, namely 
20 I 2 
:(0,1) = 3 R, EXT A € as I) AS al 20) 
Ile: | 
=. S-ı( -—AT) + 


As the current continuously increases, the voltage at the line terminals 
must decrease because of the increasing voltage drop across the terminal 
resistance Ro = 3R,. The ultimate values can be found by the series 


2 2 2 2 
v(0, ©) -v.(i ae ae ) 


2 1 — (A?/3) 
3. 1A 


If we assign the values A? = 1, 0.81, and 0.09, we obtain respectively 
for the values of the last fraction 0.75, 0.803, and 0.982. For the 
current value we obtain similarly 
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Ä 2 4 4 4 - 
i(0, ©) -2v.(1 +52 trat ü ) 
ae ar (A?/3) 
SZ (N >/0) 
with the respective values for the last fraction 1.50, 1.395, 1.04. 
An important special case might be the open-circuited line Z, = », 
with Zo = 0, the step voltage directly applied at the terminals of the 


{IT — 


Fig. 6.8. Response to a step surge of a finite distortionless line with A = 0.9. 
(a) Receiving end voltage for open-circuited line; (b) sending end current for short- 
eircuited line. 


distortionless line. We have 
IE ZBE 
Zeit 20 
so that for the receiving end voltage we read from (51) and Table 6.2 
the complete solution 
v(st) = Vml(A + ASt - T) - (A H+ANSAlt-3TN)+: ] 


Fig. 6.8 gives the oscillation of this voltage value for A = 0.9; for 
actual power lines A can be close to unity and easily produce almost 


I, e=|1, Rz 
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twice the normal voltage at the end of the open-circuited line. The 
final steady-state value is easily found 


v(8,0) = 2VmA-A+A-A+::)= 7 


For A = 0.9 chosen for the figure, we obtain 0.995V „. 
The entering eurrent for the short-eircuited line is also of particular 
interest. With Z, = O0 and Zu = 0, we have here 


pe=-H|l, p= +1 
so that 


(0,8) = . [SEHE FDA SE DT DS dd AD AS 


which is also shown in Fig. 6.8 for the same value A = 0.9 as the open- 
eireuit voltage. The final value of this short-eircuit current is 


Vm 
(0,0) = F (li. 20° 1 2a ne 


For A = 0.9 this gives the large value 9.53. If we recall that forces 
increase with the square of the current values, we appreciate the many 
mechanical problems that attend the sudden short circuit on trans- 
mission lines. 

Since any distortionless line has as characteristic impedance its surge 
resistance R,, the direct junction of two such lines can be treated as a 
resistive termination of the first line. For the propagation of the 
current and voltage waves on the second line we need only treat the 
output waves of the first line as new input waves. 

As a further example, let us apply a rectangular pulse of duration r 
to the same distortionless line as shown in Fig. 6.7 terminated at both 
ends into resistances of half the value of the surge resistance, so that 
again 

Z,=Ah=3R, m=n=} 


The input pulse is given by the superposition of two step voltages 
Volt) = VlS-il) — S-ilt - n)] 


each of which can be identified (except for the sign and the delay) with 
the illustrative example given at the beginning of this section. The 
first outgoing wave will therefore be in accordance with (55) 


vı(z,t) > > ee en ( = 3) EZ Sl ( u ak 2) (58) 
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If the pulse duration r is smaller than the travel time T = s/u once 
down the line, then oscillograms along the line will show this distinet 
first pulse with exponentially deereasing amplitude and with delay 
defined by the local travel time. However, as we approach the receiv- 
ing end of the line, the reflected pulse given by (56) with the appropri- 
ate adaptation 


1 2828 
vo(z,t) = — 3 V ne & 


=) 54) © 


will make its appearance before the first pulse is finished, so that an 
apparent distortion takes place. This effect will, of course, be a func- 
tion of the pulse duration. 

To see this better, let us choose a definite point of observation,* 
say x = s/3. The successive single traveling voltage step waves have 
amplitudes defined by the expansion (51) if we add the appropriate 
attenuation factors. With the definition e?'“) = A we can write 
down the table of successive amplitudes for ö(s/u) = 0.12 in Table 6.3. 


TABLE 6.3 
AMPLITUDES OF TRAVELING Step Wavzs From (5l) AT x = s/3 


Time of Outgoing Return 
Arrival direction Amplitude Numerical Value Direction 
sT = +34% = +0.6405 
3T — 3 '34% = —0.1819 — 
AT — +3(3)°4”° = +0.0560 
et -3@) AH = —0.0159 — 
71T —_ +3(3)'4'% = +0.0049 


For a pulse duration r = T/2 we find clear separation of the indi- 
vidual waves as shown in Fig. 6.9. The time distance between the 
individual pulses can actually be taken as a measure of the location 
of the point of observation. Conversely, one can take oscillograms 
of pulses generated by faults along a transmission line and determine 
the location of the fault.? For a pulse duration r = 3T we find 
quite a different pieture as shown in Fig. 6.10. Here the refleetions 
all merge into one signal which would be interpreted as a distorted 


* E. Weber, “Traveling Waves on Transmission Lines,’ Blec. Eng., 61, 302-309 
(1942). 

tL. G. Abraham, A. W. Lebert, J. B. Maggio, and J. T. Schott, “Pulse Echo 
Measurements on Telephone and Television Facilities,” Trans. AIEE, 66, 541-548 
(1947). R.F. Stevens and T. W. Stringfield, “A Transmission Line Fault Locator 
Using Fault Generated Surges,” /bid., 67, 1168-1178 (1948). 
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Fig. 6.9. Pulse refleections on finite distortionless transmission line if pulse 
duration r = T/2. (Reproduced with permission from Electrical Engineering, 
June 1942.) 
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Fig. 6.10. Pulse distortion by reflection on finite distortionless transmission line 
for pulse durationr = 37. (Reproduced with permission from Blectrical Engineer- 
ing, June 1942.) 
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reproduction of the original pulse with a tail of irregular shape. For a 
train of repetitive pulses it is important to choose the individual 
pulse duration as well as the pulse spacing so as to avoid interference 
of the echos with the succeeding originals which obviously could result 
in rather severe distortion and consequent unintelligibility. 

The original transmission-line equations (21) were based upon a two- 
conductor system. If more than two conductors are involved, as, e.g., 
in a three-phase three- or four-wire system, or in a system of parallel 
telephone wires, then relations (21) must be expanded to take into 
account the mutual electrostatic as well as magnetic couplings of the 
lines. In this case, several modes of propagation will exist quite 
analogous to the transient modes of a network composed of several 
meshes. This will result in so-called multivelocity waves which necessi- 
tate a more careful examination of the oscillograms for fault location.* 
A rather extensive treatment of multivelocity traveling waves is given 
in Bewley,©! chapter 6. 


6.7 Sinusoidal Traveling Waves 


So far we have studied only waves of constant magnitude. It is of 
interest and importance to analyze the building-up of the response 
to time-variable source functions. As a simple illustration, let us 
consider a conventional sine wave source voltage 


vo(t) = Vm sin (ot + Y)1 (60) 


To obtain the response of the line, we can still use the traveling wave 
expansions (51) and (52) which are particularly appropriate to find the 
initial build-up of current and voltage anywhere along the line. The 
first outgoing voltage wave has the Laplace transform from (51) 


ee 


Vılap) =. e em) (61) 


where we inserted the damping factor e u as required for the dis- 
tortionless line. If we stipulate here Zu, = 0, Z, = zR,, then op = 1, 
pı = ? from (47), and the impedance ratio becomes unity. Thus, as 
we see from Table 1.4, the inverse Laplace transform of (61) is simply 
the delayed and reduced reproduction of the identical sine wave (60), 


namely 
5 % 
vı(z,t) =.e vn sin E ( _ 2) + ‚| Dt ( _ > (62) 


*L. J. Lewis, “Traveling Wave Relations Applicable to Power-System Fault 
Locators,”’ Ibid., 70, 1671-1678 (1951). 
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If we take an oscillogram at the receiving end x = s, we observe 
absolute zero during the time interval T = s/u after the voltage has 
been applied at the sending end and then a sudden rise to AV„ sin y 
where A = e?(“), the total attenuation along the line. But this 
received first wave remains a local time function 


vı(s,t) = AV„ sin (wE’ + Y) N) (63) 


where t’ = (t — T) is the local time counted from the instant of the 
arrival of the first voltage wave. At the same instant? = Tor’ = (0, 
the “reflected’”’ voltage wave starts in, which is the inverse transform 
of the second terms in (51) with the added attenuation factor, namely 


283 — x es = 
vo(z,h) = — 2. “6 sn E ( _ _, + ‚| Se ( _ = °) 


Locally at x = s this becomes, expressed again intime” =:1—- T 


vo(s,t) = —3AV„ sin (wt’ + %) v2 >30 


This wave combines with (63) to give the total exact voltage at the 
receiving end for the time interval 0 < ! <2T 


vı.2(st) = +3AV sin (ot + Y) > (64) 


Actually, this voltage will remain indefinitely at the receiving end; 
however, at time {’ = 2T the third wave in (51) arrives and at the 
same instant its reflection starts in, given by the fourth term. As 
before, we can combine the inverse Laplace transforms of these two 
terms at x = s into 


v3.4(50) = +5A°V„ sin [u(! — 2T) + Y] > 27° 09) 


The total and exact voltage at the receiving end isnow for 0 < ! <4AT 
the sum of (64) and (65) as shown in Fig. 6.11. For this graphical 
demonstration we abbreviated $3AV„ = A as the arbitrary amplitude 
reference factor and used the numerical values: „T = r/6, Y = r/6, 
and (ös)/w = 0.12, A? = 0.787. The process has been continued in 
Table 6.4 and, at every interval 27, another, smaller term pair adds 
to the sum total of all foregoing. For comparison, Fig. 6.11 also 
shows the original voltage wave form applied at the sending end but 
with amplitude A rather than V„ = (5/2A)A = 2.82A in order to 
keep it within the scale of the graph. 

The final wave form at the receiving end must, of course, be a pure 
sine wave whose amplitude can be found from ordinary a-c steady- 
state analysis. We need only return to (48), replace the voltage trans- 
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0.1115 A 


Fig. 6.11. Building-up of sinusoidal response on finite distortionless transmission 
line. (a) Wave shape of voltage at sending end; (b) at receiving end. 


TABLE 6.4 
BUILDING-UP OF SINUSOIDAL VOLTAGE AT RECEIVING END SHoWwN ın Fıc. 6.11 
Order Phase Delay Start 
Number With Respect of 
of Term to Sending Wave Absolute 
From (51) Amplitude End Voltage at Phase angle 
#2 ZAVm = 4 -uT= 5 DET oE-0 
14 (a2) = 04m4 -3u7 = -5 {= 37 V-3uT=-7% 
2 
2 
5+6 (Gar) a = 0224 -ut = - 7 i=57 V-507=--7% 
3 ; TR 5 
7”+8 „a A = 0.1054 Su ll V-WuT=—r 
3 bi 4 
9-+10 (53°) 4 = 001064 -9u 7 = 4 Daun V-WT=--7 


forms by the voltage phasors, and substitute in the transfer function 
jo for p. The phasor of the applied voltage is easily obtained if we 
write (60) 

vo(t) = Im (Vme’re’“t) 
so that 


Vive (66) 
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The phasor of the voltage anywhere along the line is defined as func- 
tion of x, namely 


v(z,) = Im [V(x)e’“ (67) 


We thus obtain from (48) with Zo = 0, po = 1, pı = 5 as assumed 


above 


pr: 2s—x,. 
,e+d) de = (jo + 8) 


ve 


2 (je+5) ie z 
1-3e “ 

For x = s and introducing A, we have by rationalization at the receiv- 
ing end of the line 


V(s) = 24[(1 — $4°)? cos? »„T + (1 + 34°)? sin? „T] #e’V, 


The phase shift of the received voltage with respect to the applied 
voltage is 
3A2 
0 = tan Br tan er) =158°9/ 

1- 3A 
if we use the numerical values from above. Figure 6.11 verifies this 
phase shift, because the time difference is almost 27 which means an 
angular phase shift 2»T = r/3. 

As our example indicated, all the component waves at any fixed 
location x along the line are sinusoids and can therefore be represented 
in complex notation by means of the corresponding phasors. We 
could also use (68) and expand in the same manner as (51) which 
would give the same resolution into the component phasors. Utiliz- 
ing the phasor diagram, we can construct graphically the received 
voltage wave at x = s. The base circle of radius A in Fig. 6.12 
represents the path of the uniformly rotating phasor Vı,. whose 
instantaneous projection on the vertical axis represents A sin at. 
The first component sinusoid from Table 6.4 has zero absolute phase 
angle so that its phasor Vı.» is extended along the axis t=0. Its 
physical values appear at = „T = r/6, and the projection has value 
3A which is the initial rise of the received voltage in Fig. 6.11. As 
the end point of the phasor revolves from a’ to a’’, its projection above 
the linear time scale in Fig. 6.11 describes the first sinusoidal are. 
At time t = 3T the second component sinusoid from Table 6.4 comes 
into existence. Its phasor is extended along the absolute phase direc- 
tion —r/3 and is shown as V; 4 in Fig. 6.12. The numerical addition 
of the sinusoidal responses which we performed for Fig. 6.11 can be 
achieved much simpler graphically, by adding in the phasor sense 
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Vı,. + V3,ı leading to the end point b. Because this resultant wave 
starts with a delay of 37, we proceed along the circle from b to b’ which 
marks the starting point of the physical existence, and again the 
projection of the circular are from b’ to b’’ above the linear time scale 
in Fig. 6.11 describes the second sinusoidal arc with the vertical sudden 
rise of 0.236A at its beginning. This process can now be continued 
with the phasor V; ,; as shown in Fig. 6.12. 


Fig. 6.12. Graphical construction of resultant voltage phasor at the receiving end 
for Fig. 6.11. 


This graphical construction can also be used for the current response 
because the characteristice impedance of the distortionless line is real 
and thus does not affect the sine wave character of the individual 
traveling wave components. Comparison of the responses of open- 
and short-cireuited distortionless lines obtained by such graphical 
construction with oscillograms on an artificial line simulating the long 
line show very good agreement. * 


6.8 Distortion of Traveling Waves by Lumped Elements 


The terminations of the transmission lines have been assumed to be 
resistive because this makes the reflection factors (47) real numbers 


*E. Weber and F. E. Kulman, “Sinusoidal Traveling Waves,” Trans. AIEE, 
55, 245-251 (1936). 
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and thus preserves the signal shape for every one of the terms in 
expansions (51) and (52). If we admit more general impedance 
terminations, then the signal will suffer distortion upon any single 
reflection even though the transmission along the lossless and dis- 
tortionless lines themselves will remain distortionless. 

As a simple practical example assume a finite lossless line of param- 
eters /, cı connected through a lumped industance Z to an infinite 
lossless line of parameters Isa, ca. Fig. 6.13 shows the schematie 
arrangement in which inductance L has been divided equally between 
go and return wire. We must assume that the output terminals 
xı = s are for all praetical purposes so close to the input terminals 
%ı = 0 of the second line that we can disregard the severe problem of 


j ! j 
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Fig. 6.13. Connection of finite and infinite transmission lines through a lumped 
series inductance. 


field redistribution. We will not even try to justify our restrietion 
to the principal mode propagation along both transmission lines. 

The solution of the current and voltage distribution along the second 
infinite line is identically given by (37), or with the proper indices 


72 72 


_ 2 Dee 
Vlanp) = De”,  Ianp) = ——e ’" (69) 


s2 


where the constant D must be found from the continuity of voltage 
and current at the terminals x2 = 0. We observe, however, that 
independent of D the ratio of voltage to current transforms is the 
surge resistance R;2, so the second line can be represented by a series 
resistance termination at x2 = 0, or the first line can be assumed to 
have the terminal impedance 


Zı=Ra+tpLl (70) 


With this, we can now write the solution for current and voltage along 
the first transmission line directly as in (48) and (49), or also as 
expanded in (51) and (52), where 
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w RN, en 
if we introduce further 
r Rsı Se Rsa Br Ra BE Rsa 
we (2) 


The more interesting case for power transmission lines is the study 
of propagation and deformation of switching surges. Suppose, there- 
fore, that a step voltage is applied directly at the terminals xı = 0 
of the first line, so that vo(t) = VI! with the Laplace transform 


Lvo(t) = Ym 
p 


The expansion (51) for the voltage becomes explieitly 


V(<ı,p) = = ka PB pa _ PP poster 


a PT2& 
u (ee) ep (4s—zı)/u, er =) e p(4stz)/u, + re | (73) 


The first term is, of course, again the same as on an infinitely long line. 
Its inverse Laplace transform 


ae va ( = ) (74) 


represents a step voltage traveling out towards the load end of the 
line, arriving there ati = s/uı = T. At that same instant, the second 
term of (73) comes into existence as the “reflected’” wave, but its 
shape is the inverse Laplace transform 

voll) = 7! Von DB ep 2s-2)/u, 
ppte 
We find the transform for the rational fraction quite readily by means 
of Table 1.3 if we separate into the two terms 


—ı1 1 > ß ‚)- Be Bo 
E ap p(p+ a) ö as = 


The total transform is then with the delay indicated by the exponential 
factor (see Table 1.4) 


vo(zı,t) = - (a + Be? — B] S_ı(t — 8) (75) 
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where 4 = (2s — zı)/uı. This reflected wave superimposes then 
upon the initial uniform voltage (74) along the line a time-variable 
voltage distribution, starting abruptly at any point x, with the 
initial value V,„ at the time t = 03, and then decaying exponentially, 
approaching at time 2— » the value 

ß Rsa — Rası 


a RS HERE “ 


The reflection has initially the same character as from an open-eircuited 
line which is quite consistent since the series inductance permits no 
sudden finite current value. 

The third term in (73) has the same form as the second except for the 
longer time delay and, of course, represents the reflection of the second 
wave from the generator end of the first line. Since va arrives at 
x%ı = 0 with initial value +V,„, the reflected wave must be negative 
of the same value in order to maintain the original terminal voltage. 
We can write at once this third traveling wave by reference to (75) 

N el) 

vzlaut) = — Be [(@« + Be Dre; (76) 

Because of the time dependence, v3(x1,t) and va3(x1,f) will cancel com- 

pletely only at the generator end xı = 0; everywhere else along the 

line, a time-varying residual will remain. However, as it «, 

v3(21,t) will assume the negative same value as va(r1,f), so that eventu- 

ally only the first uniform voltage distribution remains, as we would 
expect for lossless transmission lines. 

It is obvious now that the pairs of successive terms in (73) will 
produce a transient variation of the voltage distribution along the line, 
but, because of the lossless character, will eventually cancel com- 
pletely. We recognize also that the successive terms will be more and 
more complex in their wave shapes but will always start with the full 
value of the original voltage wave. Thus, the fourth term in (73) 
requires the inverse Laplace transform of 


a 
F ee 
(p) ge 


We can take the general form of residue from (1.55) for p = 0 but must 
use (1.69) with r = 2 for the pole of second-order p = —a, so that 


er elsßerme)], 
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The differentiation gives, because of the triple product - 
1 2 l 
© Eee) ee) +!@-9:)er 
p pP. p 
Introducing p = —a and combining with the first term leads to 


a 2 
Sp) =-1- = 5 ß 1-1) - e ı °) ate”*" 
a & 


and therefore for the component voltage wave traveling back to the 
generator end 


valtı,E) = —Vn 1 er a ; 1 ze een] 


where 4, = (4s — xı)/uı. Ati = 4, the starting time of this wave 


anywhere along the line, it has the value V„ and ast— »& it reduces 
to the steady value 


On th)? 
a Ra Bar)” 
We could, of course, take both initial and final values of all the com- 
ponent waves directly from expansion (73) if we make use of the 
general relations la and 1b from Table 1.4. In the first case we must 
disregard the exponential delay factors since they do not affect the 
initial values. Fig. 6.14 graphically illustrates the foregoing results 
by pieturing the distributions of the resultant voltage wave along the 
line for instances corresponding to the arrival of the individual waves 
at the mid-point of the first lInexı = s/2. For the actual computation 
we have assumed & = 1/(5T), 8 = 1/(10T), with T = s/uı the single 
travel time along the line. Comparison shows that v, decreases faster 
than v>. 

To evaluate the voltage distribution along the second line, we must 
return to (69). At xa = 0, the input end of the second line, we can 
establish from Fig. 6.13 


V(x = 0,p) = D= V(xı = sp) — pLI(aı = sp) (78) 


and actually combine the individual terms of the two traveling wave 
expansions so as to obtain, term by term, the contributions to D. We 
observe in accordance with (51) and (52) that the current terms have 
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identical forms as the voltage terms but have all positive signs and are 
divided by the factor Z. = R;ı for the first line. We also observe that 
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Fig. 6.14. Voltage distribution on two lossless transmission lines connected 
through a series inductance and with step voltage applied at xı =. 


at xı = s the first two terms in (73) need to be considered at once. 
If we designate therefore the first contribution to Das Dı a we obtain 


AN PZe( = er 
Di.) = Te |(ı + elirrE e (79) 


or by combination and recall of (72) 


— Bß nn 


"’Ee®ETPp_ e ue u2 (80) 
"p(p+ a) 


where we use the corresponding indices for the first outgoing voltage 
wave on the second line. The inverse transform of the rational frac- 
tion is found very readily from Table 1.3 and adjusting for the delay 
factor, we have 


Vı1,2(22,p) = V 


re .— Valle 4>(T+0) 


where 8 = xy/us is the travel time along the second line. We see that 
at any point za the voltage will rise exponentially with the same time 
constant 1/« as in the first line to a final value 

a— Due 

et v» = ee _ Va 

& Ivei Se Rsa 

which is in fact the resultant final voltage at the end of the first line if 
we take only the first two traveling waves. In Fig. 6.14, the voltage 
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distribution along the second line is given by (81) alone at the instants 
t = 3T/2 and 5T/2; obviously, the inductance has reduced the wave 
front entering the second line most effectively. 

We can compute the second outgoing voltage wave by the same 
method as before and find first for the contribution D3 ‚(p) in accord- 
ance with (78) the value 


D;,4(p) 


Ber ie: 
u ee —W% il = —— — il BIZ= u 
p p-+& Zn DO 5 


or by combination and use of (72) for the voltage contribution 


zn a ee 

el e we "m (82) 
Pi« plp.ıao) 

The inverse Laplace transform is best found by means of the sum of 


residues as stated in (1.57) with (1.69) for the second-order pole at 
p= —a. The final result is 


V3,4(p) — 7 es 


v3,4(X3,8) — ern E [1 = Ba 
& & 
ale an ne | Be 


where again 6 = xa/us, the travel time along the second line. At the 
instant £ = 3T, this second voltage wave has progressed to x, = $usT 
and has subtracted from the first wave (81) which has gone out to 
Aa ZusT. 

The inductance required for effective protection of a line against 
surges, such as demonstrated in the example for the second line, is 
generally impractical. A better arrangement is an inductance with 
shunt resistance to actually absorb energy; in such case the constants 
become more involved but the computational difhculties are not 
increased. One can also use a shunt capacitance rather than a series 
inductance which leads to the same results as obtained in the foregoing. 
A very extensive presentation of reflection and deformation of traveling 
waves on practical transmission lines with many experimental results 
is given in Bewley.“! 


6.9 Standing Wave Analysis 


As we emphasized before, the expansions of the Laplace transform 
solutions (48) and (49) for the lossless line into the infinite series of 
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exponential functions give exact solutions by means of very few terms 
very shortly after the source has been applied to the line. This solu- 
tion appears in terms of the traveling waves generated by the successive 
reflections at the terminals of the line. On the other hand, if we are 
interested in the long-term behavior of the transmission line, this 
traveling wave method becomes unwieldy. 

We can, however, take the solutions in the closed forms (48) and (49) 
and apply to these directly the residue method of evaluating the inverse 
Laplace transform. For step source functions we can use the form 
(1.57) which gives the so-called indicial admittance or transmittance 
for (49) and (48), respectively; for general source functions it is simpler 
to use the form (1.55). Should higher order poles arise, then the 
residues at such poles must be computed in accordance with (1.69). 

To illustrate the method, let us first choose the simple problem of a 
finite lossless line short-eircuited at the far end with a voltage vo(?t) 
applied directly to the input terminals, so that 


A=b=0), m-a-1 


The voltage transform is therefore from (48) very simply 


—nz —n (2s—x) sinh £ (s — x) 
e Ze: U 
Va) = er an 
ax inh 8 
SIR 
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where the last form can be recognized if we multiply numerator and 
denominator of the exponential fraction by e”° and recall from (50) 
that for the lossless line no = p/u. We are thus concerned with a 
meromorphic function of p, such as we had encountered at the end of 
section 3.2. As outlined there, we may expand into partial fractions 
and define the sum of the residues as the inverse Laplace transform 
even though it might be an infinite series. To accept the final solution, 
we must demonstrate that any finite sum of the residues exists and 
converges uniformly in any finite interval of time towards a definite 
value as the number of terms in the series approaches infinity. 

We may carry through the partial fraction expansion without as yet 
speeifying the source voltage. To find the location of the poles, we 
admit for p complex values @« + jß. We then find the root values of 
the denominator in (84) from 


sinh (@ + jß) ee sinh (a \ cos (# e) +, cosh (e >) sin (e -) N 
u u u u = 
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Here, both the real and the imaginary parts must be independently 
equal to zero which can be achieved only if we choose 


s s 
(a2) =0 (ei) = In Br 
u u 


4 U 
Pn zuNn nel, El, ae2, er: (85) 


or also 


The poles are thus located along the imaginary axis; they are all simple 
and occur in conjugate pairs, symmetrical about the polep = 0 which 
also is simple. The actual expansion of the hyperbolic fraetion gives 
in accordance with the general expression (1.54) with (1.41) 


u sinh © (s — x) 5 sinh (o. s = °) 
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or if we introduce this into the voltage transform (84) 
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We now recognize (87) as the resolution of the voltage distribution 
into a spatial Fourier series with amplitudes which are functions of 
time, dependent only upon the nature of the source function! The 
fundamental wave length for the line distribution is defined byn = 1 
as twice the length of the line or Xı = 2s. 

For an applied step voltage vo(t) = V„! with the Laplace transform 
V„/p, we need the inverse transform 


1 1 
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which we read from Table 1.3. Introducing p,„ from (85), we can con- 
struct the inverse transform of (87) as 
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(ch) = Van) Va > sin (vr je (1 - u (87a) 


n=—- 92 


To simplify, we note that for n = 0 no contribution results because 
the parenthesis vanishes and (sin x)/x remains finite force — 0. Com- 
bining the pairs of terms for +|n|, we need again only consider the 
parenthesis and so obtain as sum over the positive integers 


u 
2 - 2 c0s nr“) 
s 


Finally, separating the part independent of time, we have 
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il 
a) = 7 > — sin (vr 3) 
T = N 5 
2 1 
ge ee *) cos (nr 1) (88) 
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The first sum constitutes the time average distribution of the voltage 
along the line and as a Fourier series represents a linear decrease* 
from +V„ at x = 0? to zero value at x = s. The second sum is 
identical in all respects with the first but has each harmonie multiplied 
by a harmonic time function, so that each space harmonic as a standing 
wave oscillates with the appropriate multiple of the fundamental 
frequency about its time average distribution. 

We obtain a slightly different conception of (88) if we apply to the 
trigonometric products in the second sum the expansion into sum and 
difference arguments, so that we can write this summation 


© 


1 » 1 re 
-Vn (& sin = @ u sn = (+ «)) (89) 


n=1l 


In this form we can identify each individual sum as an exact replica 
of the first sum in (88) of half the amplitude and shifted, respectively, 
a distance +ut which is proportional to time and actually indicates a 
shift with the same speed as the traveling waves in section 6.5. How- 
ever, the interpretation must be quite different! Whereas the repre- 
sentation in section 5.6 describes the establishment of the voltage 
along the line in terms of the actual physical phenomena verifiable by 


* See, e.g., E. A. Guillemin, The Mathematics of Circuit Analysis, p. 464, Wiley, 
New York, 1949. 
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oscillograms, representation (88) with the modification (89) is purely 
mathematical. To see this elearer, let us abbreviate the time inde- 
pendent sum in (88) by G(x); then we write 


v(z,t) = ala) — Bela — ul) + 3G(2 + ul)] (90) 


This is represented in Fig. 6.15, where b gives the stationary distribu- 
tion @(x) which is an infinitely repetitive sawtooth pattern; and where 
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Fig. 6.15. Voltage distribution along a finite lossless transmission line by the stand- 
ing wave method or d’Alembert method of solution. (a) Traveling wave at 
instant { = T/2, which equals the difference of (b) and (e). 


c and.d give the two identical infinitely periodie patterns of half 
amplitudes shifting in opposite directions with constant speed u and 
causing periodie fluctuations at any point x. The figure shows their 
instantaneous positions at £ = s/(2u) = T/2 and e gives their sum 
which is the expression in brackets in (90). Subtracting the values e 
from b, the stationary pattern, leads exactly to a, the first step voltage 
wave having progressed over half the length of the line. The method 
of solution illustrated in (90) was first developed by d’Alembert and is 
usually named after him. The advantage of this form (90) becomes 
very obvious if we were to introduce i = s/(2u) into (88) and to try 
the actual computation of the wave shape. 
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A rather different response is found for the current. From (49) we 
see that we only need to change the sign of the second exponential in 
the numerator of (84) and divide by R, to obtain the current trans- 
form, so that 


p 
cosh - (s — x 
—nE __ e 7 (23=@) &vo(t) & Be ) 
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We can expand into partial fractions as in (86) and find because of the 
different numerator 
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I£ we apply the same step voltage vo(t) = V„mI, we can proceed as for 
the voltage solution and obtain with (85) now 


Vin 1 In 
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Here, however, we obtain a contribution from the term n = 0. We 
observe, since cos (0) = 1 
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Combining the pairs of terms for +|n in (92), we now need to con- 
sider also the factor in front of the parenthesis, so that 

in 
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The complete expression for the current is thus 
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Vmüu 2. Vm > 1 “ u 
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The first term is only a function of time and rises indefinitely. It 
contains no propagation effect whatsoever, in fact is a unique function 
of time for all points along the line. The second term is the identical 
sum as in (88) except for the factor 1/R,. We verify this readily by 
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expanding the trigonometric product which leads to the same result 
as (89). 


To check the correctness of (93) let us apply it at x = 0, for which 


io, = RK 20 > In (vr = o)| 
19 ES m n s 


The sum is now identical with (1/R,)G(ut) as comparison with (88) 
indicates, so that it represents the sawtooth pattern as in Fig. 6.15 
with ut the travel distance x along the line. If added to the linear 
rise 2/T given by the first term, we obtain a staircase function with a 
first step of value V„/R, and rising in abrupt steps at every interval 
2T by the value 2V„/Rs. This is exactly the shape of the input 
current for the short-circuited lossless line as it builds up by the 
repeated positive reflections at both terminal ends of the line. For 
any point x # 0, we need to consider the local shift as given by (89) 
and we shall find the appropriate local staircase pattern. 

These simple examples served to clarify the essential aspects of the 
standing wave method. Lest there be unwarranted optimism that we 
always can find such simple interpretations, let us find for this same 
lossless line the voltage distribution if a sinusoidal source voltage is 
applied 


Mm 


vol) = Vm sin ut, £vo(t) = Im 


p = jo 
As we illustrated elsewhere, we can save considerable labor if we use the 


complex notation throughout, i.e., introduce 
7 Yin 
Vopier u 

| (Zu) 


and then in (87) write 
+» 


e 1 
V(@,p) = = vn > sin (vr *) engen (94) 
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where the bar is the warning that in the end we need to take only the 
imaginary part of both sides to obtain the real physical voltage solu- 
tion. We find the inverse Laplace transform of (94) by taking the 
sum of residues for the last fraction 


1 eiei ePnt 


Te =- % 
(pP -je)(P - Pa) du Pan Da jw 


314  Lossless and Distortionless Transmission Lines [Ch. 6 


so that with (85) 
+ © 


u ? 4 1 jot inet 
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If we let »— 0 here we get at once the previous form for the applied 
step voltage (87a). Simplifying as there, we note that for n = 0 we 
have no contribution. Combining the pairs of terms for +|n| and 
taking only the imaginary parts of the result, we finally arrive at 


NT . I £ 
v(z,t) = 2V m 2% ee (vr >)| sin wt 
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which certainly does not permit as simple an interpretation as for the 
applied step voltage, even though we have the clear separation of the 
steady-state a-c distribution from the superimposed transient response. 

If we take a distortionless line instead of a lossless line, the only 
change is the replacement of no = p/uby na = (p + ö)/u as shown in 
(35). To demonstrate the effect of the attenuation, we might evaluate 
the location of the poles for the short-eireuited line for which we can 
use directly (84), replacing in the hyperbolie fraction p by p +. 
Since the root values of sinh (« + jß)(s/u) = 0 must remain the same, 
this results in the shift of the location of the poles to 


pn’ = 5 + jun” n=0, 41,42: -- (96) 


so that actually the only change in (86) occurs in the linear fractions 
where p„ is replaced by p„’. We can therefore write directly for (87) 
here 
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This leads for the step voltage source to the inverse transform 
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The final inverse transform of (97) does not permit the simplifications 
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possible in the previous cases. Proceeding as for (88), we find here 
finally 


v(z,t) 
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The first line becomes identical with (88) if we set ö& = 0, whereas the 
second line vanishes in that case. The effect of the line attenuation is 
therefore threefold: the sustained oscillations in the lossless line about 
the average distribution become damped and eventually die out; the 
final distribution has smaller amplitudes of the higher space harmonies 
than the average distribution in the lossless line; and a dephasing of the 
damped oscillations takes place caused by the losses. Actual numeri- 
cal computations are extremely laborious unless the attenuation is 
very high. 

The standing wave method will have distinet advantage when the 
initial conditions include a given current or voltage (charge) distribu- 
tion along the line as it might be induced by thunder celouds or lightning 
strokes. An extensive treatment with experimental corroboration is 
found in Bewley,@! chapter 11. 


PROBLEMS 


6.1 A lossless finite transmission line is terminated into a load resistance of 
one-third the value of the characteristic impedance of the line. If one applies 
a unit step voltage at the sending end, when will the current at the load be 90% 
of its final value? 

6.2 A distortionless, infinitely long smooth line is suddenly connected to unit 
step voltage through a series condenser €. What is the entering current into 
the line? 

6.3 A lossless transmission line is terminated into a series combination of 
inductance L and capacitance ©. Evaluate the first reflected wave if a step voltage 
Vol is applied at the sending end. 

6.4 A rectangular voltage pulse of magnitude V and duration 7 is applied to 
an infinite distortionless line over a terminal capacitance ( in series with the line. 
(a) Find the current oscillogram at a distance T/Wle from the sending end. 
(b) Find the voltage oscillogram at the distance 2T/WVle from the sending end. 

6.5 Find the current response at the end of a finite distortionless line if a 
voltage V„ cos wt is applied to its terminals and the far end terminated into a 
resistance R = ZR.. Assume exp (—ös/u) = 0.8 and ws/u = 0.Ar. 

6.6 A single sawtooth pulse of voltage rising linearly from zero to V in T 
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seconds is applied to a distortionless line of parameters Z!ı = 0.002 h/mile, 
cı = 0.0154 mierofarad/mile, rı = 0.10 ohm/mile, and of length sı = 20 miles. 
This distortionless line has a capacitance C of 10 microfarads connected across the 
far end terminals and joins directly a lossless line of parameters /a = 0.001 h/mile, 
ca = 0.030 microfarad/mile and of infinite length. (a) Find the first pulse trans- 
mitted into the second line and compare its shape with the applied signal. (b) Find 
the first reflected pulse traveling back towards the sending end of the first line 
halfway down this line. E 

6.7 Applying a sinusoidal voltage for one period directly to the terminals of a 
distortionless line which is terminated at the far end into a capacitance (', what 
will be the first refleeted voltage wave returning towards the sending end? You 
are not asked to give the complete solution, but a qualitative pieture is desirable 
by means of Laplace transform analysis. 

6.3 A distortionless transmission line of length s is connected to an infinitely 
long lossless line. The parameters of the first line are rı, 91, cı, and !ı = rıcı/g1; 
those of the second line /sg and ca. A single half sine wave pulse is applied to the 


first line over a resistance of value Y!ı/cı by a generator of zero internal imped- 
ance. Find the oscillograms of the pulse taken on either side of the junction if 
the period of the sine wave is one-half the time of travel of signals along the first 
line. Assume also that the two characteristic impedances of the lines have the 
ratio (Za/Zı) = 2. 

6.9 A lossless line of length s is connected to another infinite lossless line of 
the same parameters through an inductance L in series and a shunt resistance @ 
which we might take joined at the center of L to make the lumped network sym- 
metrical. (a) Find the first reflected voltage and current waves if a step voltage 
is applied at the input terminals of the first line. (b) Find the first transmitted 
voltage and current wave in the second line. (c) Draw the oscillograms for the 
same conditions as in section 6.8 and assume that G is equal to the total inverse 
resistance of the first line. 

6.10 Take the same arrangement as in problem 6.9 but assume that the two 
lines are de-energized, and the first line short-eireuited at the sendingend. Assume 
further that the inductance carries an initial current zo at i = 0 and solve the 
current and voltage distribution with this initial condition. 

6.11 Take an infinite distortionless line and assume that initially a voltage 
impulse M,„So(t) is applied at a distance s from the sending end. The lines might 
be de-energized and the impulse might be caused by lightning. From initial 
symmetry we can assume that one-half of this voltage impulse will travel in the 
opposite directions. Describe the phenomenon of refleetion of both eurrent and 
voltage. 

6.12 A lossless line is terminated at both ends into its surge resistance. The 
far end has a sudden change in load, so that its terminal resistance drops to one- 
half the original value. The generator at the sending is assumed to have zero 
internal impedance and furnishes a sinusoidal voltage V„ sin wi. Describe the 
current and voltage adjustment to the changed termination in terms of traveling 
waves. 

6.13 Take the same conditions as in problem 6.12 but describe the adjustment 
in terms of standing waves. 

6.14 Give the standing wave solution for a distortionless line terminated at 
both ends into half its surge resistance and supplied at the sending end with a 
sinusoidal voltage V„ sin ot. 


Ch. 6] Problems 317 


6.15 A lossless line of length s is terminated into a series combination of 
inductance and resistance, where L = Is, and R = R,. Obtain the standing wave 
solution for applied sinusoidal voltage V,„ cos ut. 

6.16 A finite distortionless line is terminated at the far end into an inductance L. 
A step voltage V„1 is applied directly to the sending end terminals. (a) Find the 
voltage distribution by the standing wave method. (b) Find the eurrent distribu- 
tion by the standing wave method. For numerical caleulation assume that the 
value of the inductance equals one-tenth the value of the total line inductance. 


JE NONINDUCTIVE CABLES 


Comparatively short lengths of uniform electric cable with good 
insulation properties can be sufficiently characterized by only two 
parameters, resistance and capacitance per unit length. The resulting 
differential equations and their solutions were first encountered in 
problems of diffusion of heat through materials; they are therefore 
referred to as diffusion equations: They frequently come up also in 
molecular diffusion problems in physical chemistry. As a class of 
phenomena, their properties deserve special discussion as distinct from 
the phenomenon of wave propagation dealt with in chapter 6. 


7.1 The Infinitely Long Cable; Entering Current 


Having given the general transmission-line equations and their 
solutions in sections 6.2 and 6.3, we need only set these down here for 
the special case that 2 = g = 0. This means that we will disregard 
leakance, which is justified for good insulation, and inductance, which 
is only feasible for comparatively short lengths of cable transmission. 
The Laplace transforms of the general differential equations (6.21) 
reduce to 


oaV 

EB] = Ian) a) 
Be 

EB) = cpVlap) — ev) 


where v(x,0) is the initial voltage distribution on the cable which must 
be given as part of the specific problem; we will usually disregard this 
initial term. Without v(x,0) the two first-order differential equations 
can be combined by, e.g., differentiating the first one again with 
respect to x and introducing for the eurrent transform derivative the 
second line, so that 


O°V (2,p) 


= ropV (op) = n?V(a,p) (2) 
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which is identical in form to (6.26) with the simplified version of the 
parametrice propagation function n. The general solution of (2) in 
terms of the distance variable x is identical with (6.27), namely 


V(z,p) = Ae”* + Be””* (3) 


and from the first line of (1) we find at once the solution for the current 
transform as 


I(«,p) = — = (dern bes = 2 (=Aern Be=2) (4) 


c 


where the characteristie impedance is defined in analogy to (6.30) by 


r r 
Ze iv BE (5) 
n cp 

We note at once two most important differences between this cable 


and the distortionless lines. The propagation function from (2) 
n = Vrep (6) 


is irrational here, and was rational for the lossless line (6.33) as well 
as the distortionless line (6.35). The characteristic impedance (5) is 
also irrational here but was a fixed constant in (6.38). We must deal, 
therefore, with algebraic functions of a more general type and, in 
v(0,t) u(«,t) 
10) lie 


a 


Val 
Fig. 7.1. Infinitely long noninductive cable. 


particular, must anticipate a more cautious approach to the evaluation 
of the inverse Laplace transform which involves integration in the 
complex p-plane. 

As the simplest approach, let us first consider the infinitely long 
ideal cable symbolized in Fig. 7.1 and apply to its input terminals at 
x = 0 directly a step voltage vo(t) = V„! with the Laplace transform 
V„/p. In the definition of the inverse Laplace transform we have 
stipulated Re (p) > 0; if we define p as a complex variable in the 
polar form 

p= Ivle’* n<ep<Hr (7) 


the path of integration must be restrieted to -—m/2 <gp < +tr/2. On 
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the other hand, the double-valued function Vp covers the respective 
ranges 


n | Fake Re Vp > 0, branch 1 (8) 


vVp = | 
ie pe” Re Vp<0, branch 2 
where the second branch requires a second leaf of the p-plane with 
m < ge < 3rin order to establish a complete one-to-one correspondence 
between the complete V p-plane and the reservoir of p-values. 


(=37°) 


Imph | Im yp v2 
| Path Barrier 
De ! Branch 2 7 Branch 1 
Branch cut | Yp = Ipl%e/lel2+r) N 1 Yp = |p|#ejel2 
(barrier) | JE 
| 


Y= -r/2 7 


(a) p-plane (b) Yp-plane 


Fig. 7.2. Definition of the analytic branches for the algebraic function Yp. 
(a) p-plane; (b) Yp-plane. 

This is pietorially indicated in Fig. 7.2 where the left-hand side gives 
the p-plane with the circular arc Ü extending from 9 = —r (a little 
less than m) top = +7 (a little less than +), leaving a gap across 
=. The right-hand side of this figure gives the p-plane in which 
branch 1 is the right-half plane with C’ the image of the circeular are C 
in the p-plane. As a complex variable in its own right, Vp should, 
however, cover the entire V p-plane. This can be done as in (8) by 
providing for the + sign of the square root in terms of e’", or it can be 
done by providing a second leaf of the p-plane with r < o < 3r and 
joined along (p = r*) across the gap to x = m of the first leaf. The 
radius vector x = r becomes then the natural branch cut or barrier 
of the p-plane, separating in the 2% p-plane the two branches as the 
imaginary axis. As long as we move in one or the other leaf of the 
p-plane we have a unique one-to-one relationship between any p-point 
and its image in the V p-plane. We must avoid getting right unto the 
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line x = r because that is common to both leaves; once we are on 

= m, we would have a choice to continue in either leaf! To retain 
absolute one-to-one correspondence, it is therefore necessary to exclude 
the barrier or branch cut p = r from either leaf, i.e., to leave a gap in 
the two p-plane leaves around = r. The circular arc C then has a 
second image in the V p-plane, the are C’’ from the image (o = r*) 
without actually closing into a circle. 

The path of integration for the inverse Laplace transform is desig- 
nated as Path in the p-plane. Should it be located in the leaf —r < 


e<r? If so, then its image in the V p-plane is given by the dotted 


Path’ in the right-half plane along which Re (V p) >0. This will 
assure in (6) 


Re (n) =Re (Vre Vp) >0 


and thus requires that we choose as a possible solution from (3) the 
negative exponential in order to provide for convergence of the inverse 
Laplace integral! This is exactly the same choice we made in section 
6.4 for the lossless and distortionless lines. 

To introduce the boundary condition, we note that at x = 0 the 
Laplace transform of the line voltage must be identical with that of the 
source voltage, so that 


_ Im 


Yon) Br, =B= er vol) (9) 


The general solution thus becomes 
® Vm 
V(z,p) = wol)” = —"e-Vem ReVp>0 (10) 
p 


where we indicated also the proper choice of the branch of the two- 


valued function. 
We find for the eurrent from (4) with (5) in similar notation 


£volt) Bey Wr 1 — 
I » en -Vree RevVp>0 


Let us first determine the inverse Laplace transform of the current 
entering the line at x = 0, for which 


| = 
EA TEE 12 
I(0,p) GE evVp> (12) 
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By definition the inverse Laplace transform is from section 1.4 


c+j® 
Ym Er er eP! dp Revp>0 (3) 
r/c 2m) Je-j« Vp 


i(0,0) = 


In general, we have evaluated this complex integral actually by means 
of Cauchy’s integral theorem, substituting a closed path and taking 
the sum of residues. To validate this procedure we showed that the 
contributions of all other sections of the closed path were vanishingly 
small. This can be readily done for analytie functions where Cauchy’s 
theorem applies directly. In (13), however, we have to deal with an 
algebraie function so that we first must reduce it to analyticity in the 
p-plane. Referring to Fig. 7.2a, each of the two leaves of the p-plane 
defines an analytic branch of the function vV p, as long as we exclude 
the neighborhood of x = r which is the barrier or branch cut. Wehave 


already specified branch 1 of Vp related to the leaf — <po <-+r 
of the p-plane in one-to-one correspondence as defining the physically 
possible solution of the problem. If we choose, then, a closed path 
in the p-plane as shown in Fig. 7.3, we can apply to it the Cauchy 
integral theorem in the identical manner as for the rational functions 
dealt with in Vol. I, chapter 5. We shall therefore again evaluate the 
desired integral (13) with the path 0’ by first finding the value ofthe 
closed path integral and then subtracting all the sectional contributions 
to leave what we need. Obviously, in doing this here in considerable 
detail we will establish some general results for similar problems. 

The integrand in (13) has as the only singularity in the finite p-plane 
a branch point at p = 0, which we have already made part of the 
branch cut x = r and thus excluded from the region of definition of the 
integrand. The integral over the closed contour ABDE’G'G’E’FA in 
Fig. 7.3 will therefore give zero result, so that we could also write 


1 I SZ pt 
ES 76 p 
27) c-j@ Vn 


p 
1 
“|| o el a +/,) @ 
27) AF FE" E’@’ @’@ ’H' E'D DB 


i.e., define the two paths as equivalent in the Cauchy sense if we let 
R— », and for convenience also p— 0. The demonstration that the 
contribution to the integral (14) of the vertical sections of path 0’ below 
A and above B are vanishingly small for R very large follows the pat- 
tern in Vol. I, section 5.6. Wesetp = c + jw, dp = jdw since only w 
varies along the vertical path 0’ and for R large we approximate 
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Vp zV. jo, The integral beyond B becomes 


. © „Jjut t ; 
vj Ei e e° © e’F 
[6} 


5 TE red 15 
ie Va mVivVilnVa 18) 


where the new variable x = w«t was introduced. This brings the 
integral into the complex form of the Fresnel integral* which is the 


Fig. 7.3. Analytic path of integration for the entering current (13). 


complex combination of tabulated real Fresnel integrals occurring in 
diffraction problems. With R chosen suitably large, (15) and similarly 
the corresponding integral along C’ below A can be made as small as we 
please, so that we can restriet our attention fully to the integrals in 
(14). 

For the horizontal section DB we set p=5d-+JjR, dp = dö, and 
Vp 2 Vj VRR since ö can at most take the value cande <R. The 


* EB. Jahnke and F. Emde, Tables of Functions, 3rd edition, p. 36, B. G. Teubner, 
Leipzig, 1938. Also reprinted by Dover Publications, New York, 1943. 
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contribution in (14) can therefore be delimited 
1 


I m (aa 
mi VIVR 5=0 Ir VR 
because the absolute values of j% and e?’*! will be unity and the integral 
will certainly be less than the maximum value of the integrand multi- 
plied by the length of the path. Obviously, choosing R sufliciently 
large, we can make this contribution negligible and, of course, do the 
same at once for the integral along AF. By similar reasoning, as given 
in Vol. I, section 5.6 leading to (5.79), we can also show that the sec- 
tional integrals over the quarter circles FE’ and E’D can be made 
vanishingly small. 

This leaves then the integrals along the parallel horizontal lines and 
the small circle around the origin. For the latter we can write p = 


pei?, dp = joe de, Vp = V p e’®?, so that 


= ce (16) 


il ER, Re 
Im —— I9/ ep C08 Pop} NP ige’? dp 
Br p 


= - (ee V’)) IB: air: 


If we again take the absolute values of all imaginary exponentials as 
unity, replace exp (p cos p) by e’, then the desired integral must be 
definitely less then the one with the simplified integrand which just 
gives 2r. The final upper bound can be made as small as we please 
by choosing p very small. 

For the integral along E’’G’” we can take p = |ple”’””, recalling Fig. 
7.2a for the lower boundary of the gap; this makes 


Vp= |pl%e? = Vu, p=-u dp= du 


if we define rl cos = —„.and disregard the very slightimaginary 
component because it is not involved in the integration. The integral 
is now 


1 fer do _ 1 fr du 1 (we _d 
Se: ee de = ern = | eu 
27 Jn=R Von Zn Ve Dr vi y=0 Vy 


where the last form uses the new variable y = ut. Since we can let p 
become very small and R very large, we can interpret the integral as 
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the standard form of the gamma function T(#), as evidenced by the 
general definition* 


Ba 2 on I Ey eD dy (19) 


Actually, T(3) = Vr as found also in the references, so that the con- 
tribution of (18) becomes (3)(mt) ”*. Quite similarly, we can set for 
the integral along @’E’ for the variable 


p = |plet = u, Vp=|p%et?=jVn, dp= du 


so that we have 


Bei wi du 1 1 
= e + —du) = = et — r( ) 20 
27) p=p 7 Vn Du Ju=o Ns It vYı 2 ( ) 
giving the identical contribution as (18). 

The total result of all integrals in (14) is thus 


Bu 1 
3 er! dp = — (21) 
2m) Je-ie Vp Vrt 
and the entering current from (13) is simply 
Irma 
(0,8) = (21a) 


Ne 


The disregard of the inductance leads to a current of initially infinite 
value which decreases to zero value as the cable satiates with electric 
charge. 


7.2 Response of the Infinite Cable to a Step Voltage 


The complete Laplace transform solutions for current and voltage 
were found in (11) and (10), respectively. Let us now evaluate the 
inverse Laplace transform for the current 


a De 


CE 


e-Vreme! dp  ReVp>0 (2) 


We note the earlier decision that Re % p > 0 designates the branch of 
the algebraic function we want to use. With this choice, we have 
already made the integrand in (22) an analytic function over the entire 


* Jahnke-Emde, op. cit., p. 20; also McLachlan,P!? pp. 72-77; and almost any 
book on advanced calculus. 
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leaf —r < go < + of the p-plane because the integrand does not 
possess any singularity in the finite p-plane except the branch cut. 
This entitles us, then, to use the same path substitution as in (14) and, 
indeed, we can repeat all the arguments from there to demonstrate 
that we need only compute the sectional integrals along E’’G’’ and 
E’@’, and that all other seetional eontributions can be made to vanish. 
We have in (22) the additional convergence factor e-V@> with a = 
rcx”, which assists in the arguments because Re Vp 0: 

Along the paths E’@’” and @’E’ we set again as in section 7.1 with 
reference to Fig. 7.2 


2 Zee 
for EG": p= |ple’” = u, Vp = Vu, dp = —du 
j (23) 
10. HG 2 = Inlet?”" = '—H, Vp =J Vn, dp = —du 


so that the sum of the two integrals can be contracted into 


er I 1 — el 
- eiV ane—rt du + - | = e-53V ane + du 
mj)e-;j Nr 275 J0 I Vu 


1 © 008 Vayı En 


a) Vu . 
This final form of the inverse Laplace transform of (22) actually has 
the same form as the direct Laplace integral in the real variable u 
(instead of it) and the parameter i (instead of p) if we compare with 
(5.13). We can therefore find the value of the integral as a Laplace 
integral (or Fourier integral) from the Campbell-Foster tables,®! pair 
652.2, (see also section 7.4 below), namely 


1 F 1 1 
e( — eos 22) = en = 2) (25) 
Val c Vp cp 
and if we appropriately transpose the result, replacing p by tandtby 
4/a, also taking Vr on the other side 


du (24) 


o j = 
IN Ta cos (Van)e* du = N: exp e 2) (26) 


Thus the final result for (22) becomes 


Ve rc” 
Ust) ayz wa a a) (27) 


For x = 0, this obviously reduces to the entering current expression 
(21a). 
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To identify the integral in (24) we have made use of tables. Actu- 
ally, we should have a method available which will lead to the same 
result but will permit us direct evaluation. We have demonstrated 
that (22) need be integrated only along E’G’ and @’E’. Since the 
function is analytic in the entire leaf —r < g < + of the p-plane, we 
can apply to the troublesome exponential with the fractional power 
exponent in p the absolutely convergent Taylor series expansion 


a 1 er 
NN ae ner 
so that 
1 ap _ (ap) (ap)” ) 1 
NEN an er N 
Vi (+ Re nn 
ao, (a, ,,., _(m" ) 5 
(+4 4 ne Va 9) 


Here we collected the terms into two simpler series, each one of which 
is more readily integrable in the complex plane as required by (22). 

In the second series of (29) containing the positive powers of p we 
find upon introduction of (23) that the typical integrals along E’G’’ 
and @E’ 


-1.[° -1 [° 
ee ee 
Far | „wre du Dre (=) A 


cancel each other as we see if we reverse the limits in the first integral. 
In the first series of (29), the typical integrals add because of the 
opposite sign of vVp, so that 


= 5 eos au e*+ du + = IK er ! = e + du 
2) )= Vo 2mj Jo Vu 
il n &; 
= ih | ur Mer du 
0 


m 


If we set ut = y, we can identify from (19) 
I y rat dy=Tn+% (30) 
and therefore the final sum for (22) 


v„ Sa (-1P Ta +H 
ix,t) -— Var > In! = nt% (31) 


n=0 
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This should, of course, be identical with the series development of the 
exponential in (27). If we recall the definition of the particular T 
function* 


r(n+3)=( en ee ee) 


DR 


and combine this with 2n! in (31), we observe cancellation of all odd 
factors, leading to 


In+3) _Vr 1 Vr 


On Mm Inn - 2)an —4---4:2 Am! 
so that (31) takes the form 
Va 1 — 1)” ke 
il) = =» (2) (33) 


Vr/e Vo n! 


which we recognize as the conventional series expansion of (27), 
absolutely convergent, and particularly useful for small values of 
distance x because a = rcx?, and for large values of time t. 

Before discussing the physical aspects of the current solution, let us 
also find the voltage distribution along the cable because we can use 
most of the above developments. We note from the Laplace trans- 
form (10) of the voltage that because of the extra factor 1/p the 
inverse transform can be written as the integral 


(a) = Vn N * (gleV dt ReVp>0 (34) 


Therefore, we need to find the inverse Laplace transform indicated in 
the parentheses, namely 
1 c+j% 


u -Vap pt 
DR e e?’ dp (34a) 


Except for the factor 1/ Vp this is identical with (22) and thus permits 
the same demonstration that the value of the integral is identical with 


the contributions along E’G’’ and @’E’. Using (23) we get integrals 
similar to (24) which now contract into 


ige N U u 
IV an —ut d —jVap —ui Be < —ut 
Pe ME e ar en A e ke En sin Vaue”* du 
(35) 


* Jahnke-Emde, op. cit., p. 11. 
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This is obviously again a direet Laplace integral in the real variable u 
(instead of £) with the parameter £ (instead of p). We find this in the 
Campbell-Foster tables,E! as pair 653.4, namely 


& SE sin 2 3 = En exp e 2) (36) 


With the appropriate transposition, replacing in this result p by i and 
c by 4/a and taking Ve/r on the right-hand side, we obtain 


|, sin Van e*!du =4 Vrat% exp e 5) (37) 


so that the integrand in (34) has the final form 


ya a BG 
Se ENGE exp ( ) (38) 


We should, of course, demonstrate a direct evaluation of the integral 
(34a). This is rather simple if we follow the method demonstrated 
for the current. We can use the Taylor series expansion (28) directly, 
drop at once the integer powers of p including p® = 1 because their 
contributions cancel over E’G’ and@’E’. The terms having attached 
p” have identical typical forms as in (29), so that (30) again applies. 
Collecting for the sum of half power terms in (28), we have 


an AN a naEr) 
EI Den Eu 277 > 


where the part in large parenthesis is identical with (31). If we use 
again the explicit form (32) for the gamma function and combine it 
with (2n — 1)!, (39) can be reduced to 


N 
REN er 4) n-—1)! 


To obtain the series in a form that we can identify it as the expansion 
of the exponential in (38), we replace in the sum n by (n + 1) so that 
it starts atn = 0 


ao 


h a\tı1 __ a SI (-Dr /a\r 
D En (2) Be -/, n! (©) (40) 


FR en 
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and take outside, as shown, the common factor a/(4t). The final 
form for (39) is now 


een (e)' 
=! -Vap — = nl —— 41 
2 Vrt ‘4 / n! \at a 


which is actually identical with (38). 
The integral expression (34) for the voltage simplifies if we introduce 
the change in variable 


en ne Ri 
both in (34) and (38) which leads to 
2 UV 
v(z,t) = ln. ed 


Fortunately, this type of integral has been tabulated as error integral* 


erf(y) = Ea(y) = SZ |, e’dy, erf(@)=1 (43) 


2ER 65 BER 
erfc(y) = 7 end = Wzser/(y) (44) 
Va’ 
Comparison shows that by interchange of the limits and corresponding 
change of sign, our integral is identical with (44), so that 


ua, = Nr TE IR ee?’ dy = V „erfe = V nerfe (@ \2) 
(45) 


This result can be graphically represented by a single curve as in Fig. 
7.4 with r = (41)/(rcx?) as the variable. Since x? and £ occur in 
reciprocal combination we can conclude at once that the voltage 
build-up in time is delayed inversely with the square of the distance, 
the famous KR-law of Lord Kelvin? which predicted the severe limita- 
tion upon speed of telegraph transmission over the transatlantic cable. 


* Jahnke-Emde, op. cit., pp. 23-31; MeLachlan,P!? pp. 78-83; and almost any 
book on advanced calculus. 

1 W. Thomson (Lord Kelvin), “On the Theory of the Electrie Telegraph,’” 
Proc. Royal Soc., T, 382 (1856). Also in Phil. Mag. (4), ii, 146-160 (1856). See 
J. R. Carson, Electric Circuit Theory and Operational Calculus, chapter VI, MeGraw- 
Hill, New York, 1926. 
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li we take re = R, cx = ( as the total resistance and capacitance 
(designated K by Lord Kelvin), respectively, between transmitter and 
receiver, then the reciprocal of the product can be considered as a 
measure of the permissible speed of telegraphy whatever the actual 
length of the cable. We will return to this later again. 


t sec (at x = 200 miles) — 
(0) 001 002 003 004 005 006 007 008 009 010 


Noninductive 


\ cable 
\ eG 


Ideal distortionless 
Iineo=0,6=r/l 


Tr 
Travel time 


T = 7cx2 


Fig. 7.4. Voltage pulse shape on infinite noninductive cable. Comparison with 
ideal distortionless line. 


In order to appreciate the magnitudes involved, we might assume 
for a nonloaded deep-sea cable the approximate values r = 2.5 ohms/ 
mile, c = 0.40 ufarad/mile so that 


4t 1006 
= —il0se 4 
T (x/100)? 


where we take time t in seconds and measure distance in (nautical) 
miles. At a distance x = 200 miles we have r = 100f, or we can 
interpret the horizontal scale directly in hundredths of seconds as indi- 
cated on the upper scale in Fig. 7.4; it will take 0.1 sec until the voltage 
reaches $3V„. If we apply a single square pulse of voltage of duration 
t» = 0.05 sec or r„ = 5 at the sending end at t = 0, its oscillogram is 
given by the solid eurve up to r = 5 and continued along the dashed 
curve in accordance with the superposition principle. At a distance 
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x = 200 miles we need only to use the upper scale to get the absolute 
time values. Let us now take the same cable conductor but wrap 
Permalloy tape about it so as to load it uniformly, making the induct- 
ance approximately Z = 0.06 henry/mile; let us also assume the 
appropriate leakance value g = (r/I)c to obtain a distortionless line as 
defined by (6.34). The velocity of propagation is 


1 
u= —= = (0.06 X 0.4 x 107°) = 6500 miles/sec 
Vie 


giving a travel time to x = 200 miles of t = #500 = 0.03 sec or r = 3. 

The pulse will thus appear in the oscillogram of the distortionless 
cable as an exact replica of the applied rectangular pulse, starting at 
r = 3, lasting an interval r = 5, and having the amplitude 


80 12 2 200 
ev =e "-op(- = (0.36 
0.06 6500 


as shown in Fig. 7.4. It is at once apparent that the noninductive 
cable does not show any real propagation effect; the voltage builds up 
along the entire infinitely long cable as if it had infinite velocity of 
propagation, though the voltage values for r < 0.10 are very small. 
The principal disadvantage of the noninductance cable is the smearing 
out of the pulse shape over a time interval several times as long as the 
pulse duration so that successive pulses will flow into each other unless 
distinetly spaced. Thus, a rather definite limit of resolution will exist 
which defines the speed of telegraph transmission. Loading will tend 
to reduce this distortion and, in the ideal case of the true distortionless 
line, permit any speed of telegraph transmission. 

Actually, it is the current that is utilized in the activation of relays 
at the receiving end. We found the solution for the current in (27), 
which we might write with r = (41) /(rcx?) 


| Ve ee 
wet) zen 


This form is most advantageous for a fixed distance x. We can, 
indeed, concentrate upon the function $(r) which gives the essential 
features of the current as a function of time and is shown in Fig. 7.5. 
If we consider telegraph signals as rectangular voltage pulses of dura- 
tion T,, or, expressed numerically, 7» = [4/(rex?)] T,, then the current 
responses will be as shown in curves a, b, c of Fig. 7.5 in accordance 
with the law of superposition. To express this analytically, the 
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applied voltage pulse is defined as the difference of two step voltages 
v(t) = VS) — S_ı(lt — Ty)] 
and the current response is correspondingly 


2 
iz) = Va Knorr Reie> T,)] (47) 


where the unit step factor indicates that the second term is zero for 
£ < T,. Once the pulse duration r» < 3, the maximum value of the 
eurrent response will be very nearly proportional to r, so that the 


0.5 


0.4 


on 


Fig. 7.5. Current response of infinite noninductive cable. #(r), response to step 
voltage; a, b, c responses to voltage pulses of durations r„ = 2, 1, 3, respectively. 


cable transforms the code of voltage pulses of varying duration into 
current pulses of proportionally varying amplitudes! This can be 
demonstrated by developing the second term in (47) into a Taylor 
series 

dö(r) | 7». d’6lr) 


Due en 


+... 


and introducing this into (47) for r > r, but close to r, 


; ) 2 Ym de(r) 
dor, = Vr ar ar 


(48) 


Because the slope of &(r) is nearly constant in the range 0.2 <r< 
0.75, (48) demonstrates that the maximum, which occurs for values 
of r slightly larger than r,, is proportional to rz. 
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7.3 Power Series Developments of Solutions 


We have already observed that the inverse Laplace transforms of 
diffusion problems can lead to diffieult integrals in the complex plane 
and that we might have to resort to series expansions. It is therefore 
important to discuss a few simpler criteria for establishing the validity 
of the results obtained by various types of power series expansions 
either in the real i{-domain or in the transform domain of the complex 
variable p. To be general, let us use for these discussions the con- 
ventional symbol z for the complex variable and specify p or t only in 
the actual applications. 

If we take the simple example of the binomial expansion 


—Älte4 tt: (49) 
we realize that it converges for lz| < 1 uniformly, i.e., for every value 
2 within the unit circle or the radius of convergence lz| = o<l. We 
must avoid 2 = 1 because it is a pole of the funetion (1 — 2)"!. Any 
other expansion in the regular region of this function is likewise valid 
up to this singularity z = 1 (see Appendix 5). For values le] > 1, (49) 
is clearly divergent and cannot be used at all. However, we can 
rearrange and obtain by direct expansion 


1 (: Tel ) en 
See Perle (50) 
which is now uniformly convergent for |z| > 1 and diverges for 
lz| <1. In the real domain, (49) is the geometrie series that is often 
taken as a standard of convergence with which a newly formed series 
might be compared. 

In general, we might expand any given function in either ascending 
or descending power series whereby each case requires individual 
examination to determine convergence or divergence. Suppose we 
find upon expansion 


Se) = a0 + ach ae kat an 


and we know the general law of generating the coefficients a, as a func- 
tion of n. If we designate the sum of the terms including a,„2” as 
S„(2), and the sum of the succeeding infinite number of terms as the 
remainder R„(z), then 


Se) = Sn) + Ru) (51a) 
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will be represented by a convergent series if 


lim R„(@) >0 

no» 
This is a necessary and sufficient condition but is usually diffieult to 
demonstrate. It is easier to show that the sum of the absolute values 
of the terms converges, i.e., that 


lao| + laız] + la2e?| +: :+ lane”| +... (52) 


exists and that 
lim Vla,.”| = lim lan] un u (53) 


This is a suflicient condition of absolute convergence, and is actually 
equivalent to the condition |z| < 1 in (49). Just as we called |z| = 
p < 1 the radius of convergence, so we can define here the radius of 
absolute convergence (Cauchy-Hadamard criterion) 

lim |z| < mn (54) 

conv lim Vla,| 

no» 

Obviously, if (52) converges, then certainly (51) will converge uni- 
formly over at least the same range of the variable. 

An equivalent test for absolute convergence is the ratio test. From 
(49) we see that the ratio of the absolute values of two successive terms 
leads to the identical form |z| < 1 as the condition for absolute con- 
vergence. Applying this to (52) we have 


Once A, 


— lm 


n> © 


lm 


n> © 


.| <ı (55) 


—al 


Im-12- An—1 


which we can also formulate in terms of radius of convergence 


lim |z| < s (56) 


conv 


lım 


n> © 


IAn—1 


Any power series which is absolutely convergent is also uniformly con- 
vergent within the radius of convergence; this assures us that we can 
integrate and differentiate term by term within this range of the 
variable and that the radius of absolute convergence of the integral 
and derivative will be the same as for the original series. The latter 
follows most readily from (55) and (56). Differentiating (51) term by 
term brings the factors n, (n — 1) and conversely, integrating (51) 
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term by term, the factors 1/(n + 1), 1/n to a„, @n_ı, respectively. 
Since 


= Jim = | (57) 


n>oN — no » N 


the ratio test on the derivative or integral series gives the same result 
as (56). 

A series which does not satisfy (53) or (55) is certainly not absolutely 
convergent, yet it might converge for certain values of the variable. 
If we can demonstrate its convergence by some means, we would call 
it conditionally convergent. 

Series which are not convergent are called divergent but they still can 
be useful. One class of divergent series has attained considerable 
practical importance because it can be used to approximate functions 
for certain ranges of the variable without being an exact representation 
such as the convergent series is. Because the first few terms up to 
n = N converge and only the terms forn > N diverge, these series are 
also designated as semiconvergent or semidivergent. The general theory 
of these series is rather involved; we shall be concerned here only 
with the asymptotic series which is a special type of semiconvergent 
development. 

Suppose we find that (51) is a nonvergent expansion, which means 
that the coefficients a, increase indefinitely with the order number n. 
Such a series might be useful but only for small values ofz. We might 
take again as in (öla) the sum S,„(z) of the first terms including order 
number n and call the sum of all further terms the remainder R,„(z) as 
in (5la). If we can demonstrate that 


u Rn(2) > 0 (58) 


then we call S„(z) the asymptotic representation of the function f(z) 
from (51). We observe that this is a rather different requirement than 
for the convergent series (5la)! In essence it means that for a fixed 
order number n we get better and better approximation of f(2) by the 
polynomial S„(z2) as z2— 0. Indeed, we can find the coefficients of 
the asymptotie expansion, if the latter exists, by successively forming 


lim f(z2) > ao 


=> 


an [I(@) — a]/2 — aı (59) 


lim [f(@) — ao — aız]/2? — as 
z>0 
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etc. Asymptotic series can be integrated generally, but not differen- 
tiated without careful demonstration of the validity of the result. 
Extensive discussion of the asymptotic representation of functions are 
found in Bush,* chapter XII, Carson,f chapter V, Doetsch,P5 part 
III, and Van der Pol-Bremmer,P15 chapter VII. 

All the discussion can be applied with the appropriate modifications 
to power series in descending powers of 2. Thus, (50) and (31) were 
examples of convergent series developments. The general form 


b b b„ 
fur tg te nen (60) 
& 77 & 


could be an asymptotic representation for 23—> » if we were able to 
demonstrate 
lim R„@) 0 (61) 


z>%0 
for a fixed value of n. 

In the case of power seriesin a real variable, say i{, we can add another 
valuable observation. If the convergent series is alternating, 1.e., 
successive coeflicients have alternating signs, we shall write it with all 
@„ positive as 


st) = m —-adttad? af? + SE (62) 


where the sign of the n’th term depends on whether n is even or odd. 
The remainder R„(t) can then be written in two ways, using u, = 
URL. 


R„() =, 1 lan = Un+2) 7 (Un+3 er N) a ] 
— + [ur +1 >= (Un+2 = Kn+3) a (Un+4 == Kn+5) Pr ] 


If we have chosen n large enough so that the terms continuously 
decrease 
En+1 > Ent? > Un+3 > ° " ° 


then we find the bracket in the first line to be a sum of all positive 
terms so its value is larger than zero, whereas the bracket in the second 
line gives a value definitely less than u„ +1. Breaking off in (62) with 
kn = +a„t” as the last term means an error less than the succeeding 
term un+ı = Anl" and of opposite sign! By judieious interpola- 
tion we can make this error very small. Alternating convergent series 
therefore permit a direct and simple evaluation of the maximum error 
in the value of the function by using S„(f) as representation. 


* V. Bush, Operational Circuit Analysis, Wiley, New York, 1929. 
t1J. R. Carson, op. cit., chapter V. 
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The same reasoning can be applied to alternating asymptotic series 
of a real variable if we select S„(£) to include all decreasing terms and 
R„(t) to include the increasing terms. Actually, one should break off 
the asymptotic series with the smallest term in order to assure the 
smallest possible error. 


7.4 Asymptotic Laplace Transform Relations 


Unfortunately, it is not possible to formulate very general relations 
between series expansions in the time domain and in the Laplace trans- 
form domain even though considerable study has been given to this 
subject, mostly based upon theorems originally developed by Abel and 
Tauber; see Doetsch,P5 part III, Van der Pol-Bremmer,P!® chapter 
VII, Widder,P2* and Wiener.P?5 

We can get a reasonably sound orientation from the following con- 
siderations. Suppose we have found the Laplace transform F(p) as 
the transform solution of a physical problem so that we already have 
defined its characteristics as a function of the complex variable p, i.e., 
we have selected the analytic branch constituting the physical solution 
and know all its singularities and their locations. Good examples are 
the solutions (13), (22), and (34a) for which we fortunately could find 
“closed form’’ inverse transforms; let us designate these as f(2). 

According to the nature of f(t), we might be able to expand it near 
the origin for small values of { into a power series 


SO =J0N) +tat+ta+at’+:-- (63) 


which might be either convergent or asymptotie depending upon the 
values of the coeflicients. The Laplace transform of (63) is term by 
term from Table 1.3 


or 
a (64) 
p p p p 


and this will, more likely than not, be the beginning of an asymptotic 


series in negative powers of p valid for p—> ». We take from (63) 
and (64) at once the relations 


ka pF(p) > f(0*) 

| d (65) 
lim plpF(p) — FON] aı = (20) 

pP.» t—=0 


which we had deduced as the initial value relation 1a in Table 1.4. 
Inverting the process, we might state: If we can expand the Laplace 
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TABLE Tl 
SHORT TABLE OF SIMPLE IRRATIONAL LAPLACE TRANSFORMS 
(Dirrusion PROBLEMS) 


Relation in Text 


No. Time Domain Transform Domain (Section 7) 
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transform solution F(p) into a descending power series in p, either con- 
vergent or more likely asymptotic, then its inverse Laplace transform, 
term by term, will constitute a convergent, occasionally an asymptotic, 
power series in t valid for small values of {. The presence of a constant 
term in (64) indicates a unit impulse at! = 0. We must obviously be 
sure that p is chosen large enough to have the region of expansion (64) 
completely outside all isolated singularities of the finite p-plane. In 
fact, if we substitute p = 1/gq, then (64) can be considered as the expan- 
sion of F(1/g) about q = 0 valid to the nearest singularity. 

As examples (13), (22), and (34a) have shown, transmission-line 
problems frequently involve functions of the square root of p. If we 
introduce temporarily Vp = W, and expand F(p) in negative powers 
of W, we can segregate the even powers as integer powers of p like (64) 
from the odd powers of W which constitute integer powers of p multi- 


plied by V p, so that 


As long as the individual series are both either convergent or asymp- 
totic, we can still transpose them term by term, using for the terms of 
the half power series the applicable pairs from Table 7.1. For asymp- 
totice series, we need to demonstrate (61), to be sure. The resultant 
time series will have the form 


i 2 
IV) nn =: ) 


u? er 
FL SE (67) 


and is usually convergent. It is important to check that this time 
series is not divergent; should it turn out to be divergent, then the 
series development (66) was improper. 

As one simple example we might choose 


TOR 


This series converges absolutely for large values of p; the inverse 
Laplace transform term by term gives the convergent series 


2t 
+ (8: +BT+Bs 


0 =olt-« — +9 = ...)= ana 
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As another example we might verify (25). FExpanding the exponential 
we obtain 


Fp) = a? (e 4) 


Ba EnE Meer 
vn 2!(ap)’ 3!(ap)? 

which is an absolutely convergent series for any value of p #0. This 
is reasonable because F(p) has no singularities in the finite p-plane 


except the branch point at p = 0. The inverse transform term by 
term gives with pair 4, Table 7.1 


A I ) 
10 = Z— (1 Dans ae 


If we multiply numerator and denominator of each term by 2”, where 
n indicates the power of 2i, we can contract the terms into a simpler 
form, e.g., the third term 


en A er 
DINO 1:3 Navy 


Thus the series becomes 
1 14 1 [4 1 = | 
0 = Ze|1- 2la +6 ) - € . 


1 t 
= SE AE 
Vrti a 


T 


which holds for all values of i and proves relation (25). 
In analogy to (63), we would like to be able to expand f(t) for very 
large values of £ into a power series 


EN + +7 2 + (68) 


which we would expect to be of the asymptotic type but which might 
also be on occasions a convergent series, as, e.g. 


a Dell (&) 
en (- 2) en: +) N 
But we would be at a loss to construct for it the Laplace transform 
series! If we were to proceed in a straightforward manner we find 


342 Noninductive Cables [Ch. 7 
n 2 5%, — E — e 
ze — er? dt = b„p" [ e ’y " dy 
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where we introduced y = pt. The integral can be identified from (19) 
as the gamma function, but T(—n) = » for any integer value* of n 
including n = 0. This means that the Laplace transforms of the 
terms in (68) do not exist individually except the first which gives 
(1/p)f(®); this is the term we have entered in line 1b of Table 1.4, 
expressing the relation for the ultimate value of the time function. 
Extension of pair 3, Table 1.3, to negative values of n is thus impossible 
and, indeed, we know that the positive powers in p are the Laplace 
transforms of the highly discontinuous impulse functions. 

We see, therefore, that the asymptotic approximation of f(t) for 
large values of {is much more difhcult than that for — 0. We need 
only remember that all the rational functions in p (fractions of two 
polynomials) have as inverse Laplace transforms a sum of exponentials 
ePe* which cannot be represented by asymptotic power series of the 
type (68) valid for large values of {. If the root values p. are negative 
real, we might disregard the exponentials as £— & ; if, however, there 
are conjugate complex or, even worse, conjugate imaginary root values, 
then we have periodie functions, damped or undamped, which need to 
be enumerated separately to characterize the behavior of f(t) for 
large t. 

On the other hand, we have already seen how e- Ver in (28) could be 
expanded into a convergent positive power series of v p, having as 
inverse Laplace transform the also convergent time series (39) or (41) 
valid for all values of i but particularly useful for large it. Since 
e- Var has no singularities in the finite p-plane except the branch point 
(but no pole) at p = 0, the expansion about the origin p = 0 is valid 
in the entire finite p-plane, explaining the regularity of both p and i 
series. In finding the inverse Laplace transform we also noted that 
the even powers of vV ap leading to positive integer powers in p do not 
contribute to the time function as shown in detail following (29); we 
can therefore disregard these positive integer powers of pin any such 
series development. In a more general case, the series in positive 
powers of Vp might have a definite radius of convergence about p = 0 
because of poles at a finite distance from the origin. In such case we 
have to examine these poles, and if they are conjugate complex and 
lie within the branch of V p for which the expansion is valid then we 


* See Jahnke-Emde, op. cit., p. 11 and Fig. 7 on p. 15. 
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have to add their contribution to f(2) separately because the series will 
not expose them. 

To summarize now: To portray the asymptotic behavior of a func- 
tion f(t) for large values of time i directly from the known Laplace 
transform F(p), it is advisable that we separate as far as possible the 
rational and the irrational parts 


Eon AV) (69) 
To the rational part we apply 
ern s 


giving the final stationary value of f(t) if such a value exists. To have 
f(®) #0 requires D(p) = pDı(p), i.e., a separate factor p in the 
denominator, as well as a nonvanishing constant term in N(p). Next 
we check upon the roots of D(p) and write the residues for all conjugate 
complex root pairs which will be the damped oscillations of the system. 
Then we turn to the irrational part and examine its poles within the 
branch of the solution, writing out explicitly the residues at the conju- 
gate complex pairs of poles which expose any other damped oseillations 


of the system. Finally, we expand H (V p), if feasible, into ascending 
powers of Vp and order 
1 


H(Vp) = Ur: 


(Bo + Bıp + Bep + Bsp? +: ') 
+(Ap+Ap+Ap°+::) (W 


If the series are convergent or at most asymptotic, then we drop the 
second line and convert the first line, term by term, into the inverse 
Laplace transform by pair 3 of Table 7.1, so that 


1 1 123 IR ) 
hit) - BB + Bes B; (20° —. (72) 


This is generally an asymptotie series in t valid for large values of t only. 


7.5 Input Voltage on Cable Charged Over a Lumped Circuit 
Element 
The various asymptotie series developments discussed in the pre- 


ceding section can be illustrated best by solving some relatively simple 
problems. We will first find the input voltage to the infinitely long 
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noninductive cable if a step voltage is applied to it in series with a 
lumped capaeitance C as shown in Fig. 7.6a. The equivalent circuit 


1v(0,0) 
i(0,8) 
C | 
0 se 
ET en 


Fig. 7.6. Step voltage applied to noninductive cable over lumped capaeitance €. 
(a) Physical arrangement; (b) equivalent circuit. 


is given in Fig. 7.65; from it we find for the Laplace transform of the 
input voltage for the cable 


V(0,p) = I(0,p)2. = Lo(t) 


Ze + 11/(p0)] 


With Z. from (5) and the Laplace transform V „/p for the step voltage 
we have 


v0 p) er Vr/(cp) 1 = en = (73) 
 Vr/(ep) +URC) P p+ Ve/tC” Vp 
If we define y = c/rC?, then we might write 
14 (73a) 


FR 


We can find the inverse Laplace transform in elosed form by multiply- 
ing the numerator and denominator by (Vp _ Vy), so that 
1 Vo=-Vy 1 Vy 1 


nr = = = se 
Vp(Vp+vVN Vıbß-Y P-Y Da 
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The inverse transform of the first term is the exponential function from 
Table 1.3; that of the second term requires the application of the 
convolution integral from Table 1.5 


Fı(p) = ar Fıld 


e”' (Table 1.3, pair 2) 


1 
Ne (Table 7.1, pair 1) 
m 


Ku r 
p-YvVp 10 Var 


If we introduce the variable yr = y?,ydr = 2y dy, we can identify this 
integral as the error integral (43) 


1 1 2 vVrt 1 
ger! m, yt = —y2 = — ye 
BayYvp Veran 2 Ve iD 


The total inverse transform of (73a) is thus found with (74) and (75) 


v(0,D) = Vn (er NV 5 erterf vn) (76) 


U 


I ( ) % la t 
so that 


If we observe (44), we can write this still simpler as 
vol!) = Vmererfe(V rt) (77) 


This function is shown in the solid line in Fig. 7.7. Since y is a real 
positive quantity in (73a), we need not impose any restriction on the 
validity of our procedure. If we permit y to be complex, then we must 
choose our path of integration definitely so that along it Rep > Rey 
as required by the definition of the inverse Laplace transform. 
Although (77) has an extremely simple form and tables of both the 
exponential function and the error integral do exist, the actual com- 
putation for larger values of the variable yt is inconvenient because 
e”' increases very fast and erfe(V yÜ) decreases at an even faster rate. 
We might therefore be interested in power series developments in order 
to find the inverse Laplace transform of (73a). Let us take the 
asymptotic series for t— «» first. We have already separated rational 
and irrational parts as far as feasible in (74). The only pole isp = Y 


or also Vp = — Vy as required by the first form of (74), occurring, 
therefore, in the branch of H (Vp) in which we have no interest so that 
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we can disregard it henceforth. We see also 


lim —— 
BO PEN 
so that 
lim v(z,t) > 0 (78) 
t>»o 


We can now proceed to expand the second term in (74) into ascend- 
ing powers of v p, which we do best by binominal expansion of 


Fig. 7.7. Voltage variation at input end of noninductive cable charged over 
lumped capacitance (';; a’, a’ solution by asymptotic series including smallest and 
next to smallest terms, respectively. 


(p — y)"' so that 


2 1 1 1 1 p (?) | 
— = = = ten tel) 5 
DPA Vyp! — (p/v) Vyp Y MU 

(79) 
This series converges only for small values of p but is directly in the 


form (71) without the integer powers in p, so that we can write the 
inverse time series at once as 


(> 1 103 8 05) 
aa (' oo ) eu 


Ast— » this demonstrates that the voltage approaches zero asymp- 
totically like 1/Vt. Obviously, (80) is practical only for large values 
of yt; it is a true asymptotic series expansion satisfying (61). Wecan 
readily demonstrate that it actually represents solution (77). This 
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is done best by returning to the defining integral (44) of the function 
erfe(y) and repeatedly integrating by parts in terms of the variable 
= y°, dr = 2y dy, as follows 


1 © 


erfe(y) = = ev’ dy = SE a — GE =: (e”’ dr) 
T y? T 
1 dr 
elec u VE u I 
dv = e”"dr, v= -e” 
so that 


ee I oh ev’ il D e 
ee re eh 
Vi |y? S. 1”? Y > y2 


If we apply here the same type of integration by parts to the successive 
integral remainders, we end up with 


= Eh! 1 128 
Vrerfcy) = e »(-; a ) 


Introducing this expansion into (77) where y = Vnt, we readily verify 
that the result is identical with (80). 

For the numerical computation, (80) is very much easier to use than 
the closed form (77). Because of the alternating sign the error is less 
than the first term omitted, so we can readily see that even for yt = 5 
the third term has only the value +0.03; its exclusion will mean a 
maximum error of —0.03 in (1 — 0.1) = 0.9 or —3.33%. We can 
reduce this error further by observing that the inclusion of the third 
term gives the bracket the value 0.93 with the fourth term defining 
now a maximum error of +0.015 or +1.6%. Selecting instead two- 
thirds of the value of the third term leads to the good approximation 


in (80) 


Vrerfe) = - 


= 0.229 


5 75° 


yt=5 


whereas the exact value is 0.2285. Curves a’ and a” in Fig. 7.7 give 
the values computed by (80) breaking off after the lowest term and the 
next following, respectively. As the curves clearly illustrate, the 
asymptotic series provides bounds between which the correct solution 
must lie. To emphasize this latter point better and more graphically, 
Fig. 7.8 shows the values of the asymptotie series for yt = 2 as a func- 
tion of the number of terms taken into account. The smallest term 
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is the third and we see that the series comes closest to the true value 
at N=3. We can minimize the error by selecting a value between 
N =2andN =3. There is no sense at all in using terms beyond the 
smallest because the sum of the series begins to fluctuate violently in 
keeping with its essentially divergent character. 


4 


Convergent series 


Number of terms used in the series 


Asymptotic series 


Fig. 7.8. Comparative values of the convergent series (84) and the asymptotie (80) 
as a function of the number of terms included for the value of the argument yi = 2. 


A suitable series for £— 0 is obtained by expanding (Vp + Vyy! 
in the first expression of (74) binominally into descending powers of 


Vp, so that we get 


1 1 T 1 


Vo MEN NR e 
;- OBER 


We recognize that the series is absolutely convergent only for |y/p| < 
1. Separating the integer powers we have 
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(Mi)? 


1 2 
(rt = 144 4 2) 


p 
These are the first few terms of the exponential function e’® which in 
turn is the inverse Laplace transform of the first term in the last 
expression (74) which we also could have used for the series expansion. 


The terms with the factor 1/ Vp can be converted into the inverse time 
series by pair 4 of Table 7.1 so that 


28 a,r ) 
DND ums: 

Ba OD I 2a 
ee ey a 


This constitutes a convergent series in time valid for small values of t 
in keeping with the limited convergence of (81). The final result is 
then for (73a) 


‘ een) en 
0 = Val - ZT + tat )| (84) 


if we use the abbreviating notation for the series of the exponential. 
We could also demonstrate that this is, indeed, the expansion of (76) 
for small values of £ by applying integration by parts to the error 
integral in the form (43) and by selecting now u = e””*, dv = dy. 
However, we shall not carry through this demonstration. 

The numerical computation with the convergent series expansion 
(84) does not permit a close estimate of the error committed if we 
break off at any oneterm. To illustrate this point, Fig. 7.8 shows the 
successive improvement in the value of the convergent series as more 
terms are included; the figure graphically demonstrates the convergence 
upon the exact value as contrasted with the oscillatory behavior of the 
asymptotic series. 

In the foregoing example, the pole contributed by the second factor 
in the denominator of (73a) was of no significance for the solution of the 
problem. Let us take another example in which we need to take care of 
certain poles, namely the application of a step voltage to the noninduc- 
tive cable over the lumped inductance L. The equivalent circuit is 
given in Fig. 7.9 from which we obtain for the Laplace transform of the 


input voltage similar to (72), 
DE Vin A 1 
DD Nee 
; Vp (} 5 z, pL.) 


+: ) (83) 


V(0,p) = 
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If we introduce here y” = (1/L) N r/e we can also write this more 
systematically 


3% 


V(0,p) = Van — 85 
(0,p) an (85) 


Since a “closed form’ solution is not feasible, we might try to obtain 
the asymptotic behavior at both ends of the time scale, 1— 0 as well as 


T. 
Z=1l5 v0 
v„1 


Fig. 7.9. Voltage applied to noninductive cable over a lumped inductance L. 


t— ©». Forthelatter, we can separate (85) into two terms by inspec- 
tion, namely 


1 % 
vo) = n(t- 2) (86) 


It is obvious that the irrational part has a branch point at p = 0, 
contributed by the numerator, and therefore requires the same defini- 
tion of corresponding regions in the p-plane and V p-plane as was 
discussed in connection with Fig. 7.2. But in addition we must 
realize that the denominator contributes three poles, defined by 


Dee Day 


involving the three unit roots of (—1). Of course, we could have also 
stated the roots in terms of p as 
Be 


j4Ar/3 36r/3 
e y e 


Dora, MM ex. 


However, in this selection, the first two roots which are conjugate com- 
plex lie in the two different branches, so that we would violate the 
principle that in every real physical network function complex poles 
must occur in conjugate pairs! The conventional choice above has 
not taken into account the fact that p as a complex number starts the 
values of its argument at (—r) and goes to (37). The only choice of 
the three unit roots which is consistent with the choice of the branch 
cut along r and also retains the root values as given is then 


+367/3 


Passen ae ye = y 
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so that in turn 
Vo: = Vy EB, Vy en Vr eir (87) 


It is obvious that the last value is — V y, which cubed, gives —y” 
as required, and so do the first two values. Since we had originally 
chosen the branch Vp > 0 for the physical solutions (10), (13), ete., 
we see that the first two, conjugate complex, poles 


ee = 2: a) (88) 


must be taken into account here, whereas the third pole can be dis- 
regarded as lying in the branch that is of no interest. 

We are now in a position to approximate (86) asymptotically as 
t—> x. The rational first term gives in accordance with (70) the 
value 

£ 1 

imp-—1 

r>0 P 
The residues for the conjugate complex pair of poles of the irrational 
part are found as for any analytie function, since we have removed the 
double valuedness. Definining the second term in (86) conventionally 


DIESEN) 
pe ep) 


we have for the sum of the two residues 


IN | 2 An 2 en: 
2 one ae re 


p=p12 


Finally, we expand this same second term into an ascending power 


series in V p 
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in which we drop the resultant integer powers of p and find the inverse 
Laplace transform of the remaining terms by pairs 2 and 3, Table 7.1 


1 (or Er er, ) 
Vryt \2rt (211) * (2yi)? 


The total asymptotic approximation for the inverse transform of (86) 
for large values of t is therefore 


2 v3 
v(0,) = Vn 1 — A cos & ) 


1 1 129257 

5 Veyt (en (2y1)° si )| > 
It is important to point to the trigonometrie function in (83) indi- 
cating an overshoot in the response because of the combination of 
inductance and capacitance in series, even though the capacitance has 
an irrational frequency dependence. In earlier treatments of these 
problems, which refer back to Heaviside, makeshift arguments had to 
be introduced to obtain the complete solution, e.g., Bush, op. cit., 
chapter XII, pp. 242-255. The convergent approximation for t— 0 
can be obtained much more readily and is also found in the reference. 


7.6 Response of the Infinite Cable to a Sinusoidal Voltage 
The Laplace transform for the voltage distribution along the line is 
given by (10) for any general source voltage vo(t). If we apply a 
sinusoidal source voltage 
vo(t) = Vm sin wil 


with the transform pair 12 in Table 1.3, we have 


V(x,p) = Se — —e-Vv2 RevVp>0 (90) 
where we used a = rcx”. The inverse Laplace transform cannot be 
found directly in “closed form’’ so we shall have to invoke series 
expansions as, e.g., in McLachlan,P!3 pp. 91-95. 

Perhaps the nearest approach to a closed form solution is by means 
of the convolution integral pair 11 of Table 1.4. We define 


w . 
Fı(p) = re fı(lt) = sin wt 


Rılp)ie ve Se(t) = Tan u (- > 
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where the second inverse transform is taken from (38), or pair 11, 
Table 7.1. Application of the convolution integral gives 


au dr 
eh) = Vn \e [sn w(t — r) exp (= 2) ER, (91) 


If we expand the trigonometric function and use as the variable of inte- 
gration u = (Ar)/a, we can write (91) in the simple form 


v(x,t A\.. 4t 
vi) = M. ( s) sin ot — M, (2, ©) eos we (92) 
Vn a a 


with the coefhlicients defined by the integrals 


4t 
a ee 
Na al LO 
a) Vr/um0 yVu | (93) 


4 
4t 1 . sinu -ı 

(02)- er du 
a Vr u=0 u Vu 


with 2 = (aw)/4, so that Qu = ut. The functions M. and M, have 
the meaning of transient amplitude modulations of the same general 
form as the Fresnel integrals. In fact, for 0 < u < 2 we can roughly 
replace 


ee 
e “ = 0.3u 
so that with y = wt 


at 

M. = 0.3 NE ne Bi Ze „en Col) (94) 

and similarly 

0.6 V2 
Vaw 


where now C and S are the standard Fresnel integrals which are 
tabulated.* We have approximately 


My 


S (ot) (94a) 


V„[C(at) sin ot — S(wt) cos wtlıcar; (95) 


which, for all practical purposes, covers the transient build-up period. 
Fig. 7.10 shows graphs of the applied voltage v(0,t) which is, of course, 


* Jahnke-Emde, op. cit., pp. 35-36. 
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also the voltage v(x,t) at x = 0, and of the voltage (95) at a distance 


2.2.06 v3) /Vrwc. We observe a definite unsymmetrical voltage 
variation with time which is also borne out by the asymptotic expansion. 


Voltage at distance x 


xu(x, t) Le 
AR Go. Ye 


Entering current Zi f 
4 

0,0) - Fr 7 “__Applied voltage 

S7 v(0,t) 


V„v2 Vwe v. = sinwt 
m 


Fig. 7.10. Response of infinite cable to sinusoidal voltage. 
For large values of time we have to expand in accordance with (71), 
first separating the residues at complex poles. As (90) indicates, there 
are the two poles p = +jw which have the images in the Vp plane 


i 2 Na 
Dive un, 
2 ö 4 ; v3 E 


Re EINER il 4 
p=-jio Vo IVji Vo ee 


The selection of the values for V» is facilitated if we again observe 
that the argument of p in the first branch runs from —r to + so that 
we must interpret +75 = e*’”? which leads at once to the proper 


a= 
I 


conjugate complex choices of v2. The residues at these two poles 


are from (90), respectively 
all [%) ON 
— m > = — + N ) + Jjwt 
V , exp a 0 a 2 e 


Bein 2 


(6) pe 
e-Vap ep! 


"ptjw 


and the sum of these two terms leads to 


RE \. 2 sin (« = N (96) 


We next need to expand (90) into ascending powers of Vp for small 
values of p. The exponential gives an absolutely convergent series, 
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and so does the rational fraction of p by the binominal series for small 
p, so that we can use the product of the expansions. Restrieting our- 
selves to the first few terms, we have simply 


CRD 


1-94@--]6-ver2- 


As shown in (71), we drop the integer powers and have as first term 
of the half power series from pair 2 of Table 7.1 


= (-!vm)- Ya il K Vroc x 
@ o 2Vr 2 Vr (s)” 


This with (96) gives the total asymptotie expansion for > 


eh) = Un [e*® sin (ei _ıx ya) + ve: | (97) 
2 2 Vr (ol)” 


It is this last term which causes the unsymmetry in the voltage wave 
as is evident in Fig. 7.10. 

For small values of time and distance, (95) is not accurate because 
of the rather coarse approximation to the exponential e””“. We can 
improve this approximation very considerably if we replace the 
exponential sectionally as follows 


ie : 
pP? +w 


0.25u Vor une? (98) 


and perform the integrations (93) also sectionally. All the integrals 
can be reduced by integration by parts to trigonometric functions and 
the standard Fresnel integrals so that no new problems will arise. For 
very small values of time, we can also expand the rational factor in 
(90) into the convergent binominal series valid for p very large 


2 4 
- [03] - = De, ur = 1 Er (2) + &) ee | e-vap 
De p p p 
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Taking the first term only, we find 


ee = e-Ver= gr ( e-v;) 
p pp 

The term within the parenthesis is readily identified from pair 15, 
Table 7.1, and the factor 1/p indicates integration by pair 5a, Table 
1.4, so that asymptotically for t— 0 


v(2) = @Vn h erfc (Je) dt F (99) 


which can be evaluated graphically from Fig. 7.4. In any case, it 
demonstrates the initial rise of the voltage shown in Fig. 7.10. 

We might finally solve for the entering current of the cable in order 
to compare this a-c response with the response to a step voltage given 
in (21a). The Laplace transform of the current is given by (11) for 
any general source function vo(t). If we choose again the sinusoidal 
source voltage V„ sin wil, then we obtain at x = 0 


r w vVp Ve wp 1 

I(0,p) — = Se Ta Ws 2 er 

Vr/ep + 0” Vr/ew +p" 

The last form of (100) makes the expression ready for the application 
of the convolution integral, pair 11 in Table 1.4, if we define 


vo) (100) 


Fi) = n 3 Fi) = co al 
il 1 

F = Be 

(2) Vp Se(t) er 


The complete solution for the inverse Laplace transform of (100) is 
then 


Vm ne! 
V = w A Vz cos w(b — r) dr (101) 
T/C = 


TT 


(0,8) = 


If we expand the trigonometric function and introduce wr = yas a new 


variable, we can reduce (101) again to the standard Fresnel integrals, 
namely 


u d Se 2 a > d ec 
a —— 008 wr dr = A| - —— — 008 1 NE { 
VrJ0vV, & V 9m Jy=0 Vy 1% w (ot) 


and similarly for the sin ot term. 
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We thus have 


Vm v2 
—. 


which is shown graphically in Fig. 7.10. We see that the current 
reaches its maximum ahead of the applied voltage as in any capacitive 
circuit. The final steady-state solution can readily be found by taking 
the residues of (100) augmented by the factor e?! at the two poles 
p = +jw, as we had done for the voltage in finding its asymptotie 
expression (96). We have here 


m oVp ep! 
Vr/ep + jo 


(0,8) = [Gat) cos ot + S(wt) sin wi] (102) 


Vale) 
I =, z 9) 
NA v2 


and the sum of these residues gives the steady-state expression 


+ Jjwt 


Wr =o) = Ten JE (cos «t + sin ot) = sin (we + m/4) 
F 
(103) 


indicating an ultimate leading phase angle of #/4 = 45° with respect 
to the applied voltage. We can rationalize this in terms of the 
V w@-dependence of the characteristic impedance of the cable in (5) 
where we find for the conventional a-c impedance 


jwe we 


Computation in terms of the phasors would have led to the same 
result (103). 

The initial rate of rise of the entering current is infinitely large. 
We can get the asymptotic expression for the current for > 0 by 
expanding the rational fraction in (100) into the binominal series valid 
for p very large, so that 


Yp 4 ı Be o\2 . fa\ 
Var Dep eare nat EN Be 
+6) 
p 
Keeping the first term only, we have the initial variation of the current 


for it small 
1 2 Vot 
ee = Vn (104) 
w Vr/e DE rm Vr/uc 
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The rate of rise at i = 0 


(00), non, 
dt 0 IN 


becomes actually infinite and has, indeed, the same general form as 
(21a), the current response to a step voltage. 

We have considered only the voltage form V„ sin ot. It is quite 
obvious that if we chose V„ cos ot, the first instant of response must 
be identical with that in the case of an applied step voltage. 


7.7 Infinitely Long Cable With Slight Leakage 


The ideally insulated cable has been characterized by the two 
parameters r, c which we have admitted in (1) as a special case of the 
general transmission line equations (6.21). This has led to the intro- 
duction of the branch cut, Fig. 7.3, in the complex plane defining a 
new path of integration for the inverse Laplace transform. 

If we now also admit leakance g in the cable, we must once more 
return to the general equations (6.21) which take the form 


_ Wan) _ en) 
d: 2 
: ; (105) 
= en = (9 + pe)V(x,p) — cv(x,0) 


Again, v(x,0) is the initial distribution of the voltage on the cable 
which must be given as part of a specific problem; we shall generally 
disregard it. The two first-order differential equations for the Laplace 
transforms combine by the same process as used for (2) into 


9°V (z,p) 


ra temVlap) = nVRp) (106) 


Thus we have the propagation function 
Nr: (» + 2) (107) 


This is again irrational and requires the careful definition of the 
analytic region for the integrands in the inverse Laplace transforms. 
To be speeifie, let us take the infinitely long leaky cable and apply 
a step voltage V„/ with Laplace transform V„/p. The general cur- 
rent and voltage solution for the cable can be taken from (3) and (4) 
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with the value of n as specified in (107). If we also define the char- 
acteristic impedance 


= -= R! — (108) 
un c(p + g/e) 
we can write the specific Laplace transform for the infinitely long cable 


directly from (10) and (11), namely 


1A 1% 


V(x,p) = ee = —" e-Vreptale)z (109) 
p p 
and 
Im BEREIT FETTEER 
I(2,p) = —" e"? = — Ve(p + g/c) e-Vre@+o/dz (110) 


pZe D 7: 


With g = 0 we had defined the useful range of V pas Re Vp» > On 
order to obtain attenuation along the line rather than the physically 
impossible generation of voltage and current. This had led to the 
selection of branch 1 in (8) with the concomitant definition (7) for 
the range of the arguments of p. The additive quantity g/c in (107) 


is certainly always positive real, so that Re Vp + g/c will be even 


more positive than Re V p and we can maintain the same selection of 


branch 1 of Vp for the Laplace transform functions (109) and (110). 
Let us first solve for the entering current of the leaky cable. From 
(110) we have with ER) 


Van SE ® 
rn WE „vr Bu Vr/e p N +Öö 
which permits the separation 
1 ö 
Vo+i" pVotö 
The inverse Laplace transform of the square root is rather simple if we 
observe pair 6 in Table 1.4 which gives 


(111) 


(112) 


where we called on Table 7.1, pair 2, for the last form. By pair 5a, 
Table 1.4, we can interpret the factor 1/p so that we get 


6 et 
p V» ir 5. o+ nn 
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Here, we introduced öt = y?, dt = (2/ö)y dy, so as to obtain again the 
error integral similar to the one used in (75). Wecan collect now from 
(112) and (113) 


i(0,0) = + Verf va) (114) 


er (7 


This goes over into (21a) as it should if we let 5— 0. The effect of 
the leakance is then a quicker decay of the first or “charging”’ part of 
the current because of the added exponential factor, and the establish- 
ment of a steady-state d-c leakage current defined by the second term 
as 


(0, a) VI \ 


and directly dependent upon the leakance g. We should, of course, be 
able to obtain this result also directly from the asymptotic form given 
as pair 23 of Table 1.4 


um i(0,) = In [pI(0,p)] = ev Vole 


In a similar manner, we can find the inverse time functions to the 
Laplace transforms (109) and (110). For the voltage transform we 
can write with a = rcx? as previously 


var | 


ö 14 a 
Zee MR 0g-Valp+o) 
( “ 3 [ ro ö >) (125) 


where the expression in brackets is the Laplace transform (10) with p 
replaced by (p + ö). If we designate here the voltage distribution for 
g = 0 (no leakance) by the subscript 0, then we can write by proper 
application of the shifting theorem, pair 6, Table 1.4 


14 u 
gt zn: e- vValp+) = e yo(z,t) 


p+5 


Thus we obtain the inverse transform of (115) in the simple and 
physically easily interpretable form 


ur | 1 
V ee: ö 
(2,P) 5 (p-t6) 


v(z,t) = e "vol, +5 e*yo(z,t) dt (116) 


=o+ © 


The function vo(z,t) is identical with (45) and shown in Fig. 7.4, 
namely the response of the nonleaky cable to a step source voltage. 


Sec. 7.7] Infinitely Long Cable With Slight Leakage 361 


The effect of leakance is therefore the appearance of the damping 
factor e”?' with ö = g/c and the addition of the integral term which is 
usually a small correction because g is a small quantity. Of course, 
this integration is difficult and normally has to be performed graphi- 
cally or numerically. 
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Fig. 7.11. Singularities of the voltage Laplace transform for the leaky cable. 
(a) In the p-plane; (b) in the z-plane (branch point at origin). 


So far we have only used relationships which needed no detail 
examination of the function theoretical aspects of the Laplace trans- 
forms themselves. Let us return to (109) and examine its singu- 
larities. The branch point, characteristice of the exponential, is 
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defined as p = g/c and is located on the negative real axis as shown in 
Fig. 7.lla. The branch eut will therefore terminate at this point. 
In addition, (109) has a pole at p = 0, which is now distinct from the 
branch point and falls within the first branch of the p-plane which we 
are using in our solution. We can make this clearer if we perform a 
shift of the origin by introducing a new complex variable z2=p+ 
g/c = p + Ö, so that (109) becomes 


Va) = Mr (117) 
A ) 
In this z-plane shown in Fig. 7.115, the originz = O0 is again the branch 
point and we can use exactly the methods demonstrated in sections 
7.1 and 7.2 to perform the integrations for the evaluation of the 
inverse Laplace transform, which is now defined by the integral 


1 re z 
v(z,t) = — ee i —— e-Vazetl dg (118) 
27) ee) 
The factor e”°' outside the integral comes from transforming e?‘ into 
e“®% and since ö is a constant the exponential can be split to leave 
the standard factor e“' inside the integral. We also must shift the 
path of integration further to the right since the polez = ö is now on 
the positive real z—-axis. We could readily demonstrate the inverse 
Laplace transform in the same form as (116) by just expanding the 
integrand (118) to 


7 ö er = IR Vo(z,p) 
Zu 002 Be 

where Vo(x,p) is the transform (10) for the nonleaky cable and then 

applying the convolution integral. 

Instead, we shall use (118) to derive the asymptotic expression for 
large values of t in accordance with section 7.4. It is not possible to 
separate a rational part of the integrand, but we have to take note 
of the polez = ö. The residue is readily given by 


= e- Vaöedt 


z=Ö 


1 = zu 
Res P> e- var | = e-Vazezt 
2=6 


2 — 


The expansion of the exponential function e- Va into ascending powers 
of Vz is an absolutely convergent series and the binominal series for 
(2 — 8)! is also convergent for l2/ | < 1 so that for small values of z 
we can multiply the two expansions. Ördering as in (71), we arrive at 
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Seen Ne eg a a BEE: 
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rl er) 


We drop the integer power series at once and for very large values of 
t restrict our attention to the very first term of the half power series. 
This gives with pair 2 of Table 7.1 


5 2a Vr® 2 vr (N) 


The complete asymptotic approximation for (118) at 1 — © is now 


Ua er Ver (ee wen ns 
2 Vr (8% 


a Va Var 
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and if we introduce 
g : 
06. =rcX? = = rgr” 
C 


we obtain 


öt 
DIESEN > vn (ev = GE en) (119) 
Because of the leakance g, there will be a final exponential voltage 
distribution along the cable given by the first term in (119). Wecan 
apply the same principle to get the inverse transform of (110), the 
Laplace transform of the current. 


7.8 The Finite Noninductive Cable 


The finite cable terminated at both ends into lumped-element 
impedances as indicated in Fig. 7.12 requires return to the general 
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Fig. 7.12. The terminated noninductive cable. 


solutions (3) and (4) for the Laplace transforms of voltage and current. 
Indeed, since we are using there n, the propagation function, and Z,, 
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the parametrie characteristic impedance, without immediate specifica- 
tion of their dependences on p, we can go back further to section 6.3 
and find in (6.46) the complete statement of the boundary conditions 
at both ends of the cable, in (6.47) the convenient definitions of the 
current reflection coefficients 


2-2 mr? 
ZZ wein 7 


and in (6.48), (6.49) the complete solutions for the Laplace transforms 
of current and voltage. We might repeat these here for the simpler 
case that Zo = 0, so that we apply the source voltage or current 
directly to the input terminals of the cable. With po = 1, we therefore 
have 


(120) 


Lvo(t) (121) 


er Be &oolt) 
IK pe 8 


I(&,p) = (122) 
We could now proceed as in section 6.3 and expand the fractions into 
an exponential series, e.g., for the voltage 


V(x,p) = voll) (a er N L Do) 0 ne 
+ 


where again the first term is identical with the Laplace transform for 
the infinitely long cable given in (10). We actually have solved (10) 
for a step source voltage and found the inverse Laplace transform in 
(45). This means that we can also write down at once the inverse 
Laplace transforms of all the exponentials that occur in (123), if 
vo(t) = Vn!, namely 


gl ntsta) ee ee e Vre(vsta)Vp 
p p 


erfe & (v2 &) \ 


where v was chosen as any integer from zero up. However, we must 
observe that each and every one of these terms starts at? = 0, and that 
there is no special physical meaning eonneeted with this expansion 
such as we had in section 6.3 where the individual terms represented 
real physical traveling waves, successively generated at the ends of the 
line by the process of refleetion! Series (123), although appearing 


(124) 
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similar to the traveling wave expansion (6.50), has no such meaning 
attached to it! It is true that the individual inverse time functions 
might exhibit an apparent delay because the Re [(2vs + x) Vp] grow 
larger as v increases; yet at any instant we need to consider the infinite 
series of terms in order to represent v(x,!). We must also note that, 
although (124) is easily written, the inverse Laplace transforms of all 
but the first term involve first or higher powers of the reflection factor 
pi. As (120) shows, if we introduce Z, from (5), we have again irra- 
tional forms 


_ Vrfe - Zup) Vp 
r/c + Zı(p) Vp 


.pt (125) 


where Z,(p), as we assumed, is some rational function of p. Even for 
simple terminal impedances the task of converting (123) into the 
inverse time functions appears rather formidable and of no particular 
advantage over (121) itself. 

We might therefore turn to the other method which we discussed in 
section 6.9, namely the expansion into standing waves by direct appli- 
cation of the theorem of residues. Of course, this requires a careful 
examination of (121) as a function of the complex variable p. We 
might start with the same special case as in section 6.9, namely the 
short-circuited line, so that we can compare the results for these two 
different types of transmission lines. We have Z, = 0, pı = 1 so that 
the voltage transform follows from (121), quite similar to (6.83) for the 
lossless transmission line 


sinh n(s — x) sinh [Vre (s— 2) Vp] 
re sinh [Vre s Vp] 


First of all we must demonstrate the admissibility of Cauchy’s residue 
theorem. Though (126) has in numerator and denominator an 
irrational transcendental function, each can be written in terms of its 
convergent power series, e.g. 


£volt) (126) 


4 


“ 2 a wu Bug 
snhz2 =2 Ita tst 


or also, as already used in section 3.2, in terms of the root factors as a 
meromorphic function 


le] or 
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We see that in either case the Vp will eancel and the fraction will 
become entirely rational so that we can apply at once the expansion 
into the partial fractions indicated by (127). The fact that we deal 
here with an infinite series of root factors and therefore an infinite sum 
of residues has been discussed both in sections 3.2 and 6.9 and we 
simply refer there for the justifying arguments. 

If we replace the variable 2 = (Vres) Vp = V’bpin (127), dis- 


regard the first factor because of the cancellation of vVp, we find the 
root values 
(am)? (ar)? 
„u = - — lose. 1 

p rcs? b & ’ ’ ( 28) 
all negative real as we should expect from the physical aspects of the 
noninductive cable. We may carry through the partial fraction 
expansion without as yet specifying the source voltage, by using the 
general expression (1.55) 


N(p) _ sinh (Vb - Va) VD _ . ( N(p) ) 1 
D(p) sinh Vbp J dD(p)/dp/ p=paP — Pa 


The derivative of the denominator gives 


a=1 


un eb 
Bw Vbp = a cosh Vbp 
If we expand the numerator 


sinh (vb _ Va) Vn = sinh Vbp cosh Vap — cosh V bp sinh Vap 


and observe that the first term vanishes at all root values because 
(sinh V bp) pa = (0), the summation reduces to 


Sco(Emve) 


Here we must introduce p. from (128) selecting (—1) = e’" so that 


— . am a : En ’ 
Vpe a 5 =; ar e sinh Vap. =jsin (or N 


The total expansion of the voltage (126) is thus 


2 EN 
Yen) = ns ” «sin (or ) un (130) 


(129) 
p=pa P — Pa 


s/D — Pa 
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We recognize this as the resolution of the voltage distribution into a 
spatial Fourier series exactly like (6.87) for the lossless transmission 
line. The amplitudes are again functions of time, dependent only 
upon the nature of the source function! Thefundamental wave length 
for «= 1 is Aı = 2s, twice the length of the cable. This justifies 
calling (130) an expansion into “standing waves” with fixed individual 
sinusoidal distributions along the line. The time variation of the 
amplitudes will result in a variable over-all pattern of the voltage 
distribution, leading from the original zero voltage to the final steady 
state. 

For the step source voltage vo(t) = V„/ with Laplace transform 
V„/p we could either proceed as in section 6.9 by finding the inverse 
of (130) or, and better, by returning to (126) and applying to it directly 
the conventional expansion theorem (1.57) giving the indicial transfer 
function. For p = 0, the hyperbolic fraction reduces to 
sinn (Vb — Va) Vp DIE a %. 


1m =, 


p>0 sinh Vbp vb $ 


N 
because of (127). The amplitudes B (P 


[(dD(p)/apl 
from (129) if we multiply thereby pa '. The total result will therefore 


be 
> 2 1 rt 
v(x,t) = Vm 6 Fi > EUR > - sin (or N) ea | (131) 
Ss T A Ss 


| can be taken 
pa 


The first term is the linear voltage drop along the cable under steady- 
state conditions, and the second term constitutes for 2 = 0 the Fourier 
expansion of the first term as an infinitely recurrent sawtooth wave 
with period 2s, having its discontinuity (jump) at x = 0 and passing 
continuously through zero at x = s. The discontinuity at x = 0 
implies very poor convergence of the Fourier series in its neighborhood 
and, in fact, the appearance of Gibbs’ phenomenon* at x = 0 in the 
conventional summation; see also Vol. I, section 6. It is not possible 
to represent (131) as progressive waves similar to expansions (6.89) 
and (6.90) which we could apply for the double-energy transmission 
line; this re-emphasizes that the concept of propagation does not apply 
to the noninductive cable, but that it exhibits dıffusion effects instead. 

We might also consider the current (122) for the short-circuited 
cable and apply directly the theorem of residues. Introdueing pı = 1 


* See particularly H. S. Carslaw, Introduction to the Theory of Fourier’s Series 
and Integrals, 3rd edition, pp. 293-309, Dover Publications, New York, 1945. 


368 Noninductive Cables [Ch. 7 


and converting into the hyperbolie functions, (122) gives for an applied 
step source voltage 


Ted Vr V’p cosh (Vb — Va) Vp 1 
ey: VOR p 


where we have used as before a = rex?, b = rcs’, n = Vap. Again 
we can readily see that because of (127) the factor V p will cancel; the 
fraction is thus in fact a rational function and permits application of 
the partial fraction expansion. The root values are identical with 
(128) and we can apply directly (1.57), the conventional expansion 
theorem for the indicial admittance. 

Definining 


(132) 


N(p) _ Vpcosh (Vb — Va) Vp 
D(p) sinh V bp 
it reduces for p = Otto 1/V’b = (rcs?)—% and we have 
N(p) % Vp [cosh Vbp cosh Vap — sinh V bp sinh Vap] 
EHER ee een 
plaD(p)/dp] p vo 2 ur cosh Vbp 
2Vp 
which simplifies for p = p. from (128) to 
ZT eos € ) 
-— ke 4 ig 
Vres S 


If we now use the total resistance R = rs and capacitance C = cs for 
the line, we get for the current response 


ao 


„e 
Us) = = 1 2 > cos (or 3 a ae (133) 


a=1 


This is certainly not a convergent series at 2 = 0 so that we must con- 
sider the whole process with caution. To verify the result, we might 


try to make use of relations (9) from the first of which we have for the 
noninductive cable 


1 v,t) 


ich) = — ne, 


(134) 


Using (131), we obtain the same result as (133); yet we should recog- 
nize that for { = 0 series (131) is not absolutely convergent and there- 
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fore may not be differentiated term by term! We can consider (131) 
as well as (133) valid as long as neither x = Onort = 0. 

If we are primarily interested in the receiving end current, we might 
choose as time scale 


and introduce the numerical time 0 = {/T, so that 


i(s,0) = = E +2 } ne 


which represents a quickly convergent exponential series for 0 > 0; 
because it is alternating, we can easily determine the maximum error 
in accordance with section 7.3. A very similar result is obtained for 
the open-circuited cable.* 

For more general lumped-parameter terminations we need to return 
to (121) and (122) together with (125). If we convert to hyperbolie 
functions again after first multiplying numerator and denominator by 
e"°, we get for the Laplace transform of the current 


I(&,p) 

_ Vr/e cosh n(s — 2) + Zı(p) Vpsinhn(s — a)  &vo(t) 

= Vr/esinh ns + Zı(p) Vp cosh ns Vrfe 1/Vp 

_ Vr/e cosh (Vb — Va) Vp + Z(p) Vpsinh (Vb — Va) Vp 
hr Vr/ce Vpsinh Vbp + Zı(p)p cosh V’bp 


p£vo(t) 


Vr/e 


Since Z,(p) must be a rational function of p for all lumped-parameter 
terminations, we see that /(x,p) will again be a rational transcendental 
function of the meromorphic type so that we can apply the expansion 
into partial fractions, i.e., apply the theorem of residues directly. The 
poles are defined by the zeros of the denominator, namely 


Vp sinh Vbp pZı(p) 


cosh Vp  — Vr/e 


*]P. J. Berg, Heaviside’s Operational Calculus, MceGraw-Hill, New York, Ist 
edition, 1929, 2nd edition, 1936. 


(135) 
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Realizing that for the noninductive cable all poles must be negative 
real as we have seen explicitely in (128), we might set 


Pa = — Me, Vpe — Ma 


which converts the characteristic equation (135) into 


tan mv A, (136) 
BIE 


This is now a real transcendental equation for the values m. which 
defines the root values p.. There is no explieit analytical method for 
extracting the roots of (136); the only feasible methods are graphical 
construction or numerical computation, or a combination of both for 
higher accuracy where this is warranted. One might, e.g., plot the 
left-hand side of (136) as the conventional tangent graph (or use 


direetly tangent paper) and plot against (m. vb) also the right-hand 
side. The intersections give the first good approximations which can 
be improved by numerical computations. Obviously, the roots of 
(136) give the poles contributed by the meromorphie transmission- 
line function; to these must be added the poles contributed by p&£vo(t), 
if any. 


PROBLEMS 


7.1 A step voltage Vo! is applied at the sending end of an infinite ideal cable 
over the series resistance R similar to Fig. 7.6 where a capacitance is in series with 
the applied voltage. (a) Find the entering eurrent of the cable. (b) Find the 
voltage along the cable by direct integration in the complex plane. 

7.2 Give series developments in ascending and descending powers of p for the 
Laplace transform solutions in problem 7.1. (a) Identify the character of the 
series and convert them into the inverse time series. (b) For numerical compu- 
tations assume cR?/r = 10°? sec. 

7.3 Take the same arrangement as in Fig. 7.6 and apply a sawtooth voltage 
pulse v(t) = Vt/T for t<T, and v(t) = 0 for t>T. (a) Find the voltage 
response in terms of series developments in ascending and in descending powers 
of p. Identify the character of the series and convert into the corresponding time 
series if permissible. (b) Do the same for the current response. 

7.4 Find the final steady current directly from the Laplace transform solution 
in problem 7.1. Verify this by physical reasoning. 

7.5 Two square-wave voltage pulses each of duration T and with a time inter- 
val T between them are applied over the series resistance R as in problem 1 to 
the terminals of an infinitely long ideal cable. (a) Evaluate the entering current 
in response to these pulses in closed form; (b) plot the response for several values 
of T as related to y = cR?/r and discuss the results. 

7.6 An infinite sequence of square-wave voltage pulses is applied directly at 
the terminals of an infinitely long ideal cable. Find the eventual steady-state 
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response to this pulse sequence by at least two of the methods outlined in Vol. I, 
section 5.7. 

7.7 Expand the Laplace transform solution (85) for the step voltage applied 
over the series inductance at the input end (shown in Fig. 7.9) into a series about 
p—> ». Convert into a time series; show its character and usefulness for small 
values of time. 

7.8 Plot the response found in problem 7.7 for small values of time and also 
plot the response (89) for larger values of yt similar to Fig. 7.7, terminating the 
asymptotic series once with, and once above, the smallest term. Show the 
continuity of the two series solutions. 

7.9 Evaluate the response of an infinitely long ideal cable to the voltage 
vo(t) = Vm c0S wi. (a) Compute the voltage response for small values of time. 
(b) Compute the final steady-state voltage along the line. 

7.10 Apply a sinusoidal voltage V,„ sin ot to the ideal cable with series capaci- 
tance in Fig. 7.6. (a) Find the entering current to the line by series development 
in both ascending and descending powers of p, preserving the factor (p? + »2) -! 
intact. (b) Interpret the individual terms by means of convolution integrals. 
(c) Use complex notation and evaluate its advantages. 

7.11 A finite noninductive cable of length s is terminated at the far end into a 
resistance R = 5rs. A step voltage V„I is applied at the sending end terminals. 
Evaluate the voltage distribution (a) by the exponential series expansion, (b) by 
the standing wave method. 

7.12 A finite noninductive cable with leakance g =# 0 is short-circuited at the 
far end. A sinusoidal voltage V„ sin ot is applied at the sending end terminals. 
Evaluate the voltage and current distributions by the standing wave method. 

7.13 Take the same cable as in problem 7.12 but open-eircuited at the far end. 
Evaluate the voltage distribution for a step voltage V„l applied at the sending 
end terminals. 

7.14 Anoninductive, leaky cable carries steady-state direct voltage and current 
with termination into R = rs at both ends. At = 0 the far end is suddenly 
short-eireuited. Evaluate the subsequent current distribution along the cable, 
assuming that the power source remains connected at the sending end. 

7.15 An ideal cable of short length is connected to an infinitely long lossless 
line. If a single rectangular pulse is applied at the input end of the cable, what 
will be observed on the lossless line? 

7.16 A short distortionless line feeds an ideal cable (r, c only) of infinite length. 
If a single voltage pulse V,„ cos ot, 0 < wi < r is applied to the input terminals of 
the first line, what is the current at distance x from the beginning of the ideal 
cable? 

7.17 An ideal cable of parameters r = 0.5 ohm/mile and c = 0.05 ufarad/mile 
and oflength s = 50 miles is terminated into a series combination of € = 10 ufarads 
and R = 1000 ohms. Obtain (a) the standing wave solution for the current for 
applied unit step voltage, (b) the voltage across the terminals of condenser C for 
a single rectangular pulse of 7 = 10% sec duration. 


Ö° GENERAL TRANSMISSION LINES 


As we can judge from Table 6.1, actual transmission lines or cables 
cannot readily be considered as either lossless or distortionless, even if 
practical loading has been introduced. This requires that attention 
be given to the more general treatment of transmission-line problems 
and in particular to the case of low but not negligible losses for power 
transmission lines, and to the case of negligible leakance for com- 
munication lines. 


8.1 Transmission Lines With Low Losses 


We return to the general statement of the Laplace transformed 
differential equations for transmission lines in section 6.3, restrieting 
ourselves to the initially de-energized line. From (6.21) we take 


en En 
0x 
ol(x,p) u 
— — er (g + Do)V (%,p) 
0% 


which we can combine for the voltage transform into the single, ordi- 
nary differential equation 


IE 
where we had defined in (6.24) 
1 
n? = (r + pl)(g + pe) = 3 [pP +3)” — e?] (3) 


Here, u is the velocity of propagation, ö the attenuation constant, and 
co the distortion constant, defined respectively by 
12) 
c 


Ile 2649) = 
} a Oz 


as repeated from (6.25). 
372 
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Let us now assume that the losses are small, so that we can expand 
n from (3) binomially as follows 


% % 
n-pva(1+2) ve -2l1+.2(5+2)] 
pl pe U BDNIE 


To permit this expansion we must assume that 


lplı 


where rl need only be the value along the path of integration for the 
inverse Laplace transform. If we shift this path in Fig. 1.11 far 
enough to the right of the imaginary axis, which we can always do for 
these passive transmission-line problems, then we can ensure that the 
preceding conditions are met. We thus have 


a 
Iple 


een (5) 
U 


Essentially, then, for low losses the propagation function is identical 
with that for the distortionless line in (6.35), assuring the same simple 
treatment of propagation problems as there. The characteristic 
impedance from (6.30), on the other hand, by the same expansion 
takes the form 


lH) lH rg] 
2.(142) 


which is remarkably different from the distortionless case, yet simple 
enough to encourage complete solutions. We can interpret this physi- 
cally as the series combination of the surge resistance, characteristic 
for both lossless and distortionless transmission, and a fietitious 
capacitance (', independent of the length of the line 


Ze 


Ze 


1 
Se 7 
Z.=R sc: (7) 
where (, is given by 
2 
C,=(eR)T=c- = Fe - (8) 
[05 a gR, 


Rs 
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This will introduce definite distortion in the transient response more 
in accord with observed data.* 

Suppose we apply directly to the infinitely long line a signal voltage 
vo(t). The transform solution is the same as (6.44), 


Be Vv 
Van) = Bee, In) - FOR @) 


giving the outgoing traveling wave. At the line terminals we have 
as the sending end boundary condition 


V(0,p) = £uo(t) = B 


which gives at once the only available integration constant. The 
voltage wave is therefore exactly the same as for the distortionless 
line in (6.45) 


2(z,0) = e ey ( _ ,) Bw z (10) 


U 


The current wave, however, will now not have the same shape as this 
voltage wave! Taking Z. from (6), we find 
p un 


RE e *Luold)e 


I(&,p) = (111) 


The inverse Laplace transform can be best obtained by separating 


p q 


pre p+o 


The first part gives identically the distortionless response, the second 
part can be identified by means of the convolution integral line 11 in 
Table 1.5. The result is then 


NE ee t 
: Ca x Cl 
iz,t) = a ( — 3) — ler R e IE m UN) ( — s e* dt (12) 
s s =. U 


As co > 0 we approach the solution for the distortionless line in (6.45) 
as it should be. However, in general there will be a noticeable dis- 
tortion of the signal current. 


*R. Pelissier, “Propagation of Transient and Periodie Waves Along Trans- 
mission Lines’’ [French], Rev. gen. elec., 59, 379-399, 437-454, 502-512 (1950). 
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To have a definite comparison, we might specify a simple rectangular 
pulse 
vol) = VnlS-ı(t) — S-ı(l — m] 


if r is the pulse duration. The Laplace transform is 
Vm 
Vo(p) = Fi derer) 


which we introduce best directly into (11) 


Ve 
I(&,p) = n,® Be 


The inverse transform of the simple rational fraction is found in Table 


1-e?") 


1.3, line 4; the exponential e ”“ means local delay caused by the finite 
velocity of propagation u, and e”?’ is the superposition of negative 
unit step at time 2 = r to shape the pulse. Thus 


nl) r Aal [9 ( _ :) - ih, ( a 3] 


(13) 


The current pulse is therefore exactly like the response of a simple 
R-C circuit to the rectangular voltage pulse as shown in Vol. I, Fig. 
5.9, for the first period T. For a periodic succession of pulses, Fig. 5.9 
would give the identical response at any fixed x, with time origin 
defined by £ = x/u, the arrival of the first pulse front, and with a 
vertical scale exponentially shrunk as indicated by e”?(«/»,. It is impor- 
tant to observe that the attenuation along the line is given by ö as one 
would expect, but the local time constant for the current response is 1/o. 

For the finite line with low losses, we can readily expand the complete 
solution into traveling waves exactly as we did in (6.51) and (6.52) for 
the lossless line, making the same adjustment of p to p-+ ö in the 
exponential terms and taking Z. from (6). For the Laplace transform 
of the voltage we thus have 


Ds E a 28 —x ee 
— —_ £rli)(e Ve % — pe ue u 
Ze > Zo 


_ ) —— 


V(x,p) = 


_.2t2 ne 
N ee 0 


For the eurrent transform we divide by Z. (omit it in the first numer- 
ator) and change all negative signs to positive ones. The reflection 
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factor at the receiving end x = s becomes 
[02 
Tor =" Z 12%: tE 
ZU + Ri 
Pia = 
Zi R.+ Zu + But 


where the first terms in numerator and denominator are the same ones 
as for the distortionless line. In fact, we might approximate to first 


order in p! 
Rs: - Z 27; ) 
1 en ge sn 14 
Piz R, 2. Ra (1+2 az R; Ay 7 pP) ( ) 


to bring out the correcetion to the distortionless case. If we take the 
same example as in section 6.6, Zo = Zı = zR,, we obtain 


Let us now apply a step voltage V„/. The first outgoing voltage 
wave will be identical with solution (6.55) for the distortionless case 


2oV. _e 
va) = "e ug, ( 3 .) 


The second wave, or first refleeted wave, in the distortionless line 
was a replica of v|, but of relative magnitude $ because of p; = 3 and 
the appropriate further attenuation. For the line with nonnegligible 
losses we now get for the Laplace transform of the second wave 


V}(x p) Se 2 Ym Fa Cie z)/u ep (235=2)/u (1 Se 5) 
’ = p 

We thus have the first part of the inverse Laplace transform identical 
with (6.56), but we need to add another term 


u en ( E 25 — ) ug, ( # 25 — \ 
27. u 2 U 


which makes the total voltage wave va(x,t) appear linearly decreasing 
from the initial value which remains the same as in the distortionless 
line. Obviously, the third term from (6.51), the reflected wave at the 
sending end upon arrival of va(x,t) at x = 0, will have the additional 
factor 


q 


po(P) = 


Be 
3 


en 
>u 
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The first term simply reproduces va(z,t) with reduced magnitude; the 
second factor constitutes an additional distortion term which can easily 
be interpreted as integration in time by line 4a of Table 1.4. This 
results now in a parabolic variation in time. 

The successive reflections thus produce increased distortion, explain- 
ing the experimental results from oscillograms of traveling waves on 
lines in rather simple fashion.* In the same reference, the influences 
of skin effect and corona are also studied by introducing a term 
2nl Vp added to the resistance r of the line, where n is a constant and 
l the inductance per unit length. This results then with the same 
degree of approximation as in (5) in the final form 


n=[@+)+n Vn] 


leading to solutions quite similar to those we found in the ideal cable, 
though now with genuine propagation effect. For the infinite line, the 
voltage transform from (9) is modified into 


Bun, 
„vo 


V(z,p) = Be "we "we (15) 


for which we can readily find the inverse transform. Assuming again 
a step voltage V„I applied directly to the terminals of the line so that 
B = V„/Pp, we first evaluate the inverse transform of 


This is the same problem as (7.10) for the ideal cable and has the solu- 


tion (7.45), namely 
nn % 
N ee 
ö ( 2 7) 


represented graphically in Fig. 7.4. The complete inverse transform 
to (15) is then 


RR 2 = 
v(lz,t) = Vme *"erfe 6 5 Ir) iz : (16) 


We have attenuation as in the distortionless line, and direct propaga- 
tion of the shape of Fig. 7.4 along the line. The wave front of the 
abrupt step has been transformed into a gradual rise, as borne out by 
experimental evidence. 


* Pelissier, op. cit., pp. 393-396. 
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The solution for the current will be more involved because of the 
characteristic impedance Z. which is also modified by the influence of 
the skin effect and can be approximated by 


co n 
ren 
( 


8.2 The Infinitely Long General Transmission Line 


For the general transmission line it is necessary to solve the trans- 
form differential equations (1) in full generality. This requires the 
complete solution for either voltage or current transform of the second- 
order differential equation 


d’F 
ED ran) an) 


with n? defined by (3) without further simplifications. For con- 
venience, we choose first the infinitely long line and apply a step 
voltage to it directly across the input terminals. The general solution 
of (17) for the voltage transform gives as in (6.27) 


Mirpie sen bee (18) 


and for the current correspondingly as in (6.29) 
1 2 
Ip) = (Act + Be”) (19) 


We still will write the propagation function n(p) as in (3) 


ee (20) 


U 


presuming that the essential meanings of u, ö, and o remain the same as 
originally explained in section 6.3, following (6.32). The character- 
istic impedance will have the general form (6.30) 


+ pl 1 7 6’ 
Ze NE &> 
g + pe CE D 0 GE De 


where 


=ös—-o (22) 
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We assume that n has a positive real part 
1 
Re (n) = Re = (pP +9)’ - 0% >0 (23) 
i.e., we select the positive root so that this is the case. Then we have 
assurance that the solution for the infinite line must discard the first 
terms in (18) and (19). The boundary condition at x = 0 is satisfied 


by identifying V(0,p) with the Laplace transform of the applied 
voltage, which we chose as vo(t) = Vnl 


De = 


We thus have the final solutions for the respective Laplace transforms 


V(&,p) = e exp \- Y @+ 9° - 7) (24) 


and 


exp [= V@ +6)? — 2) 
Voroaeo 


(25) 


Vn 
I(2,p) = u Be (g + pe) 


where we used the last form of Z. in (21). 

Though (24) looks like the simpler form, we actually can find the 
inverse Laplace transform more readily for the last factor in (25) as 
we will show in section 8.3. Indeed, we have from pair 3 in Table 8.1 


Er ENDE 
= Bene ea], [x -_ (2) | = W,;{t) De n (26) 


[p + 8° — 0°)% 


Io(y) is the modified Bessel function of first kind and zero’th order, 
related to the ordinary Bessel function by 


Joliy) = Ioly) 


This relationship is very similar to that existing between trigono- 
metrice and hyperbolic functions, as, e.g. 


oO 
I 


d d . 
9 = -Jı(y) en coy= — sıny 


Jo(liy) = Ioly) cos jy = cosh y 
Jılay) = JIıWy) sin jy = j sinh y 
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LAPLACE TRANSFORMS OF BESSEL FuUncTIons (WAVE PROPAGATION) 


No. 


1 Jo(@ Vi2 — 02) 


2 Iolo VIE — (2/2 


Time Function 


3 eötJole Vi? — (z/u2] 


4e 2 Ilka VER (2/u)2] 


el) 


eröt 


+0 


Iole Vi? — (z/u) 2] 


z er: —Ue/R)2 


+ ll Er 
= — ie De 
a ae ae 


Related Functions: 


11 Jolat) 
12 Io(ot) 

13 Jola Vi) 
14 Inte Vi) 
15 eötJo(at) 


16 eötJo(et) 


«(%) 


e-dt 


General Formal Relations: 


2a 8. (--:) 
u 
22 f (: -:) 
u 


23 erötf(ı) 


(z/u) ?) 


Laplace Transform 


exp(-0 Vp?+ ca?) 
VpP+a8 


exp(—z/u V P2— 0?) 


Vp2-oR 


expl—z/u V (p+ 8)2— 02] 


Vo+9:- 0: 
exp[—/u V’p(p + o)] 


Voß+ta) 


exp -: Verse] 
u 


p 


1 
Vpr+ ar 
SERIE 


Vr-e 


(-3) 
=(+) 


ner 
1 


Vo+9:- or 


exp 


1 
VrVo+a 


Lon| -2vo+ | 
u 


Notes (Reference 
Eag.) 


Same as 2 with 
a=jo,t>ı/u 


Same as 3 with 
ö=0,t>z/u 


t>z/u, (44) and 
(41) 


Same as 3 with 
ö+e=«a and 
ö—-o=|(, 
wheret > 0 


Time derivative of 
6,8 2 z/u 


t > z/u, (31) 


Table 3.1, no. 2 
(33) 


Table 3.1, no. 12 
(39) 


(40) 


Same as 13 with 
a=jo 


(11) with (23) 


Same as 15 with 
a= je 
Same as 16 with 


öto=a, 
ö6-co=0 


= £S-ı(d) 


3 I 


Fop) = £fO 
F(p) = £O 
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This is borne out also by comparing the power series developments 
given in section 8.3. We thus expect that the time function (26) will 
start from value e”‘ and either increase to a maximum and then 
decline to final value zero as > ® or directly decrease from its 
initial value depending upon the relative values of ö and o. To 
demonstrate the behavior for i— » we utilize the asymptotie develop- 
ment of the modified Bessel function* 


x 2 e?! 
lım‘’ Io l: je ha & | — lim Io(ot) ee (27) 
Do U to Inot 
Introducing this into (26), mindful of the definitions of ö and o in (4), 
we obtain 
g 
ent oe: 
lim WW.) = ie 
too Virst V 2rot 
Even if we should haveg = 0, i.e., no leakance, the asymptotic behav- 
ior is defined by i*. 
The complete solution for the current can now be obtained from 
(25) with (26) and interpreting the second term in 


—0 


u ce. 
-(g+ pe) = | Be ren 
D g+P» \ 5 
by Table 1.4 as definite integration. The result is 


vr [ , a6 
; = —_- V Ww;() dt >= 28 
ia) = 7, Wed + Um |, „We >2 (8) 
The second term is directly proportional to the leakance g which is 
normally quite small so that for most practical applications we can dis- 
regard this integral and write in good approximation 


N) 
it) = een E je = (2) | > - (29) 


63 


An oscillogram at a point x, will then show at time t, = xı/u a sudden 
rise of current to the value 


z7ı 

— d— 

i(zı,tı) = ne Ki 
8 


*T, Kärmän and M. Biot, Mathematical Methods in Engineering, chapter II, 
particularly p. 61, McGraw-Hill, New York, 1940. Also E. Weber, Blectromagnetic 
Fields, Vol. I—Mapping of Fields, Appendix 5, Wiley, New York, 1950. 
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which itself decreases exponentially along the line. Fig. 8.1. shows 
this exponential e””' and three current curves computed respectively 
at x = 0, the terminals of the line, at an arbitrary distance x, and at 
twice that distance. For these computations we assumed o = ö or 
g = O for simplieity. It is evident that for ö(xı/u) < 2 the exponen- 
tial function predominates in (29), and that for ö(xı/u) > 2 the Bessel 
function dietates a current rise above the initial surge front. For 
ö(zı/u) = 2 we have nearly constant value up to ö(xı/u) = 4 and then 
a slow decline Teables for the function Io(y) = Jo(jy) are given in 


Fig. 8.1. Current response to a step voltage of a transmission line with g = 0, or 
e=Öd,. 


Jahnke-Emde and McLachlan.* Because o = ö is the largest value 
that o can attain, as seen from definition (4), in cases where o < ö the 
current response will show a quicker decline than given in Fig. 8.1. 

Returning now to the voltage transform solution (24), we observe 
that, using the notation of (26) 


en 
dx u 


This differentiation is quite permissible because the exponential is a 
continuous function of x. This permits us now to interpret the 
inverse Laplace transform of (24) as the time integral 


i d ( =) 
ee = —] u 
Dat NV " ug 12\0 e di (30) 


*E. Jahnke and F. Emde, Tables of Functions, 3rd edition, pp. 226-232, Dover 
Publications, New York, 1943. N. W. MeLachlan, Bessel Functions for Engineers, 
Oxford University Press, England, 1934. 
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With proper care, we can interchange the differentiation d/(dx) and 
the inversion of the transform, i.e., we can differentiate W,(t) from (26) 
with respect to x. The curves in Fig. 8.1 show a sudden rise at the 
local arrival time-of the current wave. The derivative of (26) must 
therefore show an impulse function at i = x/u, so that we obtain 


reale Ol, 


The derivative of the Bessel function leads to 


d 2 2 Le 

2. ee 

da u u IvVEZ @pu)? 
This must be introduced into the time integral (30). We observe that 
the term containing the unit impulse becomes 


Be ( ru 2) 
U 


because the unit impulse occurs at t = x/u. The Bessel function is 
subject to the same restriction as W,(t) in (26); it has zero value for 
t < x/u so that the lower limit in (30) should be replaced by x/u. The 
total result is thus 


= 1% 
Mole Va ( _ y 


ee 
leere 2 r ura(>l) 


The physical interpretation of this solution is interesting. The first 
term is quite obviously the identical solution for the distortionless line 
given in (6.45) and found again for the line with low losses in (10). 
The second term explicitely describes the effect of o # 0. The voltage 
rises above the value of the initial wave front and has a final value that 
is defined by the steady-state leakance along the line. Ifg = 0, then 
the voltage must ultimately reach the uniform value V„ all along the 
line. We can readily verify this by using the general relation 1b from 
Table 1.4, namely 


v(,0) = lim pV(x,p) = Vme-=/uV#=# = V„ exp (- z \ ) (32) 
p>0 uNVe 


For g £ 0, we have an exponential steady-state distribution of the 
voltage along the line; for g = 0, we have, v(2,©) = Vn. 
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The exact evaluation of the integral in (31) can only be done graphi- 
cally or numerically. Approximate forms of the voltage build-up are 
indicated for g = 0 in Fig. 8.2 for the same points along the line as the 
current responses in Fig. 8.1. It is impressive to observe the very 
slow build-up of the voltage at distant points along the line. Similar 
graphs are given for different conditions in Carson,* who also was the 
first to give the complete solutions (28) and (31) though by a different 
method. Theindicial admittance for the line without leakage in (29) 
had been given by Heaviside.} 


x=0,sending end 


ol=15 


0 il 2 3 4 5 6 M 8 9 10 


Fig. 8.2. Voltage build-up along a transmission line withg=0,ors =öin 
response to a step voltage applied at the sending end. 


Based upon the solutions for the unit step response, we can find the 
solutions to other voltage or current forms by means of the super- 
position theorems in Table 1.5. However, most of the necessary 
integrations cannot be performed in closed form, underlining the 
advantages gained by the simplifying assumptions treated in the 
previous sections. 


8.3 Evaluation of Contour Integrals Involving Bessel Functions 


We demonstrated in section 3.7 that the Laplace transform of the 
simple Bessel functions of the first kind could be obtained as a solution 
of the Laplace transformed differential equation of the Bessel functions. 


*J. R. Carson, Electric Circuit Theory and Operational Calculus, chapter VII, 
McGraw-Hill, New York, 1926. 

t1J. R. Carson, “Theory of the Transient Oseillations of Electrical Networks 
and Transmission Lines,” Trans. AIEE, 38, 345-427 (1919). 

1 Oliver Heaviside, Electromagnetic Theory, Vol. I and II, E. Benn, London, 
1893; also Dover Publications, New York, 1950. 
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We take as a result from Table 3.1, line 2 
1 


Vp?+o? 


Joule) = 
or reversely 
il eh dp 
e 


ee RE Er EEE 
ol Me Vp: Serge A a2 


defining the zero’th-order Bessel function in terms of the inverse 
Laplace transform integral. The integrand has two branch points 
located at p = +je as shown in Fig. 8.3. For the evaluation of the 


g-plane 


(= -m/2) 
D=ea7]2 


(a) (b) 


Fig. 8.3. Path for the inverse Laplace transform leading to Jo(ol). (a) p-plane, 
branch cut extends from —jce to +je; (b) q-plane, eircle|q| = ais conformal map of 
the branch eut. 


integral we utilize Cauchy’s integral theorem as we have done in the 
review section 1.4 as well as in section 7.1 for the ideal cable solution 
involving a single branch point. We can complete the regular path C 
of the inverse Laplace transform by the dotted boundary over the 
quarter circles DE and HI and the parallel lines EF and GH, leading 
to the contour around the branch cut. The entire closed line integral 
gives zero value because no other singularity exists except the two 
branch points which have been exeluded. We have shown in Vol. I, 
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section 5.8, that the contributions over the very large circular arcs 
vanish for any proper fraction of rational functions. If we let Ir| be 
very large in the integrand of (33) we see that it approaches the form 
of the inverse transform of unit step so that we can make the same 
supposition. Actually, the two parallel paths EF and GH lie in an 
entirely regular region of the integrand so that their combined con- 
tribution must also be zero. This means then that we can replace the 
conventional path C for the inverse Laplace transform by the contour 
around the branch cut but in reverse direction to that indicated, since 
we want to call it an equivalent path to €. Other equivalent paths 
exist as shown by MeLachlan,P!3 p. 57. 
We can transform the integral (33) by the change of variable 


g=4(p+ Vp’+o) (34) 


where tis a real parameter, usually time in our own applications, and 
q a new complex variable with the derivative 


1 2 n Bee. 2 
a = (14 ZI). = — —— (p+ VpP+od)d 
2 VP+o z 2 Vp +0? ä z ne: 
or also with (34) 
dq dp 
GN es 


The exponent in (33) becomes from (34), upon separating the square 
root and squaring both sides 


pr =q4- (35) 


Aq 
The limits can remain the same, because for p very large 


Img=z2tp+p) = pt 
p>?%» 
and since t is real, we have essential identity except for scale. 
The equivalent integral is thus 


Beraten), Jo(ot) (86) 


m 


with m a real positive value. This integral is not of the Laplace type; 
it is to be performed in the g-plane along a path roughly the equivalent 
of € in Fig. 8.3. In the inverse Laplace integral we had assumed 
Re p > 0 and the same will be true of the corresponding path in the 
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q-plane. As we see directly from (34), we willhaveReg > 0. This is 
important because the new integral (36) has a pole and an essential 
singularity atg = 0. 

To be more accurate, we need to consider the conformal trans- 
formation* from the p-plane to the g-plane defined by (34) and (35). 
If we write q in polar form 

q= re? =rcosp + jr sing 
and substitute for pt = w for simplieity of writing, then (35) gives 


LER 1 
= ut = rose +jsine) - (%) „ (eos p = j sin e) 


Separating real and imaginary parts and using ot/2 = a, we obtain 


a? 
uv=\r—- —-)coso 
M 
NE 
VE ln sine 
m 


Thus w (g) transforms circles in the qg plane into ellipses in the 
w = pt plane, as we see by eliminating p in (37), 


The major axes m, of the ellipses are along the v-axis in the w = pt 
plane, the minor axes m, are along the u-axis, of magnitudes 


(37) 


a? % 
ON NR a 
1: 12 


and the distances of the foci from the origin are 
m; = + Vm? - m? = +2 = +ot 


independent of the radius of the circle in the g-plane. Thus, the 
ellipses are all confocal, and the two branch points in the p-plane +jo 
become the foci +jet in the w = pt plane. 

The eircler = a is a singular one, having the branch cut as its con- 
formal map in the w-plane. All the points inside the circle lal = nl 
one leaf of the w-plane. All the points outside the cirele |q| = «a fill the 
second leaf of the w-plane, and both leaves are connected only along 
the branch cut. Thus the point w = pt— » remains separated in 
the two leaves, substantiating that we can retain the same limits in the 

* E, Weber, op. cit., pp. 319-320. 
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transformed contour integral (36). To relate points along the cirele 
lal = a to corresponding points in the w-plane, we need to also elimi- 
nate r from (37) which leads to 


2 2 
re 
cos £ sin 
ee 
2a sın o 2a COS £ a 


the normal form of the orthogonal family of hyperbolas. We can thus 
follow through the variation of 0 < g < 2 along the branch cut for 
which u = 0, so that 


or, if we prefer 


v= 2asin p, u=o 


The branch cut appears exactly as the compressed circle of the g-plane 
with 2 = + (r/2) corresponding to the end point of the branch cut 
and with 2 = 0, + being the opposite point at the origin O. 

To judge the path of integration in the q-plane we observe that we 
have committed ourselves to reach m + j» in (36). This can be done 
only if we select the branch al > a and thus path C’ in the z-plane 
which can be computed from (34), inserting p=c-+ jo Now we 
could eontract this path into the eircle |q| = a, remaining on the outer 
rim of it, because there is no singularity of the integrand (36) at 
la| > a. If we write along this circle 


= ae, dq = jae’* de 
we can transform the integral (36) further with 


a? 


q- — = ae? — ae’? = 2aj sin p = jet sin p 
into the form 
1 2r 
5 N : exp (jot sin 2) de = Jo(et) (38) 
Ei 


which is a standard integral definition treated in advanced books on 
Bessel functions.* Similarly, integral relations can be deduced for 
higher order Bessel functions, as well as for the different kinds.} 


*R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. I, chapter 
VII, section 2, Interscience, New York, 1953; G. N. Watson, A Treatise on the 
Theory of Bessel Functions, Cambridge University Press, England, 1922. 

TN. W. MeLachlan, loc. cit.; also E. A. Guillemin, The Mathematics of Circuit 
Analysis, chapter VII, article 16, Wiley, New York, 1949. 
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Returning to (33) and (36), we see at once that a change from o to 
Jo produces very simple changes in the integrands, but leads to the 
modified Bessel function of the first kind 


Jo(jet) = I Be Rio dp 
er ze 


hr exp (a + — (89) 
2mj M—j © 4q q 


The contour integral (36) is a particularly good form to introduce 
various arguments of the Bessel function. Thus, we see readily that 


3 1 [mtie 2 
vo = | exp (2 - 2) 


27) Jm-i» Ag/dq 


This integral can be converted into the Laplace form by the very 
simple substitution g = pt, which leads to 


R m+j» 2 2 
Jo(o 2) ae | exp (o _ a eu teren = =) (40) 
p/ p 4p 


2m] M—J»2 


The verification can be had by expanding Jo(o vV t) into its Taylor 
series and taking the Laplace transform term by term. 

To find the inverse Laplace transform (26) which we need for the 
current and voltage solutions, we introduce into the inverse Laplace 
integral 


een Morde) 
2m Je-i= V(p+9°-o? 


er! dp (41) 


new variables similar to what we did in (33). First, we simplify by 
definngp+tö=p 


—öt c+j® , > —; d 
e An : p 
—- eX DEN ?) e 
27] Je-je» z (+ u Vo? —.g2 


Then we use, in analogy to (34) 


g= (: - 2) ve) (42) 


so that 
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By inversion we obtain 


2 

q o & 

= — —_— — 4 
p Sl ) (43) 


U 


The exponent of the exponential becomes, if we use (42) for the square 
root term 


z/ 29 u &\_ 2(x/u) 
a ge: - (143) Fe 


Inserting p from (43) we observe that its first term combined with the 
second term in this last line gives simply g, so we arrive at 


+2[e-@] 


and find the integral form 


= ler ze O8 ale] 
ee exp e+ 56 n : Bl OEN = 

(44) 
which we identify from (39) quite readily. We have thus demon- 
strated in accordance with McLachlan,P13 p. 217, the validity of (26) 
and can further verify it with integral relations given in Watson;* see 
also Doetsch,P5 p. 377, or the Campbell-Foster tables,E! pair 860.0. 
The actual evaluation of integrals of this type is rather involved and 
often leads to saddle point integration; see references by Courant- 
Hilbert, Watson, Guillemin, loe. cit. 


8.4 Response of the Infinite Line to a Sinusoidal Voltage 


Suppose we first consider a transmission line with low losses and 
apply directly at its sending end terminals a sinusoidal voltage 


vo(t) = V„ sin (ot +Y) = Im (Ve’“) (45) 


As we have shown in (10), the voltage wave will progress without dis- 
tortion, so that the solution is at once 


va) =e vo ( - | 
u x 
E>- (46) 
en E ( — 2) +Y | 4 


*G. N. Watson, A Treatise on the Theory of Bessel Functions, p. 416, Cambridge 
University Press, England, 1922. 
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The current wave, however, will suffer distortion because the char- 
acteristic impedance is frequency dependent as evident iin (6). Wecan 
use the complete formal solution (12) for the current, the first term of 
which is the undistorted wave, whereas the second term requires 
integration, which gives with the complex notation from (45) 
t £ = 7 R z 
Im yer(e-3) e" di = Im Ya ee) eo 


t=z/u [02 + Jw 


Upon rationalizing and taking the imaginary part only, we get 


eaehultdel-eleld 
FEN les +Yy os ee +Y 
— (s siny — w cos ve) (47) 


so that the complete current response becomes 


: 2 ve, 2 % x 
iz) = je) n m a BE) nn me 0 Venem cos E ( = 5) + ‚| 


Bear: 


= siny — w cos Da) (48) 


To simplify this form we have combined the first term in (12) with the 
first term of the integral as we take it from (47), giving the total 
in-phase steady-state current response; for o = 0 it reduces exactly 
to the distortionless response in section 6.7, which then becomes the 
total response here also. In the second term of (48), which comes 
from the second term of the integral as we take it from (47), we have 
introduced the fietitious series capacitance of the low-loss line from 
(8), C; = (oR,)', so that it exhibits the exact form of the quadrature 
current in a parallel admittance branch. The last term in (48) con- 
stitutes the local transient caused by the arriving voltage wave because 
of the apparent “termination’” into the characteristic impedance Z. 
from (6) or (7) since we are dealing with an infinitely long line. 

We recognize this analogy readily if we actually apply the voltage 
(45) to the series combination of R, and (', as shown in Fig. 8.4. For 
the lumped circuit we have in Laplace transforms combined with 
complex notation 

V 
p — jo 


BR, )\10)= 76) - 
( =) j 


where V = V „e’’ with y the arbitrary switching angle. The inverse 
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Laplace transform gives the current in complex notation 


Par .B, 


1% 
ale 6 
a“ b% p-jupta 


with & = (R,C,)"', the inverse time constant of the circuit. We 


rn) 


| 
| u(x,t) 
| 


®@ | (b) 


Fig. 8.4. Local equivalent circuit for thelow-lossline. (a) Lumped circuit equiv- 
alent with ? = t — (x/u); (b) actual transmission-line quantities. 


apply the superposition from line 13, Table 1.5, and obtain after 
rationalization 


i (0 v(t) a? 
id) = ee + ae wCV „cos (wt + Y) 
& Um De 
ne — wcosy)e“ (49) 


This solution is identical in structure with (48) and can be made 
identical in detail if we replace 


v() by eo ( = 2), from (46) 


x 
Dehvyat 
u 


which means we interpret t as the local time counted from the arrival of 
the voltage wave, which isundistorted but attenuated byexp[—ö(x/u)]. 
The distortion constant o is actually the inverse local time constant. 
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For the general transmission line we cannot proceed so simply. We 
need to start with the general Laplace transforms of voltage and current 
given in (24) and (25), respectively, replacing there the Laplace trans- 
form of the step voltage V„/p by that of the sine wave. In complex 
notation we obtain, e.g., for the current (25) 


12 
- un I;(x,p) => er p_ 
p — Jwo Vv. PRO 


Ip) = I;(&,p) (50) 
where we used wo for the applied angular frequency and where we 
designated the exact transform (25) by the subscript © to suggest the 
nature of “indicial” response, i.e., response to standard unit step; see 
Vol. I, p. 173. If we define V = V„e’’ as we usually have done, we 
can simplify to the last form in (50). 

We now have several possible lines of attack in (50) to get the inverse 
Laplace transform, but few are really practical. We could first of all 
apply the superposition theorem 13 of Table 1.5 since we know the 
inverse Laplace transform of /;(x,p), either in the complete form (28) 
or in the approximation (29). Unfortunately, the resulting integral, 
even if we take (29) for simplicity 


t 2 
j a E N _ (2) | e ser dr 
r=z/u U 


cannot be evaluated in closed form. For very small values of time 
we could use the convergent series expansion of the Bessel function* 
2)7 2 2)8 

However, the integrations are still quite formidable and not obtainable 
in closed form either. Though for large values of time we have the 
comparatively simple asymptotic expression (27) for the Bessel func- 
tion, we can use it only at the large values of t and thus are still faced 
with the same integral as above for the smaller values of t. 

If we write out the inverse Laplace integral for (50) with (25) we 
have, again in complex notation 


% 


c+j% u 
u g-+ pe e 
TER = Evmer | Sa ua) 52 
ar 2m) ; ec g2 052100 Q p ( ) 


where Q@ is defined in (26). This integral has branch points at 
Aal p= te -d5= -g/e, —r/l 


* See references on p. 388. 
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both located on the negative real axis so that they define the branch 
cut indicated in Fig. 8.5. In addition, the rational factor contributes 
a pole at p = jo, which we must accept in the branch where we select 
the path of integration in order not to loose the contribution of the 
steady-state response. The closed line integral over path C, the 


Fig. 8.5. Singularities of the integrand in (52); current response of infinite line to 
sinusoidal voltage. 


dotted lines, and the contour C’ around the branch cut thus result in 
the residue at the pole p = jwo, which is 


en 
CE 
ee ot 


UV me’’(g + jwoc) 
with 
2 . 2 2 . INT: % 
I" = (70 +2) 0 — (ia +2) (io +2) 


We can rationalize this as the steady-state response 


? Vs (g/c)” + wo-\” ale) . 
le ı . m ter) er * sin aid Bee 


(53) 


where we defined the steady-state propagation function 


| 


T = al) + jB(wo) (54) 
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in terms of attenuation and phase functions. The phase angle (wo) 
arises from the steady-state characteristic impedance 


Zr ( an y r + jwol 
z g 2 Jwoc 


g + Jwoe 
which we could have introduced directly into (53). The amplitude 
of the steady-state current decreases exponentially along the line. 
Returning to the total expression (52), we can now write 


$ = ill) = E z I + Je tr Jeura 


so that the inverse Laplace integral reduces to 


eo (56) 


i.e., the steady-state response from (53) and the reversed contour 
integral C’ around the branch cut. We remember that this is in com- 
plete accord with our discussion of the simple inverse Laplace integral 
(33) which we could replace completely by the reversed contour 
integral around the branch cut in Fig. 8.3a. But the evaluation of 
this contour is not simple, in fact, cannot be done in closed form. We 
could try to expand the exponential in (52) which we could do only 
around the origin, where pl is very small; this would lead to an 
asymptotic expansion in the time variable as discussed in sections 7.3 
and 7.4. However, the evaluation of the integrals, though possible, 
is quite awkward and unrewarding. 

Since direct integrations are difficult in this case, we might proceed 
with Carson* and write the integrand in (52) in the manner indicated 
in (50), namely 


1% 


eir@o) (55) 


c+j% 


i(@,t) = ev RE Aue I.(&,p)e®' dp (57) 
2#) Je-je PD — jwo 


If we now expand the first factor under the integral sign into a Taylor 
series 


u 
O-W 


then this series will converge as long as \p/oo| < 1. Actually, looking 


*J. R. Carson, Blectrie Circuit Theory and Operational Calculus, chapter VII, 
McGraw-Hill, New York, 1926. 
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at Fig. 8.5, any such expansion can be valid only for |»| <g/c or 
|p/wol < 1, whichever is smaller. This means that expansion (58) 
will lead to an asymptotie development of the time function valid for 
t—> ©. We can now readily interpret each of the positive powers in p 
as differentiations of the inverse Laplace transform of (25) which we 
have found in (28) or in approximate form in (29). Though we 
should, in accordance with line 3, Table 1.4, add the function and 
derivative values at { = 0%, we can dispense with these here since we 
are only concerned with values of the function for large {. We thus 
can write for (57) the series 


D 
00 = er |;(t BER ä 12:09 Beil, ) 
; nl Kent 


ed ind: )| | 
u (4 de re la 3 a 


All the differentiations are to be performed on either (28) or (29), 
whichever we prefer to use. If we take for simplieity (29), and replace 
the Bessel function at the same time by its asymptotic form (27), so 
that 


Veen 
Rs V rot 


we can perform the differentiations with less cumbersome detail. 
After ordering and rationalizing, the final result for the imaginary part 
of (59) becomes 
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We clearly recognize the asymptotie character of this development 
which gives good results for t sufficiently large. A particularly simple 
form is obtained for the nonleaky line with g = 0, whereö = o =r/l 
andy = 0. In this case 


Vm 
0) = R. (2ret)*, ei, t large 


so that the differentiations lead to the series 


va E an 
RR, Vorot (2wot)” (2wol)* 


4(@,0) = 


zu. 0 
(2wot) ” 


ER ( 1 1-3-5 
— [6} ——— __. 
wol (2wot)? 


+ ++ (-1)* 


E= ee A re ler . +) 


(2wot) 2n+1 


We see that the a-c transient is definitely smaller than the d-c transient 
for large values of time. We can also judge that the asymptotie series 
have their smallest terms when 4n = 2wot. 

We have carried with (59) and (60) a subscript £ to the current with- 
out explanation. It should perhaps be obvious now that expansion 
(58) is about the origin p = 0, and therefore cannot include the con- 
tribution of the pole p = jwo. The total current response for t large 
must therefore be given by the sum 


18) = tell) 7 ul,) t large 


of (53) and (60), respectively. We also remember that in section 7.4 
specifie mention was made that an asymptotic expansion cannot 
portray any oscillatory behavior of a function at large values of time. 

T'here is no room here to discuss in detail the a-c steady-state solution 
(53) for the current, or 


“ sin [wot + % — B(wo)] (61) 


z 

deslt,t) = Vme % 

for the voltage. Many of the references in section C, Appendix 3, give 
rather extensive treatments of the steady-state behavior of transmis- 
sion lines; see particularly Guillemin,©5 for careful discussions of 
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approximations and Carson and Hoyt* for a detailed analysis of the 
propagation functions for systems of parallel wires. 
85 The Finite General Transmission Line 


The complete formal solution for the transmission-line voltage and 
current transforms with arbitrary terminations at both ends as sym- 


vu(t) 


x=0 x=S$ 
Fig. 8.6. The general transmission line terminated at both ends into arbitrary 
impedances. 


bolized in Fig. 8.6 was deduced in section 6.5 and we repeat here (6.4) 
and (6.48) 


Z. er? — p e 7 (23x) 

Be ee N) (62) 
1 NE —n (2s— x) 

ee ALT KO) (63) 


Ze+Zo 1- pome””" 
where the eurrent reflection eoefhicients at the two terminations are 
given by (6.46), namely 

Ze = Zo Ze Fr Z: 
Feder 


The voltage reflection coefhicients would be the negative values of 
these. 


For the general transmission line, the propagation function n(p) as 
well as the characteristic impedance Z.(p) are irrational functions of 
p, given specifically in (20) and (21), namely 

n? = (r + pl)(g + pe) = lel(p + 89° — 0] (65) 
r+pl Ip-+r/l 20 
g+pe ep+g/e (g+2e)’ 


where the various forms are useful in specific applications. 


po (64) 


Zar (66) 


*J. R. Carson and R. S. Hoyt, “Propagation of Periodie Currents over a 
System of Parallel Wires,’ Bell System Tech. J., 6, 495-545 (1927). 
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Because of the irrational nature of the characteristic impedance, 
it is impossible to provide “proper” terminations with lumped- 
parameter networks, i.e., complete matching of terminal impedances 
over finite ranges of frequencies. This points at once to the difieulties 
which are encountered if we try to find rigorous solutions in the 
general case. 

Traveling wave expansion. We can of course expand in a 
formal way solutions (62) and (63) into the infinite series of exponential 
functions as we did in (6.51), though we must examine carefully 
whether we can satisfy 


a er (r EE pl) FF ZoZi(g Sr pc) ST n(Zo Sr Zı) 


N | 
(r + pl) + ZoZılg + pe) + n(Zu + Z.) 


Ipopıe 
(67) 


where the product pop: was formed with (64) using also (66) in order to 
show the explicit dependence on n. We can be quite sure that 
Ren > 0, because we make this the choice in the solution of the 
infinite line, as we pointed out in (23), and we can choose Re n large 
enough to guarantee (67) by choosing our path of integration far 
enough to the right of the imaginary axis of the p-plane. If we 
are then entitled to expand binomially, we get for (62) and (63), 
respectively 


c 


V(z,p) FE Er = De es pope "2st2) 
N ey 

1 
Ip) = 7, z, wÖt++++tt (69) 


where we indicate in the current transform that the bracket contains 
the same terms as the voltage bracket, but all with positive signs. 
This expansion leads obviously again to the concept of traveling waves 
along the finite line; in fact, each exponential in (68) has the exact form 
and therefore the identical inverse Laplace transform, line 5 from 
Table 8.1, replacing x successively by (2s — x), (2s + x), etc. The 
complications arise, however, from the associated factors if these are 
functions of p. Unfortunately, it does not help here to take pure 
resistance as terminations. 
The only simple solutions exist if we take 


Zo — 0, Zi — 0, 2) 
so that 
p-|1, Berl-l 
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If we then also take for the applied voltage the step voltage V„I, we 
see that we can write the voltage solution in terms of the solution for 
the infinite line (31), which we might now designate by v,(x,t). Thus 
with upper signs for the short-eircuited and lower signs for the open- 
circuited line 


v0) = r,@,) Fv.@2s - 20) +2,@ + 30) —2,(ds =) 
+v,4s +2) FF‘: (0 


Each voltage wave is a function of time at any location x of the kind 
shown in Fig. 8.2 where we had assumed g = 0, sothatö =o. Each 
wave “arrives” at the local starting time which is x/u for the first, 
(2s — x)/u for the second, (2s + x)/u for the third, ete. Since the 
waves attenuate continuously during their travel, we can build up with 
comparatively few terms the complete solution. There will, of course, 
be considerable distortion caused by the reflections at the ends. 

For the current we find the same situation with the same assump- 
tions. Designating solution (28) or (29) with :,(x,t) analogous to the 
voltage above, we have here with proper attention to the signs, upper 
for short- and lower for open-circuit of the line 


ia) = ia) Ei,(28 — z,t) + 1,(2s + z,t) + 1,(4s — &,L) 
+:,4s +2) +: °: 


and each individual wave is of the type shown in Fig. 8.1. 

For any termination other than Oand » as well as any voltage other 
than the step voltage, we are often faced with the very unpleasant task 
of using the general superposition integral from Table 1.5 which can be 
evaluated only by numerical or graphical means. This requires first 
the evaluation of the inverse Laplace transform of the reflection coefh- 
cients and their products which usually are irrational functions and 
lead to special integration paths in the complex p-plane such as we 
discussed in sections 8.3 and 8.4. 

Standing wave expansion. We can rewrite (62) and (63) in 
terms of hyperbolie functions by first multiplying numerator and 
denominator by e”°® and then observing 


e*’ = cosh y + sinh y 


We obtain 
sinh n(s — x) + kı cosh n(s — x) 
V(&,p) = 
2 (Ka a (72) 
a cosh n(s — x) + kısinh n(s — 2) &vo(t) Ren 


(1+ kokı) sinh ns + (kı + ko) coshns Z. 
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where we defined 


Zo Zı 

ko = 7 kı 7 zZ. 
for the significant impedance ratios which give simpler forms in this 
case than the reflection coeflicients. These Laplace transforms invite 
the application of the residue theorem if we can justify it, i.e., if we can 
demonstrate that (72) and (73) are actually rational functions as we 
also showed for the ideal cable in section 7.8. Let us remember from 
(66) that Z. = n/(g + pc) and multiply numerator and denominator 
in (72) by Z.. With obvious segregation of factors we obtain 


n sinh n(s — x) + Zı(g + pc) cosh n(s — x) 


(74) 


V(,p) = - voll) 
sinh ns 


[fr +pl + ZoZi(g + pe)]' 3 + (Zı + Zo) eosh ns 


(75) 


Since cosh y is an even function of y, it will only contain powers of y”. 
Similarly, both y sinh y and y”! sinh y are even functions of y. This 
means that the corresponding functions in (75) are functions of n? and 
therefore integral in p and all their coefficients are evidently rational in 
p ıf Zu and Z, are lumped-parameter impedances. Thus, in spite of its 
appearance, the transform V(x,p) in (72) is a meromorphie function 
in p and we can apply the residue theorem. We can show the same 
fact about /(x,p) in (73). We can now state in general: Any finite 
transmission line with lumped-impedance terminations is described 
by meromorphic Laplace transforms! 

Having established the applicability of the expansion or residue 
theorem, we first need to find the poles of the transform (72) or the 
roots of its denominator function. By inspection we have as a char- 
acteristic equation 


(Zı + Zo)Ze (Zı + Zo)ns 
ans er en 
Ze + ZoZı Rı + pLı + ZoZi(l@ı + pCı) 
where we replaced Z. by (66) and introduced the total line parameters 
Rı= rs, Lı = Is, G+ gS, Cı=cs (76) 
Of better practical use is the trigonometric form. Taking 
n = jm, tanh ns = j tan ms (77) 
we get 
Z Z 
tan ms = net (78) 


© ms 
Rı + pLı + ZoZi(Gi + PCı) 
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The only possible way to find the roots of this transcendental equation 
is by graphical or numerical methods. If we assume at first that 
ms is real, then we can plot the left-hand side as a regular tangent 
graph; the intersections of the infinity of branches of tan ms with the 
higher order curve defined by the right-hand side of (78) as a function 
of ms will then give the root values of ms and by tracing back through 
(77) and (65) we get the root values of p, namely 


Bes|or -5 + Vo? — (mau)? = -5 +j V (mau)? — 0? (79) 


For every root value m. we find two negative real or conjugate com- 
plex values of p., depending on whether mau S o. 

We expect an infinity of root values because tan ms belongs to the 
class of meromorphic functions which we discussed in connection with 
(6.84) as well as at the end of section 3.2. 

It is, of course, necessary to check that none of the roots of the 
denominator also occur in the numerator function so as to remove 
the respective pole of V(x,p) or I(x,p). It is also important to check 
the poles of the voltage transform £vo(t) or the corresponding general 
source function. Should it possess a pole identical with one of the 
numerator, then we again have cancellation; should it, on the other 
hand, possess a pole in common with the denominator function, then 
we need to consider the multiplieity of the pole in the evaluation of the 
residue. 

Example 1, Zu = Z,=0. Asa simple illustration we might take 
the general line with Zu = Z: = 0, short-circuited at both ends, with 
a step voltage V„I applied at {= 0. The transform (72) is in this 
case 
sinh n(s — x) Vn 


V&,p) = (80) 


sinh ns p 
very similar to the lossless line in (6.84). In fact, we can take the 


roots of the denominator from (6.85) with the appropriate adjustment 


sinh ns = 0, 1 =, BE ae SEN (81) 


We observe that no = 0 is also a root of the numerator, so it does not 
represent a pole of (80). The corresponding root values of p are given 
by (79), if we use (77) 


am ’ „ . ; 2 s 
Ma = ER Pax ‚Pa = =c ae] ei ed + 3% (82) 
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Obviously, p = 0 is not a root of the denominator, nor of the numer- 
ator, of the first fraction and must be retained. On the other hand, 
the + signs of « in (81) do not produce different values of p. in (82) 
so that only positive values need be considered. 

In accordance with (1.57) or line 12 in Table 1.4, we can construct 
the total response. We have for the denominator of (80) 


d d ee 
— sinh ns = scoshns- = + —— V (nu)? + 0? cosh ns (83) 
dp dp nu 


where we deduced the derivative of n from (65), namely 


din _p+tö_ 


d 1 1 ne 
re} == +; Vm)?+o? (8% 
dp wu dp nu nu 


The two signs of (p + 8) correspond to the two root values from (65). 
The root p = 0 entrains from (65) 


no = Ve V? 0? = Vrg 
The roots (81) give for the numerator in (80) 
sinh n.(s — x) = -—(-1)% sin — 
and for the denominator part (83) 


2 2 
s . Das 
j2. cosh n.s = +j 


(m) 


et 
— (n.s)u? aru? 


The total response becomes 
sinh V- rg (s—- 2) 


v2) = Vm —_ 
en sinh Vrg s 


je (-1)%j sin K(arx)/slamu? erting: 
IE 
a=]l 


+V 


The upper and lower signs in the sum belong to p«’ and pa”, respec- 
tively, so that for each @ we have to form the subsum of the terms with 
double sign. Keeping out the common factors, we combine 

eitat e rot _ 2jsin (Qi + Yu) 
Se voeo 


+ 


where 


a = tan! = 
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The final form is thus 
sinh Vrg (s — x) 


® ot >= Vn 
we sinh Vrg s 
mu? — | - 
Do) a angsin (Mt +) (85) 


a=1l 


The first term is the steady-state distribution of the voltage along the 
line; the second term is the superimposed transient response composed 
of an infinite number of harmonie oscillations because we have assumed 
that all mau > o, so that we have comparatively low losses. Should 
the lowest value or mıu < o, then we have two real values of pı’ and 
pı'' leading to simple exponential transients; these would have to be 
taken outside the sum in (85) as extra terms and the sum then started 
with « = 2. 

Example 2, Z, = 0, Z,#0. Let us now take a finite line as in 
Fig. 8.6, apply again a step voltage V „I, and terminate at the far end 
into Z; = R + pL, keeping Zu = O at the sendingend. With ko = 0, 
we can actually write (72) and (73) somewhat simpler, if we expand the 
numerator by the conventional hyperbolie function relations, namely 


1 
Van) = 7 (A’ cosh ne — B’ sinh nx)£vo(t) 


Iop) = (B’ cosh ne — A’ sinh nx)£vo(t) 


FASZE 
where 


A’ = sinh ns + k, cosh ns 
B’ = cosh ns + k; sinh ns 
We see that the denominator function is now simpler and the poles 


of the Laplace transforms can be found from 


AS=.0: tanh ns = —k, = — 2 


c 


or if we use for Z, the last form in (66) and convert by (76) and (77) 


2: 


tan ms = — MUS = 
Rı En pLı 


— pms (86) 


This is the general characteristie equation for Zu = 0, which we could, 
of course, also get from (78). With it we can write the transforms in 
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terms of the parameter m throughout, namely 


I 


1 
ei (A cos me — B sin mx)&£vo(t) (87) 


_ Gr+peı 


Ams 


V(,p) 


I(z,p) (B eos mx + A sin mx)&vo(t) (88) 


where 
A = sin ms + pms cos ms 


B = cos ms — pms sin ms 
Zı 
Rı + plı 


Returning to our specific example Z, = R + pL, we might choose 
the parameters so as to make p a constant, i.e. 


(89) 


Il 
R=kR, L=kl, p=k=- 


and specifically to make it equal to 1/r. The determination of the 
root values of (86) is shown in the graph of Fig. 8.7 where the left-hand 


Fig. 8.7. Graphical determination of the roots of the transcendental equation 
tan y= —y/r. 


side of (86) is represented by the uniformly recurrent branches tan y, 
whereas the right-hand side is represented by the straight line — y/r. 


406 General Transmission Lines [Ch. 8 


The intersecetions lead to the root values of which the first three are 


ya DATA mis, pin = 5 Vo ma ed 
y = 5.252 = mas, Pr’,pa’ = -5 + Vo? — (mau)? = —213, — 987 
y= 8.220 = mas, Papa’ = —5 +j V (mu)? — 0? = —600 + j354 


The numerical values used for the p roots are approximately the same 
as the last column in Table 6.1 


ö = 600 sec", o = 575 sec, u = 20,000 miles/sec 


and we chose s = 250 miles. We see that the first two values mı, ma 
lead to four negative real root values p., whereas all higher values m,, 
a& > 2 lead to conjugate complex root pairs p.. From Fig. 8.7 we also 
infer that as y > 100, 


(2a — —_ e: 


T 
a EN 2 Za 1) a ae a) + ] N 
Ya = Mes = (2a 5 Da ,D J 2, 


We can now apply the expansion theorem, line 12 in Table 1.4, 
directly to (87) if we take £vo(t) = Vm/p. For the root p = 0 of the 
voltage transform, which does not occur elsewhere in numerator or 
denominator of the transform, we have from (65) as in the first example 


p=(, no Veyom 


so that the steady-state term becomes, going back to hyperbolie 
functions 


ve la eV. (cos Vrg ” 


_ eosh Vrg s+ Vrg (s/r) sinh Vrg ER: Sn e) (90) 
sinh Vrg s+ Vrg (s/m) cosh Vrg s 


For the transient terms we need to evaluate the sum over all roots 


— Bsın mx ; 
> Fr = 


The numerator and dA /dm only depend on m, so we can directly intro- 
duce the numerical root values m... The other factors depend on the 
root values of p« so that we have two values for each m. as in the first 
example which we can compute directly from (79), using the first form 
for the first two roots and the second form for all higher roots. We 
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then get for the transient 


© 


v,(x,t) = Un 


a=1l 


Bsin 2 G dp ") e dp ") | 
( dA/dm m—=ma p dm . p=pa’ .5 p dm 5 el (91) 


Specifically, we need to replace B from (89), and get also from (89) 


dA aa 
— = +8scosms — pms” sin ms + ps cos ms 
dm 
= sB + ps cos ms 
and from (84), since n? = —m? 
a a m (mu)? — 0° 


where we utilized (65) and (79). 
For the real root value pairs, the bracket in (91) gives 


2 
1 ’ il tz mu 
Be eP t = eP ) Fe — Es 22 1 2 
and for the conjugate complex pairs, the bracket in (91) gives 
eitet eat ) mu? 
— - En - ia > u 02 
( u a Ve IV (mau)? — 0? 


This has also been evaluated in example 1. 


8.6 The Fourpole Aspects of the Transmission Line 


The two-wire transmission line can very naturally be considered as 
a fourpole and, indeed, as a cascade arrangement of pieces of trans- 
mission line, each bounded by parallel planes which are normal to the 
extension of the transmission line. Actually, when we introduced the 
transmission-line concept in section 6.1, we started from the previously 
established fourpole notation for lumped-parameter networks, see also 
Fig. 6.1, and applied it to extremely small lengths Ax of the line. 

To deduce the general fourpole parameters for the finite line of 
length s as indicated in Fig. 8.8a, let us start from the general solution 
of the differential equation (6.26) for the Laplace transform of the 
voltage 

V(&,p) = Ae”” + Be’”” (92) 


408 General Transmission Lines [Ch. 8 
and for current in the form (6.29) 

Kap) = 7. (-Aort + Bee) (03) 
where Z. and n are the general characteristic impedance and propaga- 


tion function as defined in (65) and (66). We will determine the 
integration constants A and B now from the boundary conditions set 


I,(p) 1,(p) 
Hmmm 
IM A] 

Zu IV 
mm m  — — — — — — —— 
. a 

(a) 


Fig. 8.8. The general transmission line as afourpole. (a) The finite line; (b) the 
equivalent fourpole. 


down in Fig. 8.8a, namely in terms of input and output voltage-current 
pairs. The conditions at x = 0 are 


V(0p) =A+B=Vıp) 
1 (94) 
I(0,p) = zZ (A DB), = 1ı(D) 


We solve now for A and B in terms of Vı(p) and /ı(p), giving 
A = 3(Vı - Z.lh), B = 3(Vı + Zeh) 


If we introduce these results into (92) and (93) and at once combine the 
appropriate exponentials into hyperbolice functions, we obtain 


V(x,p) = Vı cosh ne — Z.Iı sinh nx 


I 


95 
Ip) = —' sinh nz + Iı cosh nx S 


Letting here x = s, and observing 
V(s,p) = V:(p), I(s,p) => Is(p) 
we arrive at a typical fourpole relation 
V>s(p) = Vı(p) cosh ns — Z.Iı(p) sinh ns 


96 
Is(p) = — Le sinh ns + Iı(p) cosh ns “o) 


c 
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Surely, the uniform transmission line is a symmetrical fourpole, so 
that in analogy to (2.200) we can identify the general parameters as 
follows 


@ = cosh ns ® = Z. sinh ns 


(97) 


1; 
— sınh ns D = cosh ns 
c 


e 


As a passive network, the determinant must be unity as in (19), and, 
indeed, we find 


RD — BC = cosh?’ ns — sinh’ns = 1 
If we invert the system (96), we therefore get 
cosh ns Z. sınh ns | 


re Va(p) 
5 | E — sinh ns cosh ns ; | (98) 


I:(p) 


the standard fourpole relation used early in power system analysis, as 
we pointed out in section 2.1, particularly on p. 53. 

The fourpole notation is particularly useful in the interconnection of 
transmission lines and lumped-parameter networks in an iterative 
manner such as in periodic loading of transmission lines, in communi- 
cation lines with periodically spaced repeaters, and in wave guides with 
periodie discontinuities. 

For the fourpole line we had defined a propagation function T by 
(3.20), which we identify for the transmission line from (97) by 


coshT = @ = cosh ns, Tr=ens 


whereas the characteristice impedance from (3.21) has the identical 
meaning in the transmission line. 


I,(p) I,(p) 


L R IZ 
——— NN NVN mo 
7 (p) Vz ] 
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coi 
Fig. 8.9. A general transmission-line section with loading coil. 
Let us consider the insertion of a loading coil with inductance ZL and 


resistance R into the center of a transmission-line length s as shown in 
Fig. 8.9. Using (97) for the equivalent fourpoles of the two half 
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lengths of line, i.e., replacing s by s/2, we need to form the matrix 
product for the cascade of the three fourpoles 


@® 1 en % S| 
E |®3], 1 “[e © 8/2 


which gives upon multiplication and taking into consideration the 
relations for hyperbolic functions 


See: Ss 8 
cosh? n, + sinh? N; =coshns, 2coshn 5 sinh N sinh ns 


the over-all matrix of standard parameters 


cosh ns + 2 a sinh ns Z.sinh ns + (R + pL) cosh? n, 
j! L 
7. sinh ns + 2 = sinh? n 5 cosh ns + “ - sinh ns 


Again we have symmetry as expected. We can now deduce the over- 
all propagation function T from (3.20) on the basis of the fourpole 
equivalence 

R-+pL 


c 


cosh T = cosh ns + sinh ns (99) 


which indicates the direct effect of the loading coil upon the signal 
propagation. 

The spacing of the loading coils must be at reasonably short intervals 
so that we can replace in good approximation 


sinh ns = ns 


Taking now also the last form of (21) for the characteristic impedance, 
we can combine in the last term of (99) 


1 1! 
5(R+pL)” (+20) =; (R + pL)(Gı + pCı) 


also using (76) for the total line parameters. To further simplify we 
need to introduce for the cosh functions the half arguments 


ıı 
coohT=1-+2 sinh? 5 


and similarly for cosh ns, except that we also make use of the approxi- 
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mation for sinh n(s/2) 


2 
coshns = 1+ 2 sinh? =1+2(%) 


=1+ 3(Rı + pLı)(Gı + pCı) 
The final result is thus 


BP 
4 sinh? a (Gı + pCı)\(RR+pLı+R+ pl) (100) 


We see that in good approximation, for reasonably close spacing of the 
loading coils, their effect is to add the coil resistance and inductance 
directly to the total pertinent line parameters. Or in other words, we 
can assume that the line parameters are modified to 


a ee 
s 8 


The loaded line can therefore be treated approximately as a smooth 
transmission line with 


DRUTER a) 16 2) 
1542) Er U Ce 


We also observe the importance to achieve 


1% r’ Ib. 
DE or == 
D r Is rs 


in order to get close to distortionless conditions as pointed out in 
section 6.3. 


PROBLEMS 


8.1 An infinite line with low losses as treated in section 8.1 and defined in (5) 
and (6) has applied at the sending end a sawtooth pulse of voltage. Evaluate the 
current at distance x from the sending end. 

8.2 The same line as in problem 1 is terminated into a series resistance R at 
the sending end. A unit step voltage is applied in series with this resistance R. 
Find the voltage and current build-up at distance x from the sending end. 

83 A finite line with low losses (see section 8.1) is connected directly to an 
infinite distortionless cable with the same surge resistance R,. A step voltage 
V„! is applied to the low loss line. (a) Find the voltage and current solution 
on the low loss line in terms of traveling waves. (b) Find the first two outgoing 
voltage and eurrent waves on the distortionless line. 

8.4 In problem 8.3, find the current and voltage distribution on the low loss 


line by the method of standing waves. 
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8.5 A low loss line of length 2s has inserted at the center x = s a series induct- 
ance L. A square-wave voltage pulse is applied at the sending end of the line. 
(a) Find the first voltage and current pulse entering the second half of the line. 
(b) Find the voltage distribution on the first half line up to the third reflection. 
(c) Find the steady-state current distribution on the open-circuited line. 

8.6 For the far end short-eircuited in problem 8.5, find the distribution of 
voltage and current over the total line by means of the standing wave method. 

8.7 A low loss line of length s with characteristies öı and oı is connected to a 
second low loss line with characteristics ög and og. At the junction a capacitance C 
is placed in shunt across the lines. (a) Find the complete Laplace transform of 
the voltage wave entering line 2 if a step voltage V„I is applied at the sending 
end terminals of the first line. (b) Find the first two traveling voltage waves 
entering the second line. (c) Find the first two current waves entering the 
second line. 

8.3 An infinite low loss line has a sinusoidal voltage V„ cos wt applied at its 
sending end terminals. (a) Find the current wave along the line. (b) Find the 
steady-state voltage and current distribution along the line. 

8.9 A finite low loss line is terminated into a resistance R = R,. A sinusoidal 
voltage V„ sin »t is applied directly at its sending end terminals. (a) Find the 
voltage and current traveling waves. (b) Find the steady-state voltage and 
current distribution along the line. 

8.10 A finite low loss line is connected to a general transmission line with all 
four parameters. We assume that R, = vV l/c and o are the same in both cases. 
(a) Find the entering voltage and current in the general line, if a step voltage is 
applied at the sending end terminals of the low loss line. (b) Find the steady- 
state distribution of current and voltage along the general transmission line. 

8.11 An exponential voltage Ve-*1 is suddenly applied to the sending end 
terminals of an infinite general transmission line. Find the entering current. 

8.12 A general transmission line with g = 0 is terminated at the far end into a 
capacitance (. A step voltage is applied at the sending end terminals. (a) Find 
the voltage distribution along the line by the standing wave method. (b) Find 
the current distribution. 

8.13 In problem 8.12 use the traveling wave concept and (a) find the first 
current wave arriving at the end of the line, (b) find the initial charge build-up 
in the capacitance for the time interval 0 <t < 4s/u. 

8.14 The general line in Fig. 8.6 has Zu = O0 and Z, = x. (a) Evaluate the 
voltage distribution along the line by the standing wave method. (b) Evaluate 
the first voltage wave arriving at the far end and its first reflection by the traveling 
wave method. (c) Compare the two developments for 0 <t < 2s/u. 

8.15 The general line in Fig. 8.6 with Zu = Z; = O has applied to it a sinusoidal 
voltage V„ sin „t at the sending end. Evaluate the voltage and current distribu- 
tions along the line by the standing wave method. 

8.16 The general line in Fig. 8.6 is connected at the far end to a distortionless 
line. (a) Find the first voltage wave traveling into the distortionless line if a 
square-wave voltage pulse is applied at the sending end terminals (Zo = 0) of the 
general line. (b) Find the voltage distribution on the general line if the surge 
resistances of both lines are the same (however, Z. # R, for the general line). 
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NOTATION AND SYMBOLS 


1. List of Symbols in Alphabetical Order of the Quantities 


Symbol 
Y(p), y(p) 


Y(io), yo) 
a(w) 
on 
GR 


J 
Z(p), z(p) 


Z(jo), 2(j@) 
A(t) 

Li 

M, In 


B(o) 
T(p), To) 


Designation 
admittance function, parametric 
(generalized) 
admittance phasor 
attenuation function 
angular frequency 
capacitance 
complex variable, “complex frequeney’” 
conductance 
coupling coefhicient 
eurrent, real time function 
current phasor 
current, Laplace transform 
current, Fourier transform 
eutoff frequency 
damping coefficient 
distortion constant (lines) 
“electromotive force,” source voltage 
frequency 
frequency, angular 
imaginary unit 
impedance function, parametric 
(generalized) 
impedance phasor 
indicial admittance 
inductance 
inductance, mutual 
leakage coefhicient 
length of line 
linkage, magnetic 
magnetic flux 
number of turns, of meshes, of node pairs 
period 
phase angle 
phase function 
propagation function (filter) 
413 


Remarks 
Y=@+3B 
p=-ös+jw 


it) = Im it) 


Ip) = £ilh) 
I(o) = Fit) 


e=1-H 


To) = ao) + Bo) 
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Symbol 
n(p), n(iw) 
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Designation 
propagation function (lines) 
resistance 
source current 
source voltage, “electromotive force” 
time 
time constant 
time, relative 
time shift 
transfer function 
undamped free angular frequency 
velocity of propagation 
voltage, real time function 
voltage phasor 
voltage, Laplace transform 
voltage, Fourier transform 


2. Alphabetic List of Symbols 


A(t) 

Oe 

J, F 

G,g 

H(p), H(jo) 
Timp, i(t), I 
I(p) 

I(o) 

J(t) 

7 

k 

L, | 

M 

N, Nm, Np 
n(p), n(Jw) 
p 

on: 

8 

t 

IN 

u 

Vimp, v(t), 14 
V(p) 

V(o) 

Y(p), Yo) 
Z(p), Zw) 
a(w) 

B(w) 

T(p), T(ie) 
ö 

0 

A 


indieial admittance 

capacitance 

frequency 

ceonductance 

transfer function 

eurrent impressed, instantaneous, phasor 
eurrent transform, Laplace 

current transform, Fourier 

indicial impedance 

imaginary unit 

coupling coefhicient 

inductance 

mutual induetance 

number of turns, of meshes, of node pairs 
propagation function (lines) 

“complex frequency,” complex variable 
resistance 

length of line 

time 

time constant; period 

velocity of propagation 

voltage impressed, instantaneous, phasor 
voltage transform, Laplace 

voltage transform, Fourier 

admittance function 

impedance function 

attenuation function 

phase function 

propagation function (filters) 

damping coeflicient 

relative time 

magnetic linkage 


Remarks 


6=1/T 


H(jo) = h(w)ei?@) 
2o = 2rF 


v(t) = Im öl) 


V(p) = &o(l) 
V(wo) = Sv(t) 


H(jo) = h(w)e i?(o) 


I(p) = £itt) 
I(o) = Filt) 


i=vV-i 


pP =8 + Jo 


Vo) = ol) 
V(o) = Fv(t) 
Y(io) =@ +jB 
Z(ie) =R +jX 


To) = ala) + jB(o) 


6=1t/T 
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Symbol Designation Remarks 
o leakage coefficient o=1-%k 
[2 distortion constant (lines) 
T time shift, pulse duration 
[7 phase angle 
Bm magnetic flux 
Y phase angle 
o, 0 angular frequency 
Ro undamped free angular frequeney 
Re eutoff frequeney 


3. General Principles 


The use of complex notation in transient analysis requires careful 
differentiation between complex values arising from the signal notation 
and complex values introduced by the method of analysis. Thus we 
can introduce the real or the complex signal current 


il) = I„ sin (wt — £) = Im (Ile) 
ut) = Te“, I = Ine’? 


though the physically observable value will always be the real time 
function i(t). If we take the Laplace transform of the real time func- 
tion, we obtain a function in the complex variable p = ö + jo with 
real coeflicients; if we take it of the complex time function 7(f), we get 
in general complex coefficients. If we use complex signal notation, 
we must define as answer to the problem the imaginary part of the 
complex result. If we use real signal notation, the answer must come 
out in real terms, no matter which method is used. 

The complex function of a real variable i is designated by a bar 
above the symbol, e.g., 


i(t) = Reift) + j Im 7(t) 
it) 


where i(t) is the actual physical solution which we normally use in 
transient problems. This principle applies also to the Fourier 
transform 


E 1 
I(o) = Fl) = „ [8:(o) — JV:(o)] 
where ®, and W; are the real cosine and sine spectrum functions of the 
eurrent i(!). | 

The notation used consistently in this book is tabulated below. To 
avoid using many different symbols for related concepts, the indication 
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of the funetional variable is employed to differentiate between these 


concepts. 


General Time Functions 
Instantaneous values, real 
Complex notation for in- 

stantaneous values 
Fourier transform of i(t) 
Laplace transform of i(t) 
Laplace transform of z(t) 


Sinusoidal (Harmonic) 
Time Functions 

Real notation 

Complex harmonic time 
functions 

Phasor (complex ampli- 
tude) 

Maximum value (real 
amplitude) 

Root-mean-square value 
(rms) 


it) 


7(t) 
I@) 
1) 
Ip) 


Im sin (wt — 


Ieiet 
I 


Im 


Symbols 
v(k) 


ö(t) 
@) 


V(p) 
V(p) 


p) Ym sin (wi = p) 
Veiet 
Vv 


Vm 


Interrelations 


| it) = Im i(t) 


I@) = Fit) 
I(p) = £itt) 
I(p) = &id) 


| i(t) = Im (Iel“t) 


I= Iner 
Im = |I] 


I = 1/72 


APPENDIX 2 
GLOSSARY OF SOME MATHEMATICAL TERMS 


1. Functions 


If to every value of x between any two real numbers a and b, where 
b > a, there corresponds a number y = f(x), then y is a function of x. 
The numbers a and b constitute the interval or domain of x, over which 
the function is defined. If a and b are excluded, the interval is open; 
if one or the other or both are included, the interval is closed at the 
respective ends. The open interval is designated by a<x<b, the 
closed intervalbya <x<sb. 


2. Continuity 


A function f(x) is continuous at a point xo, if one can choose a value 
x ever so close to x, and find f(x) ever so close to f(x) ;in mathematical 
terms, if 


If) _ fxo)| < e (very small) for any lz _ En) < n (very small) 


If the function is continuous at every point of an interval a, b, then the 
function is called continuous in that interval. If this is true only for 
subintervals, but does not hold at a finite number of points in a, 
b, the function is sectionally continuous, i.e., continuous in each of the 
subintervals. 


3. Discontinuity 


At any point xo, where the function is not continuous, it has a point 
of discontinuity. A finite discontinuity exists if the function approaches 
distinet and different values as we approach x, from right and from 
left; f(x) has then an ordinary or simple discontinuity at xo. If the 
function has equal values of opposite sign at x = zer anddze=z0” 
(just to the right and just to the left of x»), it possesses a finile oscilla- 
tory discontinuity. If the function grows beyond all limits as 2 — xo, 
either from right or left, it possesses an infinite disconlinuity (either 
positive or negative); if the function, like tan x as v— r/2, takes 
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infinite values of opposite sign to the right and to the left of xo, the 
function possesses there an infinite oscillatory discontinuity. 


4. Convergence of a Sequence 


An infinite sequence of numbers or functions 
u, uR, U3 “se Un, Un+l Or Our) 


is convergent, and tends to a limit U, if w„ approaches U indefinitely 
closely as n increases beyond a large number. In mathematical terms 


lim u, = U, E|U-w| <eforn>N 
Any sequence which is not convergent must either grow beyond all 
limits (positive or negative), and is then said to be diergent, or it 
oscillates either finitely or infinitely so that no value can be given. 


5. Convergence of a Series 


An infinite series is the sum of an infinite sequence of numbers or 
functions 


Bel eur us Ir u, Du 


The series is convergent if the sequence of the partial sums Sy with N a 
large number is convergent. A series with positive and negative terms 
is absolutely convergent when the series of the absolute terms is con- 
vergent. If the convergence depends upon the presence of these 
positive and negative terms, the series is conditionally convergent; it 
may converge only for certain arrangements of the terms. If a series 
is not convergent, it may be either divergent or oscillatory (see ‘“Con- 
vergence of a Sequence”). If the series is composed of functions of a 
variable x, it is said to be uniformly convergent in an interval a, b of the 
variable x, if it converges for all values of x in this interval. 


6. Convergence of Infinite Integrals 


Integrals of bounded and integrable functions, extending over 
infinite intervals of the variable, are called infinite integrals. An 
infinite integral is convergent when the limit of the integral exists as the 
interval of integration goes beyond all limits. In mathematical terms 


© M 
[ f(«) de = lim / “ f)de if this limit exists 
a M-> Er a 


This definition applies also to the interval — ©, b. Infinite integrals 
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are absolutely convergent if these limits exist for the absolute value of 
the integrand | S@)l. If the integral extends over —@, +» it is 
called convergent if the limit exists independent of whether we first let 
the upper interval go to infinity and then the lower, or vice versa. 
If the limit exists only by letting both intervals extend to infinity 
simultaneously, the integral is said to be convergent, in the sense of 
Cauchy’s principal value; see Doetsch,P5 p. 91. Mathematically 


re) dr = lim [ir f@) de  (Cauchy) 


7. Convergence of Improper Integrals 


Integrals over either finite or infinite intervals of the variable in 
which the integrand possesses one or a finite number of infinite dis- 
continuities are frequently called improper integrals. If the infinite 
discontinuity oceurs at x = xo > a, the improper integral with upper 
limit xo is convergent if its value exists no matter how closely we approach 
xo. In mathematical terms 


[ ” 2) de = lim [ a) de  ifthis limit existe 
a A>0 a 


If the integral extends over an interval a, b with b > xo, we need to 
subdivide this interval into the subintervals a, xo; £0, db. We then 
must demonstrate the convergence for the second subinterval at its 
lower limit, i.e. 


[ ’ fa) de = lim / ° fa)de ifthis limit exists 
zo RE) z0+A 


If the integral is convergent in both subintervals, it is convergent for 
the total interval a, b which might be infinite. 
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10. Pen-Tung Sah, A., Dyadie Circuit Analysis, International Textbook Co., New 
York, 1939 (see particularly p. 230 ff.). 
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14. MceLachlan, N. W., Modern Operational Calculus with Applications in Technical 
Mathematics, Macmillan, London, 1949, 


Many mathematical details of the Laplace transform method; the related 
integrals are treated rigorously and illustrated by technical applications. 
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Appendix 3 425 


Many applications to boundary value problems, particularly in the theory of 
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APPENDIX 4 
MATRICES AND DETERMINANTS 


In order to abbreviate the notation for systems of linear equations 
between two sets of unknown quantities, say 


A111 + A1sts +": FT oamın = Yi 
Qzırı + Qaat2 + ° * * + Agnkn = Ya 
| (1) 
AnıX%ı Sr An2%2 Fr ee) - Anntn = Yn 
we can Introduce the matrices 
Auaıa 0 n yı 
11%12 In %9 Yy3 
[aus] = ° 2 z)=|.. | Yl-|. (2) 
A a * * “ A9, 
nlun2 2n £n Yn 


where [a.s] is a square matrix, composed of the n rows and n columns of 
coeflicients a«s in (1), and where x;] and y.] are column matrices,* 
composed of a single column. We define then the equivalent to (1) 
in matrix notation as 


[aesl X x] = Yo] (3) 


where the matrix product is so defined as to give (1), i.e., we multiply 
each term of the first row of [aas] with the correspondingly numbered 
x; term of the matrix xg], and the sum of these n products equals 7., 
the first row term of the matrix ya]; similarly for the second row of 
[gas], ete. 


The product of two more general matrices is defined correspondingly. 
As an example take 


* The symbol is taken from Guillemin; see reference 4 at end of this Appendix. 
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ar mn by ac Arab. 
a2 b2 ca|X|A2a Ba C; 
az b3 3 Az B; Öz 


a,nAı +bı1A2a +cıÄs; aıBı + bıBa + cıB3; aılı + b1la + cı('z 
= |agAı +b2Ag + cz; agBı + baBa + caB3; agCı + b2la + cal'z 
a3Aı +b3A2 + c3Az; azBı + b3Ba + c3B3; a3Cı + b3Ca + c3Cz 
| (4) 
If now the first matrix had only two rows and three columns, we would 
enlarge it by adding a third row of zeros so as to make it a square 
matrix. The product with the second matrix is then found as before, 
but the right-hand matrix would have all zeros as the third row. Ifthe 
second matrix were a single column matrix, we could also add second 
and third columns of zeros and thus get, on the right-hand side, a 
single column, again the first one. For the completion of a square 
matrix we shall always add zeros “behind” and “below” thegiven terms. 
It must be obvious from the foregoing that matrix multiplication is 
noncommutative, 1.e., we cannot interchange the two left-hand matrices 
in (4) without getting an entirely different result on the right-hand 
side. It is therefore necessary to differentiate carefully between pre- 
multiplication by a matrix and postmultiplication, the former indicating 
a matrix factor preceding the original matrix, the latter, conversely, a 
matrix factor succeeding the original matrix. 
If we interchange rows and columns in a matrix, we obtain in general 
a new matrix, which we call the transpose of the original: 


1 5 a 05 nn 77 1 
aı2 A222 * *'* An2 

[aaslı = lage] = | . (5) 
A1n A2n '° * ' Ann 


where «, ß refer to (2). The transposed matrix will be identical with 
the original, if the terms of the original are symmetrical about the 
main diagonal (defined by aıı > Q,n). Such a matrix is actually 
called symmetrical. We have for all terms 


Aop = Apa (6) 


This is the case for allpassive linear network equations. The product of 
two symmetrical matrices is still not commutative, though we find that 


[aeg] x [bae] = ([bag] x [aa])ı (7) 


i.e., the two results are the transpose of each other. 
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A special symmetrical matrix is the identity or unit matrix 


100:::0 
lg 
U a Se 
u er (8) 
0.000201 


If we multiply any matrix by this unit matrix, we obtain the original 
matrix identically. 

The most important problem in connection with a sysiem of linear 
equations (1) is its solution or, mathematically, its inversion, i.e., the 
expression of the unknown x;z values in terms of the known y. values. 
A simple method of solution is by means of C’ramer’s rule, which writes 
x; as the ratio of two determinants, namely 


na Sg Ah ala PTR @hlern 
um een Mn, Von 7 an 
% Anı * * * AnB—1, Yan, AmsB+1 " ° * Ann (9) 
B I —} 
|aas| 


The denominator is the complete coeflicient determinant of (1) whereas 
the numerator is that same coefficient determinant with the 8-column 
replaced by the column of the y. values. 

The determinant, though in appearance the same as a matrix, has a 
numerical value which is obtained by special computational rules. 
For example, the simplest (lowest order) determinant 


Gb 
Cd 


is the product of the main diagonal elements less the product of the 
“conjugate”’ diagonal. The value of the determinant of order three 
can be obtained by various methods. If we have 


= ad — be (10) 


Gdıı Qı2 Aız 
la«s| = 421 Aa2 Az (11) 
A531 Qz32 As33 
we call any lower order determinant formed from this one a minor; thus 


Qa31ı 423 
a3ı 433 


Mn = 
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is the minor obtained by canceling row l and column 2 in la«e]. Gen- 
erally Mas is the minor of la«e| with row « and column ß eliminated. 
The minor with the sign factor (—1)**? is called the cofactor 


Ass = (1) Mas (12) 


The determinant (11) can be expanded along any row or column, and 
its value is given by 


lacs| = aııdıı + agıA2sı + azıAzı = QgıAaı + aggAa2 + Qo3Aaz 


etc. Actually, this process can be applied at once to any higher order 
determinant so that it represents a systematic computational rule. If 
we call the value of the determinant A, then (9) can be expressed by 
expanding the numerator along the $-column, which is taken by the 
Ya values 

Up = = Win + YyaAog + yaAzs + ° * * YmAns] (13) 
The existence of this solution for any of the x; depends primarily on 
the fact that A itself does not vanish. For any real physical system 
that we normally consider, A will be different from zero. 

If then the solutions (13) exist, they can again be summarized in 
matrix form. We can write the column matrix x;] as the product of a 
square coefficient matrix and the column matrix y., where we keep the 
original notation from (2), except that ß now designates the rows and « 
the columns. Thus 


ze] = [bs] X Yal (14) 
The coefhicient comparison with (13) gives at once 
Ar 
be (15) 


where the A.s are the cofactors formed with respect to the coeflicient 
determinant laue| implied in (1) and identical in form to the matrix 
[as] in (3). 

Can we give a way to go directly from (1) or (3) to (14), i.e., give the 
matrix solution for the system of linear equations merely by matrix 
methods? If we compare (3) with (14), we see that we should pre- 
multiply on the left-hand side with a matrix whose product with [ass] 
results in the unit matrix (8). We define such a matrix as inverse 
to the original and define 


[aa] X las] = [U] (16) 


To actually find the composition of the inverse matrix, we realize that 
premultiplication must occur on both sides of (3) so that the final 
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solution becomes 
[aa] * X [aesl X 2) = [U] X zel = [aus " X Yel (17) 


The last equation in (17) is identical with (14), and we have therefore 
the identification 


Aa 
[aa] =" = [ba] = | ] (18) 
A 
where «a is the running index, and ß is the fixed index, so that 
A 
A A A A 
Aı 
A 
[ae] " = | . : ; (19) 
An Az . Aan 
A A A 


We obtain the inverse to the square matrix ‘ass by replacing each 
element a.g by its cofactor A.s divided by A, and then taking the 
transpose of the resulting matrix. 

For practical purposes the finding of the inverse matrix as outlined 
in (19) and the direct application of Cramer’s rule with determinants 
are identical processes, the matrix notation having the advantage of 
brevity. Actually, we can also find the inverse matrix by simpler 
manipulations, which require further study of matrix theory, as given 
particularly in Guillemin, listed in the references below. 
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APPENDIX 5 


ELEMENTS OF FUNCTIONS OF A 
COMPLEX VARIABLE 


l. Concept of Analytie Functions 


The complex variablez = x + jy is in reality a special combination 
of the two independent real variables x and y which describe the loca- 
tion of any point in the x, y-plane or z-plane in Fig. A-5.1a, 


21 = 2ı + jyı = |zıle?”t = |zı| eos £ı + 3lzı] sin pı (1) 
where 


lzıl =r=(e? + )%, tan pı = an (2) 
a 


lzıl is the modulus or absolute value, and pı is the argument. 


(a) (b) 
Fig. A-5.1. Concept of analytic function. (a) z-plane, (b) w-plane. 
Any mathematical operation on the complex number z will again 


give a complex number (real numbers are included as special values); 
the realm of complex numbers is therefore closed, and we need not go 


beyond it at any time. 
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Any function of the complex variable z 


w= fe) = uay) + Way) (3) 


will thus again be a complex number whose real and imaginary parts 
will be functions of the two real variables x and y. We can conceive 
of w as definining again a plane, as in Fig. A-5.1b, where at least 
one point wı will be found corresponding to point zı in the z-plane. 
Consider the simple function 


w=f(e) = 2° = re = (2? — 32y?) + j(30’y — Y?) (4) 
We have 
uz,y) = x(@? — 3y9),  vlay) = y(3r” — y?) 


bearing out that u and v are functions of both real variables x and y. 
In polar form we have 


w= Re’, Rer’, v = 3p 


and observe that for 0 < p < (2r/3) we get 0 <y < 2r, or one-third 
of the z-plane suffices to deliver all points of the w-plane. If we let o 
go beyond 27/3, we cover the same w-points again and, indeed, a 
third time. Taking the inverse relation, 2 = w”, we see at once that 
for every one point wı in the w-plane we find three distinct points in 
the z-plane, zı’, zı’’, and 21’, unless we were to specify three distinet 
layers of points in the w-plane, or three sheets, each one of these corre- 
sponding uniquely to one-third of thez-plane. We call the relationship 

= 2” a single-valued function, because one and only one value of w is 
obtained as we form 2°. On the other hand, we callz = w* a multiple- 
valued function, because for one value of w more than one value of zcan 
be found satisfying the functional relation. 

The first task in studying a function f(z) will then be to select a 
domain of z such that w = f(z) is definitely single-valued. This 
requires restriction of 2 to one coverage of the z-plane, with a corre- 
sponding partial coverage of the w-plane. Any such selection we shall 
refer to in short as a single-valued function. It is, of course, irrelevant 
where we choose the exact boundaries of these corresponding branches. 
We shall frequently prefer either the positive real axis x > 0 as the 
starting boundary line so that 0 < 9 < 2, or the negative real axis 
© < 0 so that -—r <gp < +, depending on convenience. 

Next let us select a point 22 close to zı and let it approach 2ı indefi- 
nitely. Because we are dealing with a plane, we can let this approach 
be made in an infinity of ways. If now the corresponding point wa 
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always approaches wı indefinitely, we call f(z) continuous at zı, and if 
in addition 
£ == BIN 
rer RS dw 3 df(z) 
zz 22 — 21 A2>0 AZ dz dz 


(5) 


exists independent of the manner of approach, we call the function 
differentiable or analytic at zı. Because we must get the same result 
for approach along the real or the imaginary axes 


ENG) 
Im ern = a 
Ar>0 AL wo0ojJAy de 


This result leads to 
= —, --— (6) 


the Cauchy-Riemann conditions, which can be shown to be both neces- 
sary and suflicient to assure differentiability of the function at point 2. 
A single-valued function which satisfies the C-R conditions at z and in 
its immediate neighborhood is called regular or analylic at z. Where 
the C-R conditions are not satisfied, the function is called singular. 


2. Classification of Analytice Functions and Singularities 
Consider the function 


Be dw 1 
Den Den 


(7) 


Its derivative exists everywhere in the z-plane except at the point 
z=zı. Actually, we can approach z = zı very closely and still find 
analyticity; 2 = zı is therefore called an isolated singular point. We 
notice also that the modified function 


I 


d 
— =1 <= =0 
= k@-zu=l 7,0%) 
is analytic even at 2 = 21; the singularity has been removed by multi- 
plying w with the linear root factor (2 — 21). We call the isolated 
singularity a removable singularity, or specifically a pole of first order. 
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Obviously, the function 


u a ee 
57 (2 — 2)? de @=2)- 


has a pole of second order at z = zı, which can be removed by multiply- 
ing with the square of the root factor (2 — 2ı). 

If we define as rational functions any polynomial or fraction of two 
polynomials in 2 


NOTE erraten 
D(z) 5 DR ar Dee + Mir bız Zr bo 


we realize at once that such functions can have only a finite number of 
poles of finite order. Indeed, using the partial fraction expansion 
from algebra, we can set these poles into evidence. We need to 
examine also the behavior of the function as 2— ©. Let us first go 
back to the simple polynomial 


w=fl) = ne" + n_e" + +aw + (9) 


There are no singularities in the finite plane. To study the point 
2 = ©, we introduce a transformation 2 = 1/t and study the new 
function of t at the origin, namely, from (9) 


1 1 
5 ) = 10 E gr (Qn u ei a wet, 0) = 


Bla (8) 


h(t) 
DR 


t 
The derivative 


dw = 23 n d n—1l ) 
mar ( FU) EN) 


does not exist ati = 0, sot = Q isa pole of nth order because t’w(t) is 
regular ati = 0. We therefore conclude that w = f(z) from (9) has a 
pole of nth order atz2= ©. Returning to (8), we see that 


: An 
lım f@) = = Due (10) 
Atz = ©, the function will have a pole of order (n — m) ifn > m, and 
it will be regular if n < m. 

The irrational function 


dz ec) un 


will be singular at z = 0. However, because of the square root, to one 
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value of z we can choose two values of w. If we express z in terms of 
w, z = w?, we see that we must expeet this double valuedness if w 
covers the entire plane, since this is analogous to the function defined 
in (4). We call here z = 0 a branch point and introduce a branch cut 
shown in Fig. A-5.2, a barrier around the branch eut which is imaged in 
the w-plane parallel to the imaginary axis, definining the right-hand 


Barrier 
Branch I 


AG 


w-plane 


z-plane 


Fig. A-5.2. Branch cut and barrier in z- and w-planes for w = (2)*. 


half plane as branch I and the left-hand half plane as branch II. 
Figure A-5.3 shows the Riemann z-surface in perspective view for better 
visualization. 

The general algebraic function is defined by the polynomial 


Pe%w) =0 (12) 


containing both z and w to any finite power. It will possess finite 
numbers of poles and branch points. 
Another elementary function is the transcendental 
dw 
u=-fa=-e, —=-e 


dz 
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which is regular in the entire finite z-plane. Atz= «, it must be 
singular because the derivative does not exist there. To examine the 
type of singularity we might best use the power series which, in fact, 
serves as definition, namely 


3 n 


N z 
ee ee (13) 


Comparing with (9), we infer that e? must have an isolated singularity 


Branch II 


Fig. A-5.3. Riemann z-surface for w = (z)*. 


of infinite order at z = ®, irremovable by any finite power ofz. We 
define this as essential singularily. The inverse function 


has at w = 0a branch point or winding point of infinite order, because 
the logarithmic function has an infinite number of sheets. We usually 
define its principal value as 


zehn (|wle?®) Zn lw| +39, -r <0<r (14) 
As a final example we take the transcendental function 


dw 1 


w=f(2) = tanz, (15) 


de cos%z 
This function possesses simple poles (of first order) at an infinite 


number of isolated points 


3m 


De ae ge 


as we can verify by representing cos 2 in product form in accordance 
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with Weierstrass’ development 
2 2 2 
ze 
T IT IT 
22 | 
1 u EU EEE EHRE, SE Re 
| e _ —) E93 


Functions which have only poles in the finite plane are generally called 
meromorphic functions. Though the number of poles of tan z is infi- 
nite, they are denumerable or countable, because of their exactly known 
periodie spacing. At infinity, tan z possesses an essential singularity. 


3. Integration 


For single-valued analytic functions, the integral over any closed 
path vanishes as long as the path does not include or go through any 
singularity. This is obvious for the simple integral 


de’ 2 a 0 
because the integral function 2* is single-valued in the entire z-plane 
and therefore will come back to the starting value for any closed path. 
This will also be true for the integral of any single-valued analytic 
function because the existence of its derivative, which is the original 
function, requires it to be analytic! This is the fundamental integral 
theorem of Cauchy, or of Cauchy-Goursat.* It permits the deformation 
of any path into any arbitrary shape as long as in so doing we are not 
passing into or over a singular point of f(z2). Thus, in Fig. A-5.2, we 
can let the small circle C; become the very large closed path C's, follow- 
ing partly the barrier curve, or, conversely, let C', shrink into Cı. 
The integral over any circle with center at the origin 


Em: m 


does not vanish, because In z has a branch point at the origin. The 
function cannot return to its starting value, so that we need to place a 
branch cut, e.g., at = Oin Fig. A-5.4a. If we were to choose a closed 
path not enclosing the origin, such as (', in Fig. A-5.4a, the result of the 
integration would again be zero. Even the integral along the closed 
path over C’C’’ in Fig. A-5.4b would vanish because we can reconstruct 
it, transforming the multiply-connected annular region into a singly- 
connected region in accordance with Fig. A-5.4c. 


= In (zlei)e=g” = j2r (17) 


* See reference 1, p. 81, at end of this Appendix. 
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Branch cut 


Fig. A-5.4. Integration of z7! over a closed path. 


Fig. A-5.5. Cauchy’s integral formula. 
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If the function f(z) is single-valued and analytic within and on a 
closed path C, the integral 


$ = de = Zmjfleo) as) 


where z, is any point within C, as shown in Fig. A-5.5. We can let 
path C shrink to a very small eirele C’ around zu. Let us introduce 
2 — 20 = f, and, remembering that f(z) = f(zo + &) must be con- 
tinuous near 20, we can expand into the Taylor series 


Jet) =- fe) +tf@)+ 
Thus (18) becomes 


Fo) Ser re ar + N 


With (17), the first term gives (18) directly; all other terms vanish 
because of the regularity of the integrand, and actually need not be 
considered as £— 0. This Cauchy fundamental integral formula (18) 
permits the evaluation of the single-valued and analytie function 
f(@) at 2 = zu by integration over a closed path along which f(z) is 
known. Moreover, it defines the existence of all higher order deriva- 
tives of this function, because we can differentiate (18) with respect to 


2, and obtain 
eh (19) 


— ne 


and 
u N fl) 
De ne) = 2mj (z — 20)” 


dz (20) 


In turn, the existence of all derivatives of an analytie function 
assures that they are also analytie functions (satisfying the C-R con- 
ditions). We can therefore expand any analytie function at a point 
20 Into a convergent Taylor series 


S@) = fo) + (2 - 20)f (20) Er = fa) +: (2) 


The convergence is assured for the range of of f(z), because 
the derivatives are analytic in the same range. Series (21) can be 
differentiated and integrated term by term. 


4. Residues 


Rational functions which can possess only poles as singularities are 
the most important type of functions for network analysis. If a func- 
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tion f(z) has a pole of first order at z = zu, we must be able to write it in 
the form 


si) = 
X) 
because of the removable character of the pole. The numerator 
function g(2) is analytic everywhere, even at 2 = 20. The closed 
integral over (' eneireling 2, as in Fig. A-5.5 can now be evaluated 
easily. We have by (18) 


Sit ar = Sa = Yrioten) = Zeile - ll (22) 


where g(z0) is called the residue of the function f(z) at the simple pole 
2 = 20. If we expand g(z) into the Taylor series (21), we obtain for 
Se) 


9(20) 2% 


IS Se +9) +, 


EL (23) 


a series development which sets the pole into evidence. This is called 
the Laurent series and is valid between the small eirele C’ surrounding 
the pole 2, and the convergence range of the Taylor series for g(2). 

For a general rational function as in (8), which possesses only simple 
poles, we can expand about each pole into a Laurent series (23) valid 
up to the nearest neighboring pole. The integral over a large closed 
path C enclosing all the poles is then simply the sum of the residues 
for all the simple poles. This integral is evaluated best by breaking 
the rational function (8) into partial linear fractions, namely 


Na _VUNn@\ 1 
res > rn En; Er Ge 


a=1l 


if we assume that D(z) is a polynomial of degree n and N(z) of any 
lesser degree. The partial fraction expansion is a purely algebraic 
matter and can be taken from any book on linear algebra. The result 
of integration around all the poles is then 


Ef) de = A 3 ).. (25) 


a=1l 


For a pole of higher order, because of the ability to remove it, we 
must be able to write 
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where h(z) is entirely analytie even at 2 = zu. The integral around 
it will give as residue by means of (20) 


h(2) 27j 0 
Fi de= (2 — 20)" = any "o), (26) 


w 


where we can replace h(2) = f(z)(z — 20)”. If we expand h(2) in the 
Taylor series (21) and introduce it into f(z), we get the corresponding 
Laurent series expansion about the nth order pole 


ho) h’ (zo) h’’ (zo) 
or 2-20)" (- za)" A 2!(2 — 20)" 
en) h"(zo) 
a; 22 (n — 1)!(z — 20) n! 
h"rilz,) 
Gen Eu —H) re (27) 


By extrapolation, we can deduce that the Laurent series at a pole of 
infinite order will possess an infinite number of negative power terms, 
which is characteristie for this essential singularity. 
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transient response to, 88 
modulation, 86 

spurious, 100 

Analogue, 148 
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Analogue, of acoustic system, 149 
of mechanical system, 149 
of multicylinder engine, 150 
of thermal system, 149, 156 
of train, 151, 152 
to anodie oxydation layers, 160 
to transistor, 237 
Analytie functions, 431 
Angle modulation, 92 
Apparent, delay, 365 
traveling waves, 364 
Artificial, cable, 117 
lines, 103 
Asymptotic, alternating series, 338 
smallest possible error, 328 
approximation, 342, 343, 357 
expansion, 338, 355, 362, 396 
Laplace transform relations, 338 
representation, 336 
series, 336, 345, 348 
Attenuation, 375 
constant, 109, 372 
of transmission line, 278 
funetion, 109 
of low pass-filter, 127 


Band-pass filter, 123, 124 

eutoff frequencies of, 131 
ideal, 179, 180 

characteristics, 180 

response, 180 

symmetrical operation of, 181 
narrow-band response, 183 
propagation characteristies, 131 
short-eircuited, 124 


Band-pass low-pass correspondence, 182 


Bandwidth, 164 
amplitude, 228 
definition of, 228 
gain product, 228 
of ideal filter, 183 
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Barrier, 320, 322, 435 
Beat note, 83 
Bessel functions, 142 
asymptotic expression, 145 
contour integrals involving, 384 
Laplace transforms of, 142, 143 
modified, of first kind, 156, 379, 389 
asymptotic form, 157 
standard integral definition, 388 
Binomial expansion, 334 
Borel theorem, 34, 41 
Boundary conditions, 273 
for finite lines, 285 
value problem, 274 
Branch cut, 320, 322, 435 
Branch point, 435, 436 
in Laplace transform, general line, 
394 
leaky cable, 361 
noninductive cable, 350 
of infinite order, 436 
Bridge, 60, 61 
Wheatstone, 60 
Bridged T, 59 
general parameters, 60 
Build-up, in low-pass filter, 145 
of sinusoidal response on lines, 299 
time, 148 
of amplifier, 222 
of ideal low-pass filter, 173 


Campbell-Foster tables, 5 
Cascade, 45 
chain, 48, 69 
natural frequencies, 70 
of active and passive fourpoles, 219 
of band-pass filters, 85 
of two identical fourpoles, 62, 68 
of two low-pass filter sections, 166 
Cascaded networks, 47 
Cathode follower, 215, 216 
equivalent eireuit, 216 
transient response, 226, 227 
Cauchy-Hadamard criterion, 335 
Cauchy integral theorem, 26, 437, 439 
Cauchy-Riemann equations, 132, 433 
for regular network functions, 193 
Characteristic, equation, 106, 370, 401 
of active fourpole line, 233 
impedance, 110 


Characteristie, impedance, of leaky 
cable, 359 
of line with low losses, 373 
of low-pass filter, 120 
of noninductive cable, 319 
of transmission line, 277, 378, 
394, 398 
iterative impedances, 109, 110 
transfer function, 109 
Cisoid, 28 
response to, 29 
Cofactor, 429 
Column matrix, 426 
Complex, form of Fourier transform, 2 
notation, 415, 416 
number realm, 431 
variable, 431 
Conjugate functions, 194 
Constant-%k filters, 130 
Continuity, 417 
Continuous, 417, 433 
sectionally, 417 
Contour integral, 112, 384 
involving Bessel functions, 385 
Convergence, absolute, 335, 418 
condition of, 335 
conditional, 336, 418 
in Cauchy’s sense, 419 
factor, 3 
in Abel-Poisson sense, 3 
of a series, 349, 418 
of improper integrals, 419 
of infinite integrals, 419 
radius of, 334 
uniform, 334 
Convergent series, 334, 348, 418 
absolutely, 335, 348, 418 
alternating, 337 
Convolution, exponential, 34 
integrals, 21, 32, 34, 40 
summation, 37, 38 
Cosine integral, 170 
approximation, 179 
Coupled eireuits, 79 
as band-pass filter, 85 
natural frequencies, 82 
parallel, 79, 81 
series, 79 
transient response, 79 
with sinusoidal current, 83 
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Coupled moving masses, 151 Dual, of transistor amplifier, 241 

Coupling, coeflicient, 72 of triode, approximate, 238 
degree of, 83 of T-section, 58 

measurement of, 83 Duhamel integral, 20, 34, 35 

loose, 82 

Ourrent amplification, 236 . | Eleetric line integral, 269 
ratio, 249 Envelope, 88, 91 

Current feedback, 249 functions, 88 

Cutoff frequeney, 65 of carrier frequeney, 178, 179 
of band-pass filters, 131 response, 86, 88, 91 
of low-pass filter, 121, 127, 139 Error integral, 330, 345 


of T-network, 65 Essential singularity, 436 

D’Alembert method, 311 

Delay, apparent, 365 

Delay time, compatible, 201 
in ideal low-pass filter, 174 
on transmission lines, 280 

Determinant, 428 


Feedback, 242 
amplifier, 243 
classical relation, 244 
eurrent, 249 
elementary theory, 243 


Cramer’s rule for, 428 loop, 243 
Deviation, frequene ximum, 92 network, 243 
v ‚ frequency, maximum, Be 


from ideal filter characteristics, 184, 
207 
phase-angle, 92 
Difference equation, active fourpole 


voltage, 244, 245 
rigorous analysis, 244 
transient response, 247, 248 
Flux linkages, 71 


line, 233 : ; 
a line 106 Fourier coefhicient, 4 
Diffusion, 367 Fourier integral, 1 
, 


Diffusion equation, 318 Campbell-Foster notation, 5 


Diffusion of heat, 260 convergence of, 3 
equation of, 260 real form of, 4 
Dirichlet-type integrals, 2 theorem, 1 h 
Discontinuity, 417 Fourier spectrum, 7 


oseillatory, 417, 418 functions, fi 
point of, 417 Fourier transform, 2 
simple, 417 complex form, 2 

’ 


Dissipation, effect of, 132 general relations, 21 


Distortion, constant, 277, 372 in Abel-Poisson sense, 3 
of current by low losses, 374 in frequeney modulation, 98 
of pulse by reflection, 296 inverse, 3 ö 
of waves by lumped elements, 301 method, 16 


Distortionless, line, 261, 278, 284 of integro-differential equation, 17, 
finite, 290 18 
condition for lines, 282, 411 of unit impulse, 21 
transmission, 164, 259 of unit step, 3 
Divergent series, 334, 418 pair, 2, 6 
Double-energy eireuit, 16 polar form, 3 
Dual, 58 Fourier transforms, 2 
of pentode, 239 application of, 16 


of transistor, 237, 238 complex, of pulses, 10, 13, 14 
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Fourier transforms, one-sided, 20, 23 
short table, 6 
two-sided, 20 
Fourpole, 45 
active, 47, 209 
aspects of transmission line, 407 
cutoff frequency of, 65 
elementary types, 56 
general, 62 
with balanced terminations, 62 
line, 103 
active, 231, 232 
difference equation, 106 
general, 104 
general solution, 108 
infinite, 108 
perfectly matched, 110 
symmetrical, 110 
tractable cases, 108 
notation, 46, 56 
standard, 52 
parameters, determinant, 55 
general, 53, 56 
modes of measurement, 55 
of bridged T, 59 
of transmission line, 407 
physical significance, 54 
passive, 47, 55 
basic types, 55, 59 
symmetrical, 55 
symmetry, condition of, 56 
with ideal transformer, 78 


Frequency, deviation, maximum, 92, 96 


modulated signal, 92, 93 
quasi-steady-state response, 94 
modulation, 92 
sinusoidal, 97, 98 
step, 92, 93 
Fresnel integral, 188, 323, 353, 356 
complex form, 323 
Functions, 417 
analytic, 431 
differentiable, 433 
irrational, 434 
multiple-valued, 432 
rational, 434, 439 
regular, 433 
single-valued, 432 
integral of, 437 
transcendental, 435, 436 
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Gain-bandwidth product, 228 
Gamma function, 325 
General, circuit constants, 93 
fourpole parameters, 53, 213 
determinant of, 213 
of transmission line, 407 
Gibbs’ phenomenon, 367 
Giorgi superposition theorem, 34, 38 
Guided, propagation, 259 
wave, propagation, 267 
transmission, 259 
Gyrator, 56, 214 


Harmonie functions, 193 
Heaviside’s, distortionless condition, 
282 
expansion theorem, 19, 27 
function, 3 
Hurwitz polynomials, 253 


Ideal cable, 319 
finite, 364 
infinitely long, 319 
response to sinusoidal voltage, 
352, 354 
response to step voltage, 325 
voltage pulse shape on, 331 
Ideal filter, 164 
band-pass, 179 
narrow-band, 183 
low-pass, 165, 169 
a-c response, 177 
indicial response, 169, 172, 173 
response to pulse, 174 
Ideal transmission, 163 
Idealization, of filter characteristics, 
168 
of network characteristies, 161 
Image, in Laplace sense, 23 
parameters, 129 
transfer constant, 130 
Immittance, 41 
indieial, 41 
Impedance, characteristie, of band- 
pass filter, 124 
of leaky cable, 359 
of line with low losses, 373 
of low-pass filter, 120 
of noninductive cable, 319 
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Impedance, characteristie, of trans- 
mission line, 277, 378, 394, 398 
imaginary part given, 198 
instantaneous frequency, 96 
iterative, 107, 109 
active, 234 
parametric, 27, 51 
real and imaginary parts, 197 
real part given, 196 
regular driving point, 192, 196 
Improper integrals, 419 
convergent, 419 
Impulse, response of ideal filter, 176, 
187 
sampling, 39 
unit, 20 
Indicial admittance, 20, 28, 37 
Infinite integrals, 418 
convergent, 418 
in the sense of Cauchy, 419 
Initial, conditions on lines, 274 
distribution, 275 
Instantaneous, angle-deviation, 92, 97 
frequency, 87, 92 
impedance, 96 
Integro-differential equation, 16 
Inverse, Fourier transform, 3 
Laplace transform, 25, 112 
and Fourier transform, 25 
matrix, 429 
Inversion, 428 
Irrational Laplace transforms, 339 
Iterative impedances, 107, 109 
active, 234 


Kelvin’s KR law, 330 


Ladder, general parameters of, 119 
network, 120 
symmetrical, 120 
structure, 119 
wave filter, 119 
Laplace integral, 142 
involving Bessel functions, 142 
aplace transform, 23 
and one-sided Fourier transform, 23 
definition of, 23 
direct, 23 
inverse, 25, 112 
method, 29 


Laplace transform, of eisoid, 28 
of staircase function, 36 
of transmission-line equations, 276 
of unit step, 23 
Laplace transforms, 23 
general relations, 28 
involving Bessel functions, 142 
irrational, 339 
of Bessel functions, 143, 380 
rational, 24 
singular pairs, 24 
Lattice, network, 133 
transient response of, 135 
section, 61 
general parameters of, 62, 133 
symmetrical, 61, 134 
Laurent series, 122, 440, 441 
Leakage, coeflicient, 72 
in cable, 358 
in transformers, 71 
Leakance, 358 
Leaky cable, 358 
characteristie impedance, 359 
entering current, 359 
infinitely long, 358 
propagation function, 358 
response to step voltage, 360 
Linear, difference equations, 106 
equations, system of, 428 
inversion of, 428 
fractions, 19, 26 
Loading, 282 
coils, 282 
for submarine cables, 282 
periodiec, of lines, 409 
uniform, 282, 332 
Location of fault on lines, 295 
Lossless transmission line, 279 
traveling waves on, 279, 280 
Low-pass band-pass correspondence, 
182 
Low-pass filter, 119 
eutoff frequency, 121, 127 
ideal, 165, 169 
characteristies, 165 
characteristies, deviations from, 
184, 207 
infinitely long, 138 
current response, 140 
indieial admittance, 141, 144 
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Low-pass filter, infinitely long, response 


to sinusoid, 146, 147 
natural frequencies, 121, 127 
short-eircuited, 119 
steady-state solution, 122, 127, 128 
transient response, 123, 126 


Magnetic coupling, 78 
Magnetic line integral, 269 
Magnetic linkage, 71 
useful, 71 
Matrix, 426 
admittance of triode, 214 
column, 426 
form of fourpole relations, 52 
impedance, 53 
inverse, 429 
multiplication, 427 
of transistor parameters, 237, 240 
product, 426 
singular, 212 
square, 426 
symmetrical, 427 
transpose of, 427 
Mayer’s theorem, 133 
Mechanical filter, 151 
Meromorphic functions, 111, 308, 365, 
369, 401, 437 
Mid-series, 119, 120 
Mid-shunt, 119, 120, 124 
Minimum, phase network, 199 
reactance network, 193 
susceptance network, 193 
Mittag-Lefller theorem, 112 
Mode, 264 
principal, 264, 265, 266 
quasi-principal, 267 
transverse electric, 266 
transverse magnetic, 264 
Modulation, amplitude, 86 
frequency, 92 
funetion, 87 
complex, 87 
real, 87 
index, 97 
phase, 87, 88, 92 
phase-angle, 92 
Multieylinder engine, 150 
electrical analogue, 150 
mechanical schematie, 150 


Multiple-valued function, 432 
Multivelocity waves, 297 


Network, 47 
active, 253 
cascaded, 47, 48 
characteristies, 161 
idealization of, 161 
coupling, 229, 241, 258 
equations, conventional, 48, 49 
feedback, 243 
forward active, 243 
nonbilateral, 212 
stable, 256 
inherently, 253 
two-terminal, 48 
Nonbilateral, 56 
network, 56, 212 
active, 214 
gyrator as, 214 
triode as, 212 
Noninductive cable, 318 
characteristic impedance, 319 
differential equations, 318 
entering current on, 318, 356 
finite, terminated, 363, 369 
propagation function, 319 
short-eircuited, 365 
step voltage over lumped inductance, 
349, 352 
Nonreciprocal, 214 
network, 56, 214 
active, 214 
Nyquist eriterion, 256 


Open-eireuit, driving-point impedance, 
54 

transfer function, 54 

transfer impedance, 54 
Open-circuited, distortionless line, 293 

fourpole line, 110 

lattice filter, 134 

lossless line, 289 

R-C line, 119 


Paired echos, 98 

in low-pass filter, 190 

method of, 190, 203 
Parallel combination of fourpoles, 250 
Parallel plate transmission, 264, 265 
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Parametric impedance, 27, 51 
Partial fraction expansion, 19, 434 
Pass band, 128, 131, 182 
width of, 131 
Pentode, 215 
amplifier, 222 
amplifiers, chain of, 229 
transient response, 230 
equivalent circuit, 215 
standard parameters, 215 
Phase, characteristies of low-pass 
filter, 167 
compatible, 200 
constant, 109 
distortion, 128 
frequency distortion, 164 
function, 3, 7, 109, 162 
of low-pass filter, 127 
of pulses, 11, 15 
reversal in amplifier, 210, 248 
II-section, 57 
general parameters of, 119 
symmetrical, 58 
Plane waves, 264 
Plate, 211 
node, 220 
resistance, 211 
Poisson’s integral, 194 
Poles, 433 
denumerable, 437 
of finite order, 434 
of first order, 433 
of second order, 434 
Postmultiplication, 427 
Premultiplication, 427 
Principal, mode, 264, 266 
mode field, 268 
wave, 259 
Prineipal value, 436 
Propagation, characteristics, 126 
of lattice network, 137, 139 
of low-pass filter, 126 
constant, filter, 109 
function, of band-pass filter, 124 
of distortionless line, 280 
of leaky cable, 358 
of low-pass filter, 120 
of noninductive cable, 319 
of transmission line, 277, 294, 378, 
398 


Propagation, guided, 259 
guided wave, 267 
of sawtooth on line, 281 
real, 287 
velocity of, 277 
Pulse, distortion by reflection, 296 
exponential, 8 
specetrum of, 8 
response of ideal low-pass filter, 175 
sampling, 35 
by rectangular pulses, 36 
continuous, 35 
discrete, 38 
sawtooth, 12 
spectrum of, 14 


Quasi-distortionless fourpole line, 154 

indieial admittance, 155 
Quasi-principal mode, 267 
Quasi-steady-state response, 94 

for small signal, 100 

of tuned circuit, 99 


Radiation from transmission system, 
266 
Ratio test, in series, 335 
Reeiprocity, 55 
Reflected wave, 288, 290 
Reflection, coefhicients, 107 
current, 285, 398 
voltage, 110, 285, 398 
factor for low losses, 376 
Residues, 26, 439 
at poles of higher order, 440 
at second-order poles, 32 
at simple poles, 440 
sum of, 440 
sum of, R-C line, 113 
Routh’s eriterion, 253, 254 


Sampling pulse, 35 
Laplace transform of, 36 
Semiconvergent series, 336 
Semidivergent series, 336 
Series, 334 
alternating, 337 
asymptotic, 336, 345, 348 
conditionally convergent, 336, 418 
convergent, 334, 348, 418 
divergent, 334, 418 
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Series feedback, 252 
Series-parallel fourpoles, 246 
Short-cireuit, current in transformers, 
76 
driving-point admittance, 54 
transfer admittance, 54 
transfer function, 54 
Short-eireuited, fourpole line, 111 
lossless line, 289 
low-pass filter, 119 
propagation characteristics, 126 
noninductive cable, 365 
R-C line, 112 
current transform, 113 
voltage transform, 115 
transmission line, 402 
Shunt feedback, 249 
Sine integral, 170 
Single-valued function, 432 
Singular point, 433 
isolated, 433 
Sinusoidal, standing waves, 313 
on distortionless line, 314 
on lossless line, 313 
traveling waves, 297 
Skin effect on transmission lines, 377 
Spatial Fourier series, 309 
on finite cable, 367 
Spectra, abrupt pulse form, 8 
eontinuous, 7 
of exponential pulse, 8 
Spectral lines, harmonie, 7 
resolution of frequency modulation, 
97 
Spectrum, 7 
Spectrum functions, 7 
in-phase, 7 
of exponential pulse, 10 
of sawtooth pulse, 14 
quadrature, 7 
Speed of telegraph transmission, 332 
Square matrix, 426 
Stability, 253 
eriteria for, 253 
Routh criterion, 253, 254 
Staircase function, 32 
columnar, 37 
Laplace transform of, 36 
representation by, 33, 36 


Standing wave, 310 
analysis, 307 
method on distortionless line, 311 
for sinusoidal voltage, 313 
on noninductive cable, 365 
Standing waves, 310 
on finite general line, 400, 404 
on leaky cable, 365, 367 
Step summation, 32 
Superposition, integrals, 32, 34 
principle, 53 
Giorgi, 34, 38 
Surge resistance, of lines, 279 
Symmetrical fourpole, 55 
as cascade, 61 
lattice section, 61 
Symmetry condition in fourpoles, 56 
System of linear equations, 428 
inversion of, 428 


Tangent graph, 402, 405 
Taylor series, 439 
Telegrapher’s equation, 260, 273 
Laplace transform of, 276 
Thermal system, 155 
electrical analogue, 155 
Thevenin’s theorem, 49 
T-network, 48 
general, 50 
resistive, 48 
Torsional vibrations, 148 
of erankshaft, 148 
Train, 151 


condition for nonoscillation, 153, 154 


electrical analogue, 151, 152 
longitudinal oscillations of, 151 
mechanical schematie, 152 
natural modes of response, 152 
Transadmittance, active, 213 
of cathode follower, 217 
Transconductance, 211 
Transducer, 45 
Transfer, admittance, 162 
function, 162, 199 
characteristic, 109 
in complex form, 162 
open-cireuit, 54 
short-cireuit, 54 
impedance, 162 
ratio of voltage, 230 
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Transform, Fourier, 2 
Laplace, 23 
Transformation, 7 
Transformer, 70 
audio, 76 
equivalent circuit, 72 
simplified, 75 
ideal, 73, 77 
lossless, 77 
short-eireuited, 73 
Transistor, 235 
amplifier, 241 
current step response, 242 
at higher frequencies, 239 
collector, 235 
collector impedance, 239 
emitter, 235 
grounded-base, 236 
equivalent circuit of, 236, 240 
standard parameters, 237, 240 
Transmission, 109 
band of ideal filter, 180 
distortionless, 164, 259 
approximation to, 204 
guided wave, 259 
ideal, 163 
Transmission line, 259 
as a fourpole, 408 
characteristie impedance of, 277, 373, 
378, 398 
concept, 260, 261 
differential equations, 267, 270, 271 
Laplace transforms, 379 
propagation function, 277, 378 
section with loading core, 409 
theory, conventional, 264 
transition from fourpole line, 262 
Transmission lines, 259 
comparative data, 283 
distortionless, 261 
finite, 290 
equivalent fourpole, 408 
general, 372 
current response, 381, 382 
finite, 298, 404 
infinitely long, 378 
response to sinusoidal voltage, 393 
short-eireuited, 402 
voltage response, 383, 384 


451 


Transmission lines, lossless, 261 
finite, 285 
with low losses, 372 
finite, 375 
response to sinusoidal voltage, 390, 
392 
with skin effect, 377 
Transpose of matrix, 427 
Traveling step waves, 295 
Traveling waves, 282, 288 
apparent, in cable, 364 
distortion by lumped elements, 301, 
304 
on distortionless lines, 278 
finite, 290 
infinite, 278 
on finite general line, 399 
on finite lossless lines, 285 
sinusoidal, 297 
tabulation of, 292 
Triode, 209 
equivalent circuit, 210 
for node analysis, 221 
grounded-grid, 218 
equivalent circuit, 218 
grounded-plate, 215 
standard parameters, 212, 213 
transconductance, 211 
with II-section 
T-section, 57 
bridged, 59 
general parameters of, 60 
natural frequency, 68 
resonant frequency, 67 
low-pass symmetrical, 64 
cutoff frequency, 65 
steady-state response, 66 
with balanced terminations, 64 


Unit impulse, 20 
approximation to, 20, 22 
Fourier transform of, 21 
response, 28, 38 
of ideal low-pass filter, 76 
of nonlinear phase characteristie, 
187, 190 
Unit step, 3, 23 
Fourier transform of, 3 
Laplace transform of, 23 
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Unit step, response, 28 
of ideal low-pass filter, 172, 173 
of rising amplitude characteristie, 
184, 186 


Voltage, amplification, 220, 230 
ratio, 252 
feedback, 244, 245 
transfer ratio, 230 


Wave, equation, 250 
ideal, 273 
prineipal, 267 
reflected, 288, 290 
Wave filters, 103 
finite ladder, 119 
general solution, 104 
infinite, 138 
steady state, 138 
Weierstrass’ development, 437 
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